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Abstract

Planners of surveys and experiments that partially identify parameters of interest face trade
offs between using limited resources to reduce sampling error or to reduce the extent of partial
identification. Researchers who previously attempted evaluating these trade offs used the length
of confidence intervals for the identification region to measure the precision of inference. 1 show
that other reasonable measures of statistical precision yield qualitatively different conclusions,
often implying higher value to reducing the extent of partial identification. I consider three
alternative measures - maximum mean squared error, maximum mean absolute deviation, and
maximum regret (applicable when the purpose of estimation is binary treatment choice). I
analytically derive and compare estimation precision and tradeoffs implied by these measures
in a simple statistical problem with normally distributed sample data and interval partial iden-

tification.
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Keywords: partial identification, statistical treatment choice, mean absolute error, mean squared
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1 Introduction

It has become widely recognized that many types of statistical data only partially identify the
parameters of interest as simple as population means, meaning that the parameters cannot be
estimated with arbitrary precision simply by increasing the sample size. Statisticians designing
surveys and experiments which generate such data could use limited resources either to reduce
the extent of partial identification or to reduce sampling error. The former can be accomplished,
for example, by putting more effort into pursuing sampled population members who did not
respond to a survey. The latter by increasing sample size or improving measurement precision.
To inform these choices, it is useful to analytically derive the relative effects of both margins of
planning on the precision of inference, which the planner could then compare to their relative
costs.

The problem was first considered in the Cochran-Mosteller-Tukey report on the Kinsey
study published in 1954. Concerned with nonrandom nonresponse to the study’s questions,
CMT advocated a conservative approach to inference that sets limits on population parameters
by allowing for any values of the variable in the part of the population that was not sampled
or refused to respond. A variety of applications of the same approach, now known as partial
identification, has been developed by Manski (1995, 2007a) and other researchers. CMT cal-
culated for different sample sizes and refusal rates the relative effects of reducing nonresponse
or increasing the sample size on the precision of inference about the population means. They
judged the precision of inference by the length of a 95% confidence interval around the estimated
identification region. The same measure of precision has been used to illustrate the effects of
missing data on the precision of inference by Horowitz and Manski (1998) and McFadden (2006).

Length of a confidence interval for the identification region is not the only reasonable way
to measure the precision of inference on the parameter of interest. In this paper I consider
other measures of precision and show that they yield qualitatively different conclusions about
the relative merits of reducing sampling error and reducing the extent of partial identification.
First, I consider the maximum mean squared error (MSE) of the point estimate around the true
value of the parameter, which has often been used by statisticians to measure the precision of
estimators of point identified parameters. I also consider the maximum mean absolute deviation
(MAD) of the estimate around the true parameter value, a popular alternative to the squared

error.



Another measure considered in this paper is the maximum regret of a statistical treatment
rule. It is applicable when the parameter of interest is the difference in average returns of two
mutually exclusive policies or treatments for a population of interest and the goal of inference
is to decide which one should be used. Regret, then, is the average welfare loss incurred from
choosing an inferior treatment for the population based on the observed statistical data. In
recent years, econometricians started studying statistical treatment rules that minimize maxi-
mum regret both when the average treatment effect of interest is point identified (Manski 2004,
2005; Hirano and Porter 2008; Stoye 2007b; Schlag 2007; Manski and Tetenov 2007) and when
it is partially identified (Manski 2007a, 2007b, 2008a, 2008b; Stoye 2007a, 2007c).

I apply these measures of precision to the following partial identification problem. Let the
real-valued parameter of interest 6 = 6o + 0y be the sum of a point identified component 6o
and a partially identified component ;7. For the point identified component 6o, the statistician
observes an unbiased normally distributed estimate with known standard error o. The partially
identified component 6 is only known to lie in a given bounded interval of length 2P. The prob-
lem is deliberately simplified to demostrate in an analytically tractable setting the qualitative
differences between the conclusions about the relative benefits of reducing sampling error vs.
narrowing the identification region drawn based on alternative measures of precision. I derive
minimax estimators of # under maximum MSE and maximum MAD criteria and a minimax
regret statistical treatment rule under the maximum regret criterion. I show that for sufficiently
small values of 5, all of the considered measures of precision imply greater relative importance
of addressing the partial identificaton problem than measuring the length of confidence intervals
suggests. For maximum regret, the result is particularly strong. If the standard error o falls
below a certain proportion of the width of the identification region 2P, then reducing it even
further does not reduce maximum regret. Thus, more precise inference for treatment choice
could be made only by reducing the width of the identification region. The same effect has been
shown by Stoye (2007c) in a problem of treatment choice based on random samples of binary
treatment outcomes with missing data.

The paper proceeds as follows. Section 2 describes the statistical problem and reviews the
results of measuring precision of inference by the length of confidence intervals. In section 3,
I derive estimators of # that minimize maximum MSE and maximum MAD and evaluate the
effect of changing the parameters of the problem on its minimax MSE and MAD. In section 4,

I consider the problem from a statistical treatment choice perspective, derive a minimax regret



statistical treatment rule and evaluate the effects of changing the parameters of the problem (o

and P) on its minimax regret. Section 5 concludes and the appendix collects all proofs.

2 Statistical Setting and the Confidence Interval Approach

I will consider the following partial identification problem. The parameter of interest to the
statistician is

0=0o+0y.

0o € R is a point identified (observable) component, for which the statistician could obtain an

unbiased normally distributed estimate X with standard error o:
X ~ N (0o, 0'2) .

Oy is a partially identified (unobservable) component, which is only known to lie in a bounded
interval of length 2P:

Oy € [—P, P] .

The restriction that 0y lies in a symmetric interval around zero is without loss of generality.

For example, 6 could be the difference between average potential outcomes of two alternative
treatments on a population of interest. Suppose that 6 is the average outcome of one treatment,
which is point identified by experimental data generated by assigning that treatment to a random
sample of population members, while —0¢; is the average outcome of the second treatment, which
is known to lie within a given interval based on observational data.

Alternatively, o could be the average difference in potential outcomes of the two treatments
point identified by an experiment that randomly assigned one of two treatments to members of
the population of interest, while —6y; is the difference between future costs of the two treatments
that the randomized experiment does not reveal.

In this setting, the pair (o, P) describes the experimental design parameters. The main
question of this chapter is how do these design parameters affect the precision of inference on 6
that the statistician could carry out based on the results of the experiment (observation of X).
Formally, let the function

M(o,P)>0



be a particular measure of maximum precision with which the statistician can carry out inference
on 0 based on the data from an experiment with design parameters (o, P). Lower values of
M (o, P) will correspond to more precise inference and M (o, P) = 0 will correspond to perfect
precision (for example, M (0,0) = 0). Let a differentiable function b(-) > 0, ¥’ < 0 denote the
economic benefit of inference with a given level of precision and let a differentiable function
¢(o,P),ce <0,cp <0 denote the costs of conducting an experiment with design parameters o
and P. Then the statistical planning problem is to maximize the net benefit of the experiment

IIU133X [b(M (o,P)) —c(o,P)].

If M is differentiable with partial derivatives M, > 0 and Mp > 0, a necessary condition for a

pair (o, P*) with ¢* > 0 and P* > 0 to be a solution to the planning problem is that

(o*, P¥) ¢y (0, P¥)
o*, P*)  cp(o*, P*)’

M, B

Mp (
If these ratios are unequal, then it is possible to adjust ¢ and P in a way that improves
precision without increasing costs. I will evaluate a few functions M (o, P) based on different
criteria of precision and derive the Aj‘flf—; ratios for them. Survey and experiment planners could

2= and see whether a a proposed allocation of
P

compare these ratios to the marginal cost ratio
resources maximizes the precision of inference for a given budget. These conclusions could be
made without specifying the benefit function b(-). Knowledge of b (-) is required, however, to
determine the optimal size of a survey or experiment’s budget.

First, let’s consider using the length of a 100 (1 — «) % confidence interval for the identifica-

tion interval as the measure of precision. In this model, the identification set for the parameter

of interest 6 is

0 €lo—P0Oo+ PJ. (1)

Given that the random experimental outcome X is normally distributed with mean 65 and

standard error o, the confidence interval
(X-P-0'(1-0a/2)0,X+P+0 ' (1-a/2)0] (2)

contains the identification set (1) exactly with probability 1 —ca. ® denotes the standard normal

c.d.f., so for the conventional 95% confidence intervals, for example, ®~! (1 — a/2) =~ 1.96. The



precision of inference from an experiment with parameters (o, P), as measured by the length of

a 100 (1 — a) % confidence interval then equals

M) (6, P) =281 (1 — /2) o + 2P.

The marginal effects of changes in ¢ and P (partial derivatives of M/ (O‘)) equal

MET@ = 2971 (1 —a/2),

and Mgl(a) = 2.

The ratio of these marginal effects equals

MUCI(a)

Mg[(a) -

11— a/2). (3)

Thus, if the length of conventional 95% confidence intervals is used as a measure of precision,
then a reduction of the standard error o by € always brings the same improvement as a reduction
of the half-length P of the identification interval by 1.96e. Note that the evaluation of the relative
effects of reducing the sampling error and the extent of partial identification depends on the
chosen confidence level 100 (1 — ) %. Thus, using a 99% confidence level instead of 95% would
imply a relatively higher value of reducing the standard error instead of reducing the extent of

partial identification.

3 Minimax Mean Squared Error and Mean Absolute Deviation

Suppose, now, that instead of an interval the statistician is asked to provide a single point
estimate of §. Let the estimator 6 (X) be a function mapping the observed experimental outcome
X into the estimate that the statistician provides upon observing X. There is a long tradition

in statistics of measuring the precision of point estimators by their expected loss
EXL (é (X) - 9) , (4)

where the expectation is taken with respect to the distribution of X for fixed values of 8o and

0. Expected loss differs across values of 8p and 6, its maximum value over the parameter



space

sup  B¥L(0(X) ~ (60 +00)) (5)
00€R,
QUE[—P,P]

is a conservative measure of the precision of estimator 6 (X). If # (X) is optimal in the sense of
minimizing (5), then its maximum expected loss could be used as a measure of precision of the

experiment

ML (o, P)= sup EXL (é(X)—(eo+9U)).
0o €R,
Oy €[—P,P]

Proposition 2 shows that a simple estimator 0 (X) = X minimizes maximum expected
loss (5) for a broad class of symmetric convex loss functions. This class includes commonly
used.square loss L (t) = t? and absolute loss L (t) = |t|, for which I derive additional specific
results afterwards. Formally, suppose that the loss function L : R — R, satisfies the following

conditions:

Condition 1 a) L is symmetric (L (t) = L(—t)),
b) L is convez,

¢) L(0)=0,

d) L(t) >0 for somet >0,

e) L(t) <q-exp(rt) for allt > 0 and some constants ¢ > 0,7 > 0.
Then L is also continuous and non-decreasing on [0, +00).

Proposition 2 If loss function L satisfies Condition 1, o € R, 0y € [-P,P], and X ~
N (60,0%), then the estimator 0 (X) = X minimizes mazximum expected loss (5), which for

o >0 and P > 0 equals

ML(a,P):/mL(t)l(ﬁ(t_P)dt (6)

—00

and for o =0 and P >0, M* (0, P) = L (P).

Both square and absolute loss functions satisfy Condition 1. For them, (6) and its partial
derivatives could be derived in closed form. In case of square loss L (t) = t?, the maximum

mean squared error

sup BY (07 (X) ~ (60 + 00)) 7

9079[]



of 0 (X) = X equals
MMSE (5, P) = o2 + P2, (8)

The marginal effects of changes in ¢ and P on the maximum mean squared error equal

MéwSE = 20,

and MM5E = 2op.

The ratio of these marginal effects equals

MMSE o

=2 9)

MMSE ~ P

MMSE

This ratio shows that using as a measure of precision yields qualitatively different conclu-

sions about the optimal choices of ¢ and P than using M“(®). Whenever & < &1 (1 — a/2),

Mé‘/[SE MEI(O‘)

MASE = CT@)

The maximum MSE measure of precision implies lower importance of further reducing standard
errors than does the length of confidence interval measure. For the conventional 95% confidence
intervals ®~1 (.975) ~ 1.96. Thus, in evaluating any proposed experiment or survey in which the
standard error is going to be smaller than the length of the identification interval (o < 1.96P)
a planner using the maximum MSE measure of precision would allocate more resources to
reducing the extent of partial identification than a planner measuring precision by the length of
the confidence interval. The difference between the "marginal rates of substitution" produced
by the two methods could be particularly large when considering large sample surveys and
experiments in which the extent of partial identification could greatly exceed sampling error.

For the absolute loss function L (t) = ||, the maximum mean absolute deviation (MAD)
sup BX )@ (X)— (0o + 0(])‘ (10)
bo.0u

A%

of § (X)= X equals

MMAD (5. P) = 20¢ <P> + 2P [(I) <P> ) (0)} . (11)

g g



The marginal effects of changes in ¢ and P on the maximum MAD equal

MHAD — g <f) (12)
and MMAP  — 2[@ <f)—<1>(0)].

The ratio of these marginal effects equals

M0 (0, ) $(5)
MMAD (0, P) @ (L) — @ (0)

(13)

This is a continuous decreasing function of g, which goes to infinity as g — 0 and to zero as
P .
g

Similarly to the maximum MSE, for sufficiently large values of g the maximum MAD mea-
sure of precision implies greater importance of reducing the scope of partial identification than

does the confidence interval measure. For conventional 95% confidence intervals, calculations

MMAD MCI(.05) . L.
show that M2\>4 1 < MUC rcosy Whenever o < 2.11P. MAD and MSE measures yield similar conclu-
P
P
sions about the relative benefits of reducing o and P for small values of g, since (I)(fj()i()b(m ~ B
when £ — 0.

(o

4 Minimax Regret Approach

The third measure of precision - minimax regret - is motivated by directly considering the
economic loss resulting from incorrect inference about 6 when 6 is the difference in average
returns of two alternative policy decisions and the ultimate aim of inference about 6 is to
choose which policy to implement. For example, the policies may be two proposed cancer
therapies, with 6 measuring the average difference in the welfare of cancer patients from a
target population net of the average difference between the costs of these two therapies.

Let 8 = r9 — r1, where r; is the average return from implementing the first policy and 7o
the average return from implementing the second policy. Then the economic loss from choosing
the second policy when, in fact, 71 > ro (6 < 0) equals r; — 9 = —6. The economic loss from
choosing to implement the first policy when, in fact, 7y < 7o (6 > 0) equals ro — r; = 0. The
method by which the decision maker chooses which policy to implement based on experimental
data X could be summarized by a statistical treatment rule 6 (X), which is a function mapping

feasible realizations of X € R into the [0, 1] interval. ¢ (X ) = 0 if the decision maker implements



the first policy when outcome X is observed, & ()_( ) = 1 if she implements the second policy.
) (X' ) could takes values between 0 and 1 if the decision maker could implement either policy
with some probability upon observing outcome X.

The regret of statistical treatment rule 0 is the average (over the probability distribution of
outcome X) economic loss incurred by the decision maker using §. It is a function of 6o and

Ay, and in this problem equals

6-[1—Ep,0(X)] if60>0,
R (9, (00,0v)) = (14)
—0-Ep,6(X) if0<0,
where Ey,d (X) denotes the average value of § (X) given that X ~ N (6p,0%). When 6 > 0,
the first policy is inferior and [1 — Ej,0 (X)] is the probability with which the decision maker
would mistakenly choose it based on observation of the random experimental outcome X. When
6 < 0, the second policy is inferior and Ey, 6 (X) is the probability of choosing it.

Minimizing maximum regret was a criterion suggested by Savage (1951) as a clarification of
Wald’s minimaz principle (1950). For a more detailed discussion on applying minimax regret
criterion to statistical treatment choice problems see Manski (2004, 2007a, Chapter 11).

To measure the precision of inference by the maximum regret of a statistical treatment
rule we first ought to find statistical treatment rules that minimize maximum regret for given

experimental parameters (o, P). Proposition 3 derives such rules and their maximum regret.

Proposition 3 a) For 0 > 2P - ¢ (0), the unique minimax regret statistical treatment rule is

5M(U‘,P)(X) =1 |X > 0‘ . (15)

Its mazximum regret equals

P—h P
9212]?& R (5M(O',P)7 (9070U)) - 1}1138( |:hq> < o >:| > 57
QUE[—P,P]

which is a strictly increasing function of o for any given P.

b) For 0 <2P - ¢(0), statistical treatment rules

11X > 0| ifo=2P-¢(0),

Op(op) (X) = o <[(2p - $(0))* - 02}_1/2 X> ifo<2P-¢(0),

(16)

9



minimize maximum regret, which equals g.

Two features of Proposition 3 are qualitatively similar to results obtained by Stoye (2007c),
who studied minimax regret statistical treatment rules based on binary outcome data from
an experiment with randomized treatment assignment in which the outcomes are missing with
some probability.

First, when the extent of partial identification (in Stoye’s problem, the maximum feasible
proportion of missing outcomes) is below some threshold relative to the sampling error, the
minimax regret statistical treatment rule is the same as it would be with point identification.
In Proposition 3.2 (part a) the same result holds, the minimax regret statistical treatment rule
(15) is identical for all values of P < #(0), including the point identified case P = 0.

The second qualitative similarity is that maximum regret of the minimax regret statistical
treatment rule becomes constant with respect to the sampling error once the sampling error falls
below some threshold relative to the extent of partial identification. Thus, reducing the sampling
error below that threshold (reducing o in this chapter, increasing sample size in Stoye’s) could

not further reduce minimax regret.

Since this second result could appear counterintuitive, it deserves further explanation. Let
q(8,00) = Eg,6 (X)

denote the average probability (with respect to the distribution of X) with which the decision
maker using statistical treatment ¢ will choose the second policy. Then for a given value of P, g
is the lower bound on maximum regret attainable by any statistical treatment rule for any value

of 0. This could be seen by considering maximum regret over the subset {6p = 0,0y € [P, P|}

sup R(5,(00,60)) > max  R(5,(0,00)) = max(P-q(6,0), P (1—q(5,0))) > =
00€R, Ou€E[-P,P] 2
Oue[—P,P]

D=

In order to attain this lower bound, the statistical treatment rule § must satisfy ¢ (5,0) =

For values §p # 0, however, there is a range of values of ¢ (6 ) 90) for which

max R (5, (90,0(])) <

P
0y €[—P,P] 2"

10
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Figure 1: Bounds on ¢(d,00) that guarantee attaining the lower bound on maximum regret

(P/2).

This range is given by the inequalities

P P

q(0,00) < 2(P]—300) for 6o < g.

As shown in Proposition 3, for o < 2P - ¢ (0), it is possible to construct statistical treatment
rules that satisfy these inequalities for all §p € R. Figure 1 displays in bold lines the bounds (17)
and shows that the function ¢ (5 M(o,P)> 00) = (#2(0))7 which is identical for all minimax
regret rules defined by (16), fits within these bounds.

Statistical treatment rules derived in part b of Proposition 3 may not be the only ones
that minimize maximum regret, but deriving one class of minimax regret rules is sufficient to
make conclusions about the minimum value of maximum regret, and thus about the precision
of inference from the data for treatment choice.

If the planner chooses minimax regret to measure inferential precision, then the precision of
inference generated by an experiment with parameters (o, P) is

MR (4 p) Il?gé({hCIJ(PT_h)} if o >2P-¢(0),

£ if o <2P-¢(0),

11



This measure of precision could yield drastically different conclusions about the relative benefits
of reducing the extent of partial identification and reducing sampling error than confidence

interval, maximum MSE, and maximum MAD approaches, since for % < 2¢ (0) ~ 0.8

Mé\/[MR

=

MMR
Mk

N —

implying that reducing the extent of partial identification is not only relatively more important
than reducing sampling error, it is the only way to reduce minimax regret and improve the

inferential precision of experimental or survey data for treatment choice.

5 Conclusion

In this paper, I considered alternative measures of inferential precision for partially identified
parameteres in addition to the length of 95% confidence interval, which is the primary measure
previously considered by other researchers. These measures yield qualitatively different conclu-
sions about the relative merits of reducing sampling error and reducing the extent of partial
identification in the data. Both the maximum mean squared error, the maximum mean absolute
deviation, and minimax regret (applicable when inference is carried out on the average treat-
ment effect with the goal of choosing the best treatment) emphasize greater value of reducing
the extent of partial identification compared to the confidence interval measure if the sampling
error is relatively small compared to the width of the identification interval.

The statistical problem with a normal sampling distribution considered in the paper is simple
in comparison to many practical problems. However, it is sufficiently rich to capture some of
the main features of partial identification problems and to concisely illustrate how choosing
different criteria for measuring the precision of inference qualitatively impacts the conclusions
about the relative value of reducing the extent of partial identification and reducing sampling
error. The results could serve both as a rough practical approximation for partial identification
problems with similar structure and as a useful indicator of potential findings for future research

that considers more complex practical partial identification problems.

12



6 Appendix: Proofs

The proof of Proposition 2 will use the following theorem (e.g., Berger 1985, p. 350), in which
r(mn) = [ R(6,,0) Oy (0) denotes the Bayes risk of a Bayes decision rule ,, = arg m(sin J R(8,0) 0y, (0)

under the prior distribution 7.

Theorem 4 If {m,} is a sequence of proper prior distributions on the parameter space © and
for all 0 € ©

R (6%,0) < lim r(my) < 00

n—oo

then the decision rule 6* is minimax.

Proof of Proposition 2

To show that 6" (X) = X is a minimax expected loss estimator of § = 8p+0y;, I will consider
a sequence {m} of proper prior distributions on the parameters (6o, 0y ), such that 6o and 0y
are independent under each 7y, 0o is distributed N (0, k2), while Ay has an equal probability

of being equal to +P:

7 (o) = J\/(O,k2),
T (0u) = .5-I[|6u]=P],

0o L 0y.
Since X ~ N (90, 02), the posterior distributions of 8o and 6y conditional on observing X are

7Tk<90’X) = N(CkX,CkU2),

and 7 (Oy|X) = .5-1[|0y| = P],

where ¢, = lim ¢, = 1. Since the loss function L is convex and symmetric, 9k (X) =X
—00

k‘2
o7

is the Bayes estimator of # that minimizes the posterior risk

/L (9k (X)— (0o + 9U)) dry (0o, 0u|X).

13



Given the posterior distribution 7 (fp|X), the random variable y = ¢, X —60p has a N’ (0, cka2)

distribution. The posterior risk of 6}, (X), then, equals

/L (kX — (0o + 0v)) dmy. (0o, 0u| X) =

- / [;L (cxX — 0o — P) + %L (X — 00 + P)} dri (fol X) =

-/ [;uy—pn;uwm] m (41X) = [ LG+ P)dme (1) =

= /;OOL(ijP)\/cl»kgqb( i’k0>dy=/_jL(z)\/%U¢<z\/%§>dz

The second equality holds because L and 7y (y|X) are symmetric. Condition 1(e) guarantees

that this and other improper integrals in this proof are well defined. The posterior risk is

constant for all possible values of X, thus the Bayes risk with prior 7 is also equal

r(wk)—/_:oL(z) \/clikaqb (i/%f) dz.

The functions L (2) ¢ (Z_P) converge pointwise to L (z) 1¢ (Z_P) as k — oo. Due to

CrO C O o [

Condition 1(e), Lebesgue dominated convergence theorem applies and

lim r(wk):/+ooL(z)1¢ <Z_P) dz.

k—o0 —oo o g

The risk of 8" equals

R(8,(00,00)) = EXL(X (80 +00))

It is maximized for |0y| = P, thus

R0 Go00) < [ L3 (E

oo o

dz = i

thus Theorem 4 applies and 6 (X) = X is a minimax estimator of § = 0o + 0y under loss

function L with maximum expected loss equal to fj;o L(z) %gb (Z_P) dz. O

g

Proof of Equation 8

14



MSE T Ll (t—P e 2 2, p2
M (J,P):/ tgb<>dt:/ (so+ P) ¢ (s)ds =o*+ P,
o O o oo
since [s¢(s)ds = 0 and [ ¢ (s)ds = 1 are the mean and variance of the standard normal

distribution.

Proof of Equation 11 Since ¢’ (2) = —z¢ (2), f; 2¢(2) 0z = ¢ (a) — ¢ (D).

MMAD (5 Py = /_;m]t]i¢<t_alD>dt—/_;OO\sa+P|qb(s)ds—
_ /;oo(sa+P)¢(s)ds/_j(sa+P)¢(s)d5:

I
)
Q
<
I~ TN
Alw 9l
~
_|_
>
KA
—~
S
~
|
KA
/T\
SRy
~
I

) i2rfo(2) o]

Let (p,0y) € ©,0 = R x [—P, P]. The proof of part a relies on a well known result (e.g.,

Proof of Proposition 3(a)

Berger 1985, p. 350) that if 7* is a proper prior distribution on O, the decision rule §* is Bayes

with respect to 7*, and for all (6p,0y) € ©

R(6", (00,00)) < / R (5, (60, 60)) 07 (9. 01)

then the decision rule §* is minimax. This result applies as well when R denotes regret, then
0* is a minimax-regret rule.
Decision rule

F(X)=1|X >0

is Bayes with respect to any symmetric two-point prior distribution = with 7 (65, 67;) = .5 and
(=05, —07;) = .5, if 05 > 0 and 0, + 67, > 0.

When 6 > 0, for a given value of 6¢, regret R (6%, (00,0v)) = (0o + 0v) - [1 — Ep, 6" (X)] is
largest at 8y = P, since the first term is increasing in 6y and the second term is positive and

doesn’t depend on 6. Since Eg,6* (X)=1- (—%), maximum regret of §* over > 0 then

15



equals (with the substitution h = 0o + P)

max R (6%, (0o,0u)) = max [(60+P)-<I>< 90)} = max [hcb <P_h)].

00,0 €0, 0o>—P g h>0 g
0o+0y >0

The maximum is attained at

. P—h
Hofargrgll%( [h@( - >] - P.

When 6 < 0, regret R (6%, (00,0v)) = — (0o +0v) - Ep, 0" (X) is maximized at 0y = —P
for a given 0o, and equals (with the substitution h = — (o — P))

00{3%97}3(5*, (00,0v)) = fnax, [— (0o — P)-® <00>] = max [hcb <P — h)] .

g h>0 g
0o+0u<0

Let’s differentiate h® (P_h) with respect to h

g

e (7] -+ (55 5o (55) o (55 [ -2t

a

At h =0, 8% [h@ (P;h)] = (5) > (0. The function i((z% > 0 is strictly decreasing with
lim 2W) — +00, thus 2 o5 is strictly increasing in A over h > 0 and lim .y /(") =
Yy——00 (I)(y) ’ g ¢(P;h) Y g h—o0 g (P(PTih)

—oo. It follows that % [hCD (PT_}‘)] changes sign once over h > 0 from positive to negative at

o B
h* given by % q)<( P"h*)) =1, thus h® (?) attains its maximum over A > 0 at h*.

When o > 2P - ¢ (0), h* > P. To see this, evaluate % [hq) (%)] at h = P:

—o0) - Lo =3 -T2,

g

0 P—-h
h®
ai [ (557)
Thus 8% [h(I) (#)] changes sign at h* > P. Since h* > P, maximum regret is attained at

(0%, P) and (—07%, —P), where 65 = h* — P > 0.

h=P

Maximum regret of 6* exceeds g because 8% [hfb (PT_")] > 0 for P < h < h*, therefore

max [h@(P_hﬂ :h*(I)(P_h > > P® (P_P> :5
h>0 o o o 2
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Since §* is a Bayes rule with respect to prior 7* with 7* (6, P) = .5 and 7* (-0, —P) = .5
and

/ R(6",(00,00)) 07 (00,00) = R (5%, (65, P)) = max R (5", (00,00))

0o €ER,
Oy €[—P,P]

0" minimizes maximum regret. Furthermore, since §* is a unique Bayes rule up to randomization
at X = 0, which does not affect R (6, (6o, 8r)) for any values of (6o, 8r), it is admissible.
To verify that minimax regret max [hq) (%)] is a decreasing function of ¢ for a given P
>

and o > 2P - ¢ (0), observe that since h* > P,

g 0 (52 =y e (5

For any h > P, h® (%) is strictly decreasing in o and has a unique maximum over h > P for

a given o, thus max [h<I> (PT_h)] is strictly decreasing in o. [J
>
Proof of Proposition 3(b)
First, I will show that any rule § for which ¢ (6,00) = Ey,0 (X) lies within the bounds (17)

has maximum regret of g. The lower bound

q<5700) Z 1_ﬁ fOI‘ 602—%7

guarantees that R (4, (0o, 0u)) < & over § > 0. Since R (4, (0o, 0y)) is increasing in 6y when

0 >0,
o 2%y B (9, (00, 00)) = max R (5, (60, P)) = max [(6o+P)-[1-q(500)]].
fo+0u>0
For 0o > —%,if ¢(6,00) > 1 — 5p555 > 0, then
p P
0 P)-[1—q(d,00)] < (0 P -
(0o +P)-[1-q(6,00)] < (6o + P) TP g " 3

For 0o € [—P, —

Sk

(0o+P)-[1—-q(5,00)] <00+ P <

vl
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The proof for the upper bound, which ensures that R (3, (§0,0y)) < & for § < 0, is analogous.

Both the lower and the upper bound are equal to % at 0o = 0, thus ¢ (9,0) = % and

P
> = —.
eor,%?’é@R(é’ (00,00)) > QUg[lgtg’P]R(é, 0,0v)) = 5

Thus the maximum regret of § equals £ if ¢ (0,00) satisfies inequalities (17).

Second, I will show that the function

Yo
o) =P ———
v 00) (2P-¢<0>>
lies within the bounds (17). The proof will verify this for 6p > 0, it is analogous for 6o < 0.
When 0o = 0, ¢* (0) = ® (0) = 3, which coincides with both bounds. ¢* (6p) satisfies the
upper bound because for 0o € [0, g}

0o 1 6o _P—l—90 P
¢<2P-¢(0)> = 27 2P 4(0) 00 =—p— = 2(P—0p)

The first inequality follows from using ¢ (0) as an upper bound on the derivative of ®. The
second one follows from (P + 6p) (P — 0p) = P? — 6% < P2.

The proof that ¢* (0p) > 1 — 2(%;00) for all 8o > 0 is split into two cases, 0o € [0, P] and
6o > P.

Case 1. For 0o € [0, P], I will prove that ¢* (6o) increases faster than the lower bound, which
guarantees that ¢* (fp) > 1 — m, since both are equal at 8o = 0. It will be sufficient to
consider P = 1, to simplify notation, and thus 6o € [0,1]. For P = 1, ¢* (6p) = ® (%(Oo))’

6 (y) = S exp (~y?). with 26 (0) = /2, thus

a0 #0) = 550 (25?(») B \/Z ¢127rexp <_; < 290)2> = g (-34).

Since the function e (y) is convex with e (0) = 1 and e(1) < 3, e(y) < 1+ 2y for y € [0,1],

therefore e (y) > ﬁ for y € [~1,0]. Since T < 1 and 63 < 1,

1 ( 7r92)>1 1 1
—ex _ — = .
PAUT70) =2 11502, T 21 a0
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For 6 € [0,1], 7o < 4, thus 76% < 460 and 2 + 6% < 2+ 400 + 26% = 2 (1 + 0p)?, therefore

1 1
>
24704 = 2(1+60)

5, and

PR SN _a[l_ 1 }
900" T 9k x0T 2(11 602 0| 2(1+60)]

Case 2. For 0p > P, I will also use P = 1 to simpify notation, so the aim is to prove that

7 (00) = ® (%) > 1~ gty Fory >0,1- @ (y) < “% which implies

q (6o) = (2(2?0)> >1- Q(Zéo)gb <2g§(()0)> =1- 7T;OGXP <—%9%> .

Fory >0, e(y) > 14y, thus for y <0, e (y) < ﬁ Using this inequality yields

*(0o) > 1 ! ! 1 ! >1 !
o 1+ 6% 0o + =03 2(1+460)

where the last inequality follows from observation that %2 > 2, and for 8p > 1, w6p > 2 and

03, > 6o.

Since ¢* (6p) satisfies the inequalities (17), any statistical treatment rule with ¢ (4,600) =
q* (0p) has maximum regret of g. It remains to show that this holds for statistical treatment
rules (16) defined in part b of Proposition 3.

For ¢ = 2P - ¢ (0), Spripy (X) = 1|X > 0], thus q (3s(6.p),00) = @ (yfig@) = ¢* (00)
and the rule minimizes maximum regret, which equals g.

For o < 2P-¢(0), it is simplest to derive dys(,, py (X) using the following construction'. Let

o9 =2P - ¢ (0). Define an auxiliary random variable
Y NN(O,U% —02) ,

independent of the observed outcome X ~ N (0p,0?). Then X +Y ~ N (60p,03). Define the

statistical treatment rule &}, py (X,Y) as

o) (X Y)=1[X+Y > 0],

! This proof technique is similar to Schlag’s (2007) binomial average, in that both algebraically simplify the
problem by adding some noise to the observed outcomes.
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then clearly
. _ fo o
q<5(g,P)790) _<I><2P¢(O)> =4q (90)

Integrating &3, py (X,Y) with respect to the distribution of ¥ yields
— 2 2\~1/2 2 _2\~1/2
5M(07P)(X):E(l\X+Y>O]):1—<I><—(ao—a ) X) :@((ao—a ) X),

which thus satisfies ¢ ((5 M(o,P)> 00) = ¢* (0p) by construction and.minimizes maximum regret,

. P
which equals 5. [J
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