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Abstract

This paper considers GLS estimation of linear panel models when
the innovation and the regressors can both contain a factor struc-
ture. A novel feature of this approach is that preliminary estimation
of the latent factor structure is not necessary. Under a set of regular-
ity conditions here provided, we establish consistency and asymptotic
normality of the feasible GLS estimator as both the cross-section and
time series dimensions diverge to infinity. In particular, dependence,
both temporally and cross-sectionally, of the idiosyncratic innovation
is permitted and in fact the latter can be eventually be correlated with
the regressors, making the conventional OLS estimator invalid. Our
results are presented separately for time regressions with unit-specific
coefficients as well as for cross-section regressions with time-specific
coefficients. As particular cases of our set up, we establish primitive
conditions of our assumptions for Pesaran (2006) and Andrews (2005)
regression models. A set of Monte Carlo experiments corroborate our
results.

1 Introduction

Factor models represent one of the most popular and successful way to cap-
ture cross-sectional dependence, especially when facing a large number of
units (N). However, a factor structure in the innovation of a linear regres-
sion model can make the ordinary least squares (henceforth OLS) estimator
invalid since it will no longer be consistent, in general, for the true regression
coefficients unless some restrictions are imposed. In a linear cross-sectional
regression with constant parameters Andrews (2005) shows that consistency
of the OLS estimator is preserved, as N goes to infinity, when both the error
and the regressors have a factor structure with uncorrelated factor loadings.
The asymptotic distribution of parameters estimate have a mixed normal
asymptotic distribution. Within a linear regression across time (77) with the



innovation and the regressors sharing a factor structure, when a panel of ob-
servations is available, Pesaran (2006) shows that individual-specific regres-
sion coefficients can be consistently estimated by augmenting the regressors
by cross-sectional averages of the dependent and the individual-specific re-
gressors. The conventional asymptotic normality is obtained, as both N, T
go to infinity. Again, the essential condition is a restriction on the joint dis-
tribution of the factors loadings for the factor structure in the regressors and
innovation, namely that their (population) means must be linearly indepen-
dent.

This paper considers cross-sectional regressions with time-specific param-
eters as well as time regressions with individual-specific parameters when the
innovation contains a factor structure and a panel of data is available. Both
cases are of independent interest. It is here noted that, in either cases, the
unfeasible generalized least squares (henceforth UGLS) estimator, based on
the presumption that the covariance matrix of the factor structure is known,
would be consistent and asymptotically normal distributed without any par-
ticular restriction on the factor loadings nor on the common factors, in par-
ticular even if the innovation and the regressors are mutually correlated. This
is due to a form of asymptotic orthogonality between the factor loadings and
the inverse of the factor structure covariance matrix. The difficulty arises
when considering a feasible version of the GLS estimator. A natural approach
would be, exploiting the panel dimension, to consider the sample covariance
matrix of the OLS residuals. Given the non-consistency of the OLS estima-
tor, such sample covariance matrix would also be non-consistent for the true
covariance matrix. However, the relevant result here is that, under suitable
regularity conditions, the limit of such sample covariance matrix leads to a
matrix whose inverse is also asymptotically orthogonal to the factor loadings.
Indeed, there is an entire class of matrices, rather than a unique matrix, that
is asymptotically orthogonal to the factor loadings. As a consequence, we
show that this feasible GLS (henceforth GLS) estimator is consistent and
asymptotically normal, as both N, T diverge to infinity, under a set of con-
ditions that make the OLS invalid. However, the limit covariance matrix of
the OLS residuals will be in general different from the true covariance matrix
of true innovations, and thus such the GLS might not be as efficient as the
UGLS.

The GLS estimator exhibits a number of desirable properties. First, it is
computationally easy to handle since it simply requires to perform a sequence
of linear regressions. Second, the GLS estimator does not require knowledge



of the number of factors nor of estimates of the factors themselves since it is
not based on a preliminary estimation of the factor structure. Thus, we do
not need to make use of the recent advances in estimation of (dynamic) factor
models such as Forni, Hallin, Lippi, and L. (2000), Bai and Ng (2002), Stock
and Watson (2002) and Bai (2003), which in turn would require preliminary
testing of the number of factors (Bai and Ng (2002) and Hallin and Liska
(2007) for tests designed for static and dynamic factor models, respectively).

Panel with factor structure innovations have also been considered by
Holtz-Eakin, Newey, and Rosen (1988), Ahn, Hoon Lee, and Schmidt (2001),
Bai and Ng (2004) Phillips and Sul (2003), Moon and Perron (2003), and
Phillips and Sul (2007). With the exception of Ahn, Hoon Lee, and Schmidt
(2001), who focus on generalized method of moment estimation of cross-
sectional regressions with independent and identically distributed (i.i.d.) re-
gressors for fixed T the other papers are all defined within the context of
dynamic panel models. In particular, Holtz-Eakin, Newey, and Rosen (1988)
note how the individual effects can be eliminated by quasi-differencing al-
though this induces time-variation to otherwise constant regression coeffi-
cients. They consider the asymptotic properties of an instrumental variable
estimator for large N where the number of instruments is of order O(7%). For
autoregressive panel models with possibly a time trend, Bai and Ng (2004)
study unit root tests that permit to identify whether the non-stationarity is
associated with the factor structure part of with the idiosyncratic part. They
do not treat the factor structure as a nuisance parameter but build their test
on pre-estimated factors and idiosyncratic component by principal compo-
nents, providing the asymptotic properties of the test for large N, T. For the
same models, Phillips and Sul (2003) focus on median unbiased estimation of
the autoregressive parameter, and related homogeneity and unit root tests.
Their asymptotic theory holds for fixed N. Moon and Perron (2003) propose
unit root testing with respect to a similar class of models, valid for both
large N, T, based on de-factoring the data by means of principal components
estimation of the factor structure which if ignored, would substantially re-
duce the power of the test. Their test has no power when linear trend with
fixed effects is allowed for. For a larger class of dynamic panels, that allows
for exogenous regressors, Phillips and Sul (2007) characterize the bias of the
(pooled) OLS estimator for large N, in particular showing that it converges
to a random variable because of the substantial degree of cross-sectional de-
pendence associated with the factor structure innovation.

Factor models is not the only way to describe cross-sectional dependence.
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Weaker, in the sense of local, forms of dependence can be achieved by spa-
tial econometrics approaches, in particular spatial autoregressive models (see
Anselin (1988), Case (1991), Conley (1999), Chen and Conley (2001), Lee
(2004), Robinson (2006)).

This paper, which studies separately the cases of estimation of linear
regressions with either individual-specific or time-specific parameters, pro-
ceeds as follows. The next section illustrates the basic definitions and the
general assumptions required for estimation of regressions with unit-specific
parameters stating with a theorem the asymptotic properties of the OLS,
UGLS and GLS estimator as T, in the first two cases, and as N, T in the
last case, diverge to infinity. Section 2.3 then considers, as a special case, the
regression model with unit-specific parameters of Pesaran (2006), establish-
ing primitive conditions for our general assumptions. In particular, we show
how some, but not all, of these conditions are implied by certain of Pesaran’s
(2006) assumptions, summarizing the findings in a proposition. Section 3 fo-
cuses regression models with time-specific parameters, again presenting the
basic definitions and the general assumptions, summarizing the asymptotic
properties of the OLS, UGLS and GLS as N and N, T, respectively, diverge
to infinity. Since Andrews (2005) cross-sectional model represents a special
case of this set-up, section 3.3 investigates the extent to which Andrew’s
(2005) assumptions provide primite conditions for at least some our general
assumptions. The full set of required primitive conditions is then described
in a proposition. The theoretical results are corroborated by a set of Monte
Carlo experiments described in section 4. Section 5 concludes. The proofs of
both theorems are reported in the final appendix.

Hereafter we use the following notation: —, denotes convergence in prob-
ability and —, convergence in distribution. When A > 0 we mean that
the matrix A is positive definite, A > 0 that A is positive semi definite,
| A= (tr(AA’))2 indicates the Euclidean norm of the matrix A, 4, is a
n x 1 vector of ones, y; , = Ea; for a random vector a; and X, ., is the limit
in probability of A/C;B;/T for random matrices A;, B; with 7" rows and a
finite number of columns and for the random 7" x T" matrix C; all possibly
dependent on an index :. When C; equals the identity matrix I, we write
3, .- We skip dependence on the index ¢ when not necessary.



2 Unit-Specific Parameters Model

2.1 Definitions and assumptions

Throughout this section, the observed variables obey a linear regression
model with a k& x 1 vector of possible unit-specific regression coefficients
Bi0. The model for the ith unit can be expressed, in matrix form, as

yi = Xifi0 + w;, (1)

for an observed T' x 1 vector y; = (Y1, ---, Yit, ---, Yir)', an observed T X k
matrix X; = (X;1, ..., X;7) where either none, some or even all of the re-
gressors can be common across units, and an unobserved T' x 1 vector u; =
(Wity -vy Wity -, i)' The innovation satisfy the factor structure

for an unobserved m x 1 vector of factor loadings b;, an unobserved T' x m
matrix of common factors F = (fi, ..., f7)" and an unobserved 7" x 1 vector of
idiosyncratic innovations €; = (&1, ..., &;7)’. The maintained assumption here
is that k£ and m do not vary with T and N. Although model (1) is written
as a regression across time, we assume that in fact a panel of observations
{v,X} = {y1, -, ¥i, -, ¥n, X1, ..., X, ..., Xy} is available. As pointed out
in Pesaran (2006, section 2), several panel models, with either constant or
unit-specific regression coefficients, are encompassed by his model, which in
turn is a particular case of (1), including the traditional fixed and random
effects models.

We now specify a set of general assumptions required for the estimators
here considered, commenting on them through a series of remarks below.
We then state, in Theorem 1, the asymptotic properties of the OLS, UGLS
and GLS estimators for ;5. In the subsequent section we establish a set
of primitive conditions of our general assumptions for the particular case of
interest of model (1) given by Pesaran (2006) model.

Assumption 1.1 (factor loadings)
For every i, the b; are random vector of dimension m x 1 such that F(b;b! |
X, F) =8, >0with N' SN B, —,B>0 as N — oc.

Assumption 2.1 (idiosyncratic innovation)



For every i, &; = (€41, ..., €it, ..., €7) satisfies E(e; | by, X;, F) =0 and

H; = E(i?z‘ﬁg | bia XZ’F) >0, (3>
N
N') Hi—,Hr >0 as N — oc. (4)
=1

Assumption 3.H (regressors)
For every i, the T' x k matrix X; is full column rank.

Assumption 4.H (basic limit conditions)
All the limit matrices below, as T" — o0, are a.s. finite:

7 —>p Ei,zzl > O’ L] —>p Ei,l‘Hzl > O’ _r _)p Ei,zf’) (5)
XlH_le F/H—lF X/H_lF
i 71_‘ — = ELIHAI/ > 0,—13 —p Zi,folf’ >0, #_)p Zi,zfrlf’,
(6)
such that
Ei,xH*lgc/ — Ei,folf’Ei,folf’E;lelf/ > 0. (7)

Assumption 5.H (limit conditions for GLS)
All the limit matrices below, as N — oo and arbitrary T, are a.s. finite:

N XZ-E:I,wa/bibgziwflx;lm,)(; A 1 N Xigi—’;z,givzf,bib;p et 1
; N = Air(14+0,(1)), ; I = Asr(140,(1)),
N X3! Xiee X2 X, N X2 Xege,
; NT :A3T<1+Op(1))7;T = Ayr(1+0y(1)),

b,e! D € Yl YR 9

"= Cip(1 4 0,(1)), L L = Cor(1 + 0,(1)), 8
; N1 17°( (1)) Z:; 1 o7 ( (1)) (8)
S PEXEX o1 g, 3 KB Be PRIy, ()

R - + 5 - T 1 : - + .

1=1 NETE " Op =1 N§T§ N Op

Assumption 6.H (distribution conditions for OLS and UGLS)



As T — oo
X;é‘i

1 _>d N(O; Ei,xHx/)y (10)
2
X/H; e F'H '
T—E —a N(0,3, -1.0), T—E Sy N0, 3, ). (11)
2 2

Assumption 7.H (distribution and identification conditions for GLS)
Let Dy, E17 be m x m matrices and Dor, Eor be T' x T matrices satisfying

Air — (Aor + Ayp) = FDioF' + Dyr and Asp — (Aur + Ajp) = FELF' + Ep (12)

with an m x m non-singular symmetric Zi7 = Dip+T & r+BandaT x T
non-singular Zor = Doy + T & + Hyp satisfying a.s.:

F,I;’TlF —p 2 ST (non-singular), —F/IZTII;iIQTlF p Ez‘,fzflnzg‘ 1f’7(13)
—X;IJQ:TlXi —p 2, y71, (non-singular), X;IQ_C[}I;ZIQ_TlXi = 2 0T BT,
KIAE gy ST o iy
—X;IQZTIQ —a N(0,3; r-1p71,0), F 2_1T1€Z —a N(0,X; 71z, p0),

2 2

where all the limits above hold as T" — oo with a.s. finite limit matrices and,
setting
YXr =FLirF + Iy,

for all ¢+ and some a,b,c,d > 0:

XIEHFCip + CipF' 4 Cor + Cop )27 H(Fb; + &) = O,(T), (14)
X B (FCar + CyrF' + Car + Cip) 27! (Fb; +¢5) = Op(T"w), (15)
Xi27 (FCir + CipF' + Cor + Cop) 27" X = O, (Tuty,), (16)
XIS (FCsp + CopF + Car + Cop ) E71 X = O, (T4},). (17)

Remarks: 1. We are assuming that the factor loadings b; are unobserved
random variables with a non-singular yet possibly heterogeneous distribution,
varying with the index . We do not necessarily require the b; to be mutu-
ally independent from the regressors and from the factors although mutual
independence is typically assumed for concrete models.
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2. The factors f; are assumed unobserved, whereas observed factors, if present,
will be simply part of the regressors X;. Moreover, there is no restriction on
the time dependence of the f;, who can be autocorrelated. One of the suffi-
cient conditions for Assumption 7.H will be, however, bounded-ness of .
Hence the f; can satisfy for instance a stationary vector auto-regression.

3. The idiosyncratic innovation €; does not need to be i.i.d across ¢, nor needs
to be independent from either the factor loadings b;, the factors F and the
observed regressors X;. Moreover, H; can vary with ¢ and does not need to
be diagonal, implying a substantial degree of both heterogeneity as well as
the possibility of time dependence time dependence.

4. Assuming full column rank of X; for all i is required, given that computa-
tionally the GLS estimator relies on the evaluation of a sequence of N OLS
problems.

5. When ¥, ;. and X are finite, then the other limit matrices are finite by
Schwartz inequality requiring, for certain cases, that the maximum eigenvalue
of H; is bounded and its minimum eigenvalue is bounded away from zero,
uniformly in 7. Bounded-ness of the maximum eigenvalue is implied when
u; satisfy an approximate factor structure Chamberlain (1983).

Note that X, represents the cross-correlation (when EF = 0) between
the regressors X; and the factors F and it determines the non-zero asymptotic
bias of the OLS estimator, unless it is a matrix of zeros or, if not, for the
trivial case of no factor structure (b; = 0). Under our assumptions, the
regression innovation u; has covariance matrix

and, as seen below, the UGLS estimator of 3,y requires the limit of T-'X/S> X,
to be positive definite, as stated in (7).

6. The limit matrices in Assumptions 5.’H and 7.H arise when looking at the
probability limit of the sample covariance matrix of the OLS innovations.
Similarly, the limiting distribution results stated in Assumptions 6.H and
7.H, are required for OLS, UGLS and GLS respectively. Since we aim at
providing general results, we do not specify here the primitive conditions
required, although these can be relatively easily established when one con-
siders particular cases of (1) such as for Pesaran (2006)’s model, examined
in section 2.3.

7. As explained below, considering the GLS will imply to consider ¥ in
place of S;. Therefore, the various conditions dictated by Assumption 7.H



on Z7, Zor make sure that E;l will be (as S; 1) asymptotically orthogonal to
the matrix of latent factors F. This is the essential property that guarantees
that the GLS estimator will have good asymptotic properties.

8. Conditions (14)-(17) determine the speed at which N and 7" have to diverge
to infinity, possibly at different rates, to ensure that the GLS estimator is
consistent and asymptotically normal.

2.2 Estimators results
For estimation of parameters [3;y, the OLS estimator yield
BiOLS = (X;Xi>71Xz‘yi7

The unfeasible generalized least squares (UGLS) estimator is
GBI = (X8 X) XS] s

setting

S, = FB,F' +H,.

The feasible generalized least squares (GLS) estimator is

B = (X2 X)Xy,

setting

i=1
This requires at minimum N > T. Note, however, that if the regressors
contain some observed factors, such as for instance when an intercept term is
allowed for, which can be written, without loss of generality, as X; = (D, X})
for a T' x k; matrix D and a T' X ky matrix X}, where & = k; + ks, then
u)D = 0 for all i. As a consequence, 37 will be at most of rank T — ky < T,
no matter how large N is. Therefore, to allow non-singularity we consider
instead the alternative definition

N
Y =N i+ 7' DD,
=1

where the normalization by T—! is required since, from our assumptions,
supy [I87!]1= O(1) as.



Theorem 1 (unit-specific parameters)

(i) (OLS) When Assumptions 3.H, 4. H.(5), 6. H.(10) hold
T3 (305 — Big — 4P%%) =4 Ni(0,VOF5) as T — oo,

setting
/yi Ez xx’ 21 JIf'bia V'OLS 2@ o’ Ez :::Hx’2 !

3 z:rx

(it) (UGLS) When Assumptions 1.H, 2.H.(3), 3.H, 4. H.(6), 6. H.(11)

T%(@UG‘LS @0) sy Nk( VUGLS) as T — o0,
settin
J ViUGLS _ (MngLS)—lMUGLS(MlUGLS)—I

with MYCES = plimy._  T7HX.S'X;), NVEES = plimg._,  T71X/S; ' H;S; X
Moreover

(M(']GLS>71 :NUGLS_

(111) (GLS) When Assumptions 1.H, 2.H.(4), 3H, 4 H.(5) and (7), 5.H,
TH

R 1 Tmaa:(afl,bfg Tma:v(cf%,d72)
GLS
; 7 T Oa
B =y Bio as + Y + i —
maz(a—i,b—1) Tmax(cfl,df%)
T35 (3GLS N (0, VELS 1.7 : 0
2(ﬁ ﬁz()) —d k:( ) as T+ N% + N% — U,

setting

VG’LS (MGLS) INGLS(MGLS)—I

with MEES = plimy 1) .0o T-HX] B X;), NEES = plimy oo T XIS H 32X

Remarks 1. The asymptotic bias of the OLS estimator is not simply ex-
pressed in terms an un-centered asymptotic distribution which would other-
wise still ensures consistency. Instead 5955 = By + P55 + O,(T~2) where
%OLS = Ezm Y zpbi is a random variable. Consistency is achieved if ei-
ther b; = 0, meaning no factor structure, or 3; .y = 0, that is zero cross-
correlation between the regressors and the factors (assuming the latter have

mean Zzero).
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2. It is well-known that the UGLS estimator improves efficiency with respect
the the OLS estimator for non-spherical innovations. Here we find that UGLS
exhibits a more profound property: it completely eliminates the factor struc-
ture’s adverse effect on OLS of inducing an asymptotic bias. The possibility
of a different, asymptotic, behaviour of OLS and GLS has already been noted
by Robinson and Hidalgo (1997) in a time series regression context with pos-
sibly long memory innovation and regressors. There, the GLS estimator is
T-consistent and asymptotically normal whereas the same properties are
not warranted for the OLS estimator, under the same set of assumptions.
3. The reason underlying this important property of the UGLS estimator
here uncovered is the asymptotic orthogonality between the inverse of the
factor structure covariance matrix S; ! and the factor matrix F, formalized
in general terms in Lemma 1. This result has been used, in the different
context of financial portfolio optimization, by Pesaran and Zaffaroni (2008)
who establish that mean-variance trading strategies do allow complete diver-
sification of both idiosyncratic and common shocks to asset returns.

4. The feasible GLS estimator here proposed is denoted GLS since it does
not achieve in general the same efficiency as the UGLS, as discussed below.
Our estimator does, however, exhibit the desired asymptotic properties, as
N, T diverge jointly to infinity at suitable rates, meaning that our result does
not depend on the somewhat restrictive approach of taking sequential limits.
When a < 1,6 < %, c < % and d < 2 then consistency is achieved without the
need to specify the relative speed at which N, T diverge to infinity. These
conditions appear cumbersome due to the generality of our approach, whereas
they become much simpler when looking at specific models such as Pesaran
(2006), described in the next section.

The reason why GLS works is that , although 37 is a non-consistent
estimate of the true covariance matrix S; (in the sense of element by element),
its limit X7 = FZ,7F + Zy7,, once taking the inverse, belongs to the space
orthogonal to the factors F, under suitable regularity conditions. On the
other hand, the GLS estimator does not require to identify, let alone to
estimate, the factor structure within the innovation so that, for instance, one
does not need to know m, the true number of factors, as long as it is finite.
In the case of no factor structure (m = 0) our method continue to work,
without making use of this information which obviously would suggest to
use OLS.

5. Since GLS delivers consistent parameter estimates, this suggests a two-
step approach, achieving a more efficient estimator. The first stage consists

11



of gettlng the GLS estimator ﬁz as described above. Next, one can evaluate
>r=N-! Z _, W, for u; = y; — ﬁGLS in order to get the second-step
GLS estimator 3% = (X/37'X,)'X,;27'y;. Given a set of conditions
that build on Assumptions H, one can show that BZG LS is also consistent and
asymptotically normal, as N, T diverge to infinity (as some rate). Moreover,
it can be shown that Xr —, Si +T7'R;, as N — oo, for a T x T matrix R,
satisfying supy || T7'R;||= O(1) a.s. and where each element of T~'R; goes
to zero as T'— oo. Hence, Y7 is closer to S; than ZT, where the approxima-
tion improves the larger N and T" are. This suggests that a certain efficiency
improvements can be achieved by using the two-stage GLS estimator Bl and,
indeed, such improvement can be substantial when N,T" are both sizeable.
Below we report some Monte Carlo results in order to gauge these possible
improvements of efficiency in finite samples.

2.3 Particular model: Pesaran (2006)

The model is
Yir = o dy + BhiXi + e, (18)

where d; is a n X 1 vector of observed factors, x;; is a k X 1 observed vector
satisfying

xi = Ajdy + Tif; + vy (19)
where f; is the m x 1 vector of unobserved factors, A;, I'; are n x k and m x k

matrices of factor loadings, v;; is the k x 1 vector of specific components of
the regressors x;;. Finally

e = fjvi+eu, (20)

with ;; independent of d;, x;; and v;; independent of d;, f;. With respect to
our notation, (19)-(20) imply

F=(fi.fi.fr), B=(n.%.w), Xi=(DX]),

where we set X = DA, +FI';,+V,; with D = (d;...d;...dr)", V; = (Vvi1...Vie... Vi)'

We now verify the extent to which the assumptions of Pesaran (2006)
imply our Theorem 1, part (iii). It turns out that our conditions are both
weaker and stronger than Pesaran (2006) depending on the circumstances.
Note that since the model permits common observed factors, one will need
to add the term 77 'DD’ to f]T, in particular to Zor.
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Assumption 1.H follows by the strong law of large numbers (LLN) and
Pesaran (2006, Assumption 3) where B; = B equal to vy’ + €2, using Pe-
saran’s notation. We further require B > 0. Assumption 2.4 is only in
part implied by Pesaran (2006, Assumption 2), in particular (3) is, but we
also require N1 vazl H, —, Hr > 0, not necessarily implied by Pesaran
(2006, eq. (10)). Assumption 3.H is implied by Pesaran (2006, Assump-
tion 5a). Concerning Assumption 4.H, (5) follows by strengthening Pesaran
(2006, Assumption 1 and 2) to fourth-order covariance stationarity with ab-
solute summable autocovariances,

X'X;

pEi,:rx’ —
A;Edd/ + I‘;Efd/ Yoo + A;Edd/Ai —+ I‘;Z]ff/I‘Z- -+ A;Edf/I‘i + F;Efd/Ai ’
X'F

— E = Edf/
T r DSy + Al )7
since Xy, and 3,4, are both matrices of zeros by Pesaran (2006, Assump-
tion 1 and 2). By the same assumptions, ¥, .,/ is bounded and, using the

block matrix decomposition (Magnus and Neudecker 1988), is non-singular
whenever both matrices

Yars Zow — DT,

are non-singular, where we set ;g = X fd/E;dl,Edf/ — Xsp. The latter re-
quires ¥,,, > 0, implied by Pesaran (2006, Assumption 2) who defines it
as 3;, since —X(yqy is positive semi definite, in fact at most O for perfectly
correlated f;, d;. However, we require in addition X4 > 0. Expression for
¥z Will depend on the adopted parameterization for the Ay, ;, that is on
the form of the moving average coefficients a; in Pesaran (2006, Assump-
tion 2). However, under summability of the moving average coefficients a;,
which implies the spectral density of the ¢;; to be finite at all frequencies,
then boundedness of 3, ,,» implies, by the spectral decomposition of positive
definite matrices, boundedness of ¥, ;r,». Note, however, that the UGLS
estimator does need H; > 0, as in Assumption 2.H.(3), which in turn re-
quires the spectral density of the ¢;; to be bounded away from zero, ensuring
boundedness of X, -1/, 3 p-1p, ;1. Concerning Assumption 5.H,
setting C; = (A; + Egdl,Edf/I‘i), one obtains

P ( Yop + Ci(Bpy — T2 T)1C —Cy(Zpy — DB panTy) )
—(Bp = TiZaTi) ' C] (B = TiBganTi) ™!
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and

X, E iy =DE Sy HDE g T FL—V,) (B —TiEpan i) ' T ().

1,2T

. Further manipulations yield

Air = DX 2 BY 102, D' + DX, Sy BE (jan PirE ja E D’

—DX Sy BE ;o PirF + DE Sy PirE 1 BE o S D’
+DX By PorX 0 X, D — DX 2y PorF' — FP 17X (10 BE 1 X, D’
—FPyrY;0 X, D + FPorF + Py,

setting

N

N 1B — TjSa)Ti) 7 'T) =, Por,
N

N (B — Ty L) T (1 BE(pan Ti( B — T 5 T3)7'T}) —, Par,
N

N7y (VilBow = T L) T TS BEpan Ti(Bow — TiS(anT) ' Vi) =, Par,
N

NN Vi — DBy Ti) V] =, Pur.

Likewise .AQT = DE;dl,Edf/BF/ + DE;;,Edf/PlTE(fd/)BF’ — FPlTE(fd/)BF,.
Notice how the above expression are functionally independent from A;. Hence,
whether X7 is dependent or not from D, is irrelevant for the sake of the deriva-
tion of Ayr, Aoy whose existence in implied, using a strong LLN argument,
by Pesaran (2006, Assumptions 2 and 3). No additional moment conditions
on the I'; are required since supy, || T;(Zyp — T2 ran i) 7'T ||I= O(1) aus.
and the V; have bounded fourth moment by Pesaran (2006, Assumption 2).
By simple manipulations, XZ-Z;;:E,X; equals DX /D' +[(DX ;X —F)T; —
Vi](ZW — I‘;Z(fd/)I‘;)_l[I‘;(DE;;,Edfr — F)l — V;], where all the terms in-
volving A; drop out. Although closed-form expressions for Asr, A4r, require
to specify the parameterization of the H;, existence of the limit follows by
Pesaran (2006, Assumptions 2 and 3). Assumptions (8) and (9) follow by
direct use of the CTL which holds under suitable assumptions. For instance,
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when ||b;||*°< oo and | &y [*79< 00, some § > 0, and Pesaran (2006, As-
sumption 2) hold with in addition i.i.d.-ness of the €; across i, then the

Lyapunov condition holds and the t-th column of Cir satisfies ClétTQt for a
normally distributed m x 1 vector (i, with mean zero and unit covariance
matrix and N~} Zgjzl bisitgjtb;- — Ciyr Whose existence is implied by the
previously made assumptions. Cross-sectional independence of the ¢; can
be relaxed to a limited degree of dependence of the ; such that, in partic-
ular, Hy = [hy]l,_1 = E(se) | by, by, X, X, F) have bounded maximum
eigenvalue, that is supy [|[H:||= O(1)a.s. (see Pesaran and Tosetti (2007)
for a general definition cross-sectional weak dependence). Likewise, under

1
the same conditions, for the ¢th column of Cyr one gets Cj,;.Cor for a 1" x 1
normally distributed vector (5; with mean zero and unit covariance matrix,
where boundedness of Cop requires E |D + F + V,;||?*°< oo. Similar re-

sults apply to (9) where now the Lyapunov condition require, in addition,
E|D+F + V< oo,
Concerning Assumption 7.H, (12) follows for

Dir  =Por + P00 B+ Bty Pir,
Doy = —-F(Cir +B) Efd/E;dl,D' — ngdl/zdf’ (Cir + B)F
+DX 3y (Cir + B) e X, D' + Par.

For Asr, Asr, as said, closed-form expressions required to parameterize H;
so, for instance, assuming for simplicity H; = I yields

ng = _P1T7
Eor =
—D(Egdl, + E;dl,zdf/PITEfd/E;dl/)D/ - P4T + DZ;dl/de/PlTF' —f- FPszfd/EJdl,D,.

Now non-singularity of Z,r = Dir + T &1 + B requires
B+ Por + Pi17Xsa)B + BEsaPir — T~'P,+ non-singular. (21)
Moreover, for (13), given
Tor = Hr+Psp—T 1(D(X,, —1,)D'+Py)+(F-DX 3y ) T1p (F' — X0 X, D) —FZ;7F'.

one needs
Y =0 (22)
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for otherwise T-'F'Z,7F —, 0 by the Central Lemma (C, F, —Z;7,T), set-
ting C = Hr + Psr — T 1(D(Z,; — 1,)D' + Py) + (F — DX Sy ) L1 (F —
3025, D’). Sufficient conditions for (22) are

ps =0 and {f;,d;} contemporaneously uncorrelated.

Uncorrelatedness follow simply when d; is deterministic, including intercept
term, trends or seasonal dummies. Hence, under (22)

Ty = Hr + Par — T7/(D(Zy, — 1,)D' + Py) > 0.

Moreover ¥(sqy = —X;p and, by taking into consideration the definitions of
P17, Por, (21) can be expressed as the limit of

N
N7 (TS + TiE ) T TS — L) B(To(Sow + T80 T0) ' T8 — 1)

=1

—Jj_lj\f_1 Z Fi(Evv’ -+ I‘;ZHTZ)_II‘; —p CIT + B + T_lplT = ZIT non—singulaI(.Q?))

=1

A sufficient condition for (23) is non-singularity of (T;(2,, + D)X pT) T — L)
for any ¢ but in fact a milder condition might suffice. Set, as an example,
ip=B=1,and X,, =I;. For m >k =1, (23) is equivalent to obtain a
non-singular limit of

N
(2+TT) | B
N~ —1“2-1“’. T'N-*
Z( (14 TIiT;)? > Z (1+TIir

which can be obtained under mild conditions on the I'; since each (Im %F I )

is non-singular for all . Instead, when k > m = 1 then (23) is equivalent to
obtaining a non-zero limit of

N
N Z (1 Ty(L + D) 7'))” = TN Ty(L + D) 7',
i=1
where it easily follows that each of the addenda is non-zero. Similar argu-
ments follow for the case m = k. Finally, notice that 3,,, > 0 is strictly

required, ruling out the possibility that the regressors x;; obey a pure factor
structure x; = Ald; + I'/f;, otherwise (7) fails.
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Closed-form expressions for Englxw EivﬂngZ;lx,, X ST R Emgl Iz
Ei,ﬂ;lef > however, required for the verification of the CTL conditions,
would depend on the adopted parameterization for the h;, and thus for
the a; of Pesaran (2006, Assumption 2). We conclude investigating the
conditions required for (14)-(17). Under the assumptions made Cir is a
random, mean zero, matrix of dimension m x T, whose rows are uncor-
related with each g;, X; and with each row of E;l. In addition, denot-
ing by Cirj the jth row of Cir, we will require supy || ECi7,Cirj[|= O(1)
for all 1 < j < m. The same assumptions are required for all the zero
mean random matrices introduced below. Hence, by standard arguments,
XIBC = OP(T%LnJrkL’m), CirXrte; = OP(T%Lm> and, by repeated use of
Lemma 2, F'S7le; = O,(T 21,,), F'S7Clp = Oy(T 21,0,), F'E-X,; =
Op(tnspth), F'SF = O, (1)) yielding

X(%7 (FCir + CpF) S5 X = Op(T2 1kt ),
X;Z%l(FclT + CiTF/)E;I(Fbl -+ Ei) = Op(T% Ln+k)-

Similarly, since under (22), XiE-_l /Ei,mf’ = (Frﬁ—vz)(Evv’"i_rngf’rz)_lrngf/,

1,TT

one gets Cor = FCq17+4Coor for a.s. random, mean zero, matrixes of dimension

m x T and T x T respectively. The previous bounds apply substituting Cyp

with Co17r and when, in addition, X;E;lcQQTz;lF = Op(tntklh,)s X;E;lcgggpﬁ;lgi =
Op(T21p41,) then

ng;l(cﬂ + CQT)E;lxi = Op(TLn+kL;z+k)a
X2 (Cor + Chy)S7H(Fb; + &) = Op(T 2 14).

Under (22), X;X,;, X; = DX ;D' 4 (FT; 4+ V;)(Zyy + i p L))~ (TF +
V) yielding Csp = T_%ClTDZ;dI,D’ + C317F' + Csop for zero mean random
mxm matrix C3;7r and a mxT matrix Csop. Again, the previous bounds apply
substituting Ci;7 by Csor and X;EEID = Op(Ttnyityy), CrrD = Op(T% Linlly)

yielding

XIS (FCyr + CopF)S5' X = Op(Tnskthy1h),
XX (FCar + ChpF) S (Fb; + ;) = Op(Tinyy)-

Finally Cyr = T~ 2CorDE 0D’ + FCir ¥ + FCigr + CasrF' + Caar for zero
mean random m x m matrix Cy7, m x T matrices Cyor, Cj3p and T x T matrix
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C44T yleldlng

XQZEI(C4T + CLT)EI_“IXZ' = OP(T% Ln+kL,TL+k>7
X! S Car + Clp ) S7 (Fb; 4 £7) = Oy (T2 k).

Hence, (14),(15),(16),(17) hold with a = 1/2,b = 1,¢ = 3/2,d = 3/2. In
general, primitive conditions can be derived but no assumption of Pesaran
(2006) would imply (21), (22) nor any of the other conditions in 7.H.

We summarize the result of this section as follows:

Proposition 1 Assume that Pesaran (2006, Assumptions 1, 2, 3 and 5a)
hold and, in addition, N~* SN H; —, Hr > 0 as N — oo, the (n+m)x1
vector (d}, £})" is fourth-order covariance stationarity with absolute summable
autocovariances, bounded (64+0)th moment and X4 > 0, the b; have bounded
(2+9)th moment with B > 0, the v;; have bounded (6+9)th moment and the €;
have bounded (240)th moment and are i.i.d. acrossi. Finally let Assumption
7.H hold, which at minimum requires ¢y = 0.

Then Theorem 1,(iii) applies to the GLS estimator for (g, 3))" of model
(18)-(19)-(20) when -

A

for consistency and

1+T 0
-+ — —
T N

for asymptotic normality.
No other conditions of Pesaran (2006) is required, such as in particular
the mx (k+1) matriz E (b; T;) to be full row rank m.

Finally, notice that the bias term of the OLS for ; is, from Theorem 1
(i), 70" = 27, Zi.pbi which is zero only if b; = 0 a.s. (no factor structure
in the regression error) or, alternatively, if 3;,p = O; = 0 a.s. This latter
condition requires both I'; = 0 a.s. and Xy = 0. The GLS estimator does
not require I'; = 0 a.s. and thus allows the unit-specific regressors X to be

cross-correlated with the unobserved factors F.
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3 Time-Specific Parameters Model

3.1 Definitions and assumptions

This section mirrors exactly the previous section but we prefer to present it
in full, in order to avoid a the possibility of substantial confusion in notation.

Consider linear regression models with possibly time-specific parameters,
such that for the tth time period

ye = Xifio + (24)

for an observed N x 1 vector y; = (yit,---, Yit, ---»yYne) and an observed
N x k matrix X; = (X34, ..., Xit, ..., Xn¢)" related by a k x 1 vector of pos-
sibly time-specific regression coefficients (3;5. The unobserved N x 1 vector
u, = (U, ..., Us, ..., ung) obeys the same factor structure described previ-
ously which, staking the wu;; across units 7, can be expressed as

Uy = Bft + &;.

As before, f; denotes an unobserved m x 1 vector of factors, B = (by,...,by)’
is an unobserved N x m matrix of factor loadings and &, = (14, ...,eny) 18
the unobserved N x 1 vector of idiosyncratic innovations. Cross-sectional
regressions with constant regression coefficients, such as Andrews (2005), or
time-specific coefficients, are particular cases of (50).

A set of general assumptions required for the estimators here considered
are introduced below, and commented subsequently. Theorem 2 states the
asymptotic properties of the OLS, UGLS and GLS estimators for 3,y and
the subsequent section discusses a set of primitive conditions of our general
assumptions for a particular case of interest of model (50) namely Andrews
(2005)’s model.

Assumption 1.7 (common factors)
For every ¢, the f; are random vector of dimension m x 1 such that E(ff] |
X, B)=F >0with T3 F —, F>0 as T — oc.

Assumption 2.7 (idiosyncratic innovation)
For every t, ey = (€14, -, €ity -, Ene) let E(ey | £, X4, B) = 0 and

Ht = E(Etgg ‘ ft7 Xt7 B) > 0, (25)
T
T H, =, Hy >0 as T — oo. (26)
t=1
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Assumption 3.7 (regressors)
For every t, the N x k matrix X; is full column rank.

Assumption 4.7 (basic limit conditions)
All the limit matrices below, as N — oo, are a.s. finite:

XXy X H, X, X'B

N —p Zt,xx’ > 07 T —p Zt,sz’ > 07 # —p Et,mb’v (27)
X'H;'X B'H,'B X'H,'B
M—)p Et,szlx’ > O,Tt —p Et,belb’ > O, %_)p Et,folb’
(28)
such that
Et,zH*I:E' — Et,folb’Et,bH*Ib’E;,xH—lb’ > 0 (29)
Assumption 5.7 (limit conditions for GLS)
All the limit matrices below, as T' — oo and arbitrary N, are a.s. finite:
T T
X,z ! DIRYS 73 19 IV >t o X X,z o 2y BB
Sy e = Ay (L4o,(1)), Y =5 = Aun(14+0,(1)]
t=1 t=1
T T
X 2 ! X'ete?’XtZ 2! X/ th ! X/€t€/
Dy = Al (1), ) —— T = Aw(lto,(1),
t=1 t=1
T T
XExe,x/fe’
D = G 0p(1) 30 =T = Con (1 (1) (3
= 12 t=1 Tz
T T
ft€£XtEt X/ XtEt Et xb/ftgéxtzt X,
T = Can(140,(1 v = Cun(140,(1). 3]
tzl P s (1o, ( ))tzl Py an (1+0p(1)) (
Assumption 6.7 (distribution conditions for OLS and UGLS)
As N — oo:
X/
L g N (O, Srarrar), (32)
2
X/H; ! B'H;'
;1& =g N(0, % pp-107), —tlgt —a N(0, 2 1) (33)
N2 Nz

Assumption 7.7 (distribution and identification conditions for GLS)
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Let Dy, n be m x m and Doy, oy and N x N matrices satisfying
AlN — (.AQN + AIQN) = BDlNB/ + DQN and A3N - (./441\] + AiLN) = BSlNB/ + 52]\7 (34)

with an m X m non-singular symmetric Z;y = Dy + N7'&x + F and a
N x N non-singular Zony = Doy + N~ 1En + Hy satisfying a.s.:

B’I;]\l,B B’I;]\l,HtI;]\l,B

N
X! v H ;X

=p Xy 7y (non-singular), 2 Nt — —p By w7 HI
X’Ij\l,B X’I*]\l,Hth\l,B
% —p Et#ﬂ;lb,, 2 N 2 —p Et,nglHIglb”

— Ebzglb,(non—smgular), —p Bz gz (35)

X Ton X,
N

/
B 2N€t

X! T, e
2Nt
——— —aN(0, %, ngleglm’)a

N3 , N —a N(0, Et,bzngzglb/)a

where all the limits above hold as N — oo with a.s. finite limit matrices and,
setting
Yy = BZiyB' + Loy,

for all ¢, and some a, b, c,d > 0:

3 (BCiy + CiyB' + Con + Con)EN (B + &¢) = O,(N,), (36)
12 (BCsy + CynyB 4 Can + Coy) SN (B + ;) = O,(N4,), (37)
N (BCiy + CixB' + Cony + Chp) BN Xy = O, (NCuyt},), (38)
(BCgN —|— CgNB/ —|— C4N —|— Cz/LN) 1Xt Op(NdeL;ﬁ). (39)

Remark: The comments made to Assumptions 1. H-7.’H apply now but re-
plaCing T7 F7 bi7 Xi? Eiy Hi; u;, Zi,xx’J Ez’,xf’; SZ with NJ BJ ft; X—ta Et, Hta Uy, Et,rl"7 Et,l’b’v St

respectively.

3.2 Estimators results

The ordinary least squares (OLS) estimator is
OLS (X/Xt> 1Xtyt7
The unfeasible generalized least squares estimator (UGLS) is

UGLS (XIS IXt)_IXtSt_lyty
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setting
S, = BF,B' + H,.
The feasible generalized least squares estimator (GLS) estimator estimator
is
GLS (X/E IXt)flxtzA:;Vlyt’
setting

2N—T Zutut, Uy =y — XtﬁoLsa

which requires T > N. Again, if X; = (D, X}) for a N x k; matrix D and
a N X kg matrix X7, where & = k; + k2, such as when an intercept term is
allowed for, then in order to allow non-singularity we consider

Sy=T" Zut + N“'DD'.

Theorem 2 (time-specific parameters)

(i) (OLS) When Assumptions 3.7, 4.7 .(27), 6.T .(32) hold
N%(A?Ls—ﬁto—%o]: ) —=a Ni(0,V°5%) as N — oo,

setting

W =31

(ii) (UGLS) When Assumptions 1.7, 2.7 .(25), 3.7, 4.7.(28), 6.7 .(33)

Etl‘b’fta VOLS E 20 ! > 1

t,xx! tyxx' “taeHx' “taxx'

N%(AtUGLS Bro) —a Niu(0, V) as N — oo,

setting

VUGLS (MUGLS) 1MUGLS(M£]GLS)—1

with MYGES = plimy_  N~Y(X!S,1X,), MVCES = plimy_, N7'X/S,THL S, X,
Moreover

(M?GLS>71 :MUGLS_

(iii) (GLS)
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When Assumptions 1.7, 2.T.(26), 8.7, 4.T7.(27) and (29), 5.7, 7.T

R 1 Nmax(afl,bf%) Nma:r(cfg,de)
GLS
— 0
t —p Bio as N + T3 + s — Y
Lo 1 Nma:r;(a—%,b—l) Nma:(:(c—l,d—%
N2 GLS N..(0 VGLS - 0
(8; Bro) —a Ni(0,V,777) as 5 T + 71 - Y%

setting

VGLS _ (MGLS)—INGLS(MGLS)—I
t - t t t
wlth MtGLS = pllm(MT)_)oo Nﬁl(X:sz]]_VlXt), ./\/;GLS = phm(N,T)_)OO N71X22N1Ht21_\7lxt.

Remarks 1. Most of the comments to Theorem 1 apply here and will not
be repeated. Now G55 = 3,5 +4PL5 + O, (N~2) where 4055 = DI Sl
which is a random variable. Consistency is achieved if either f; = 0 (no
factors) or X ;b/ = 0, implied by no cross-correlation between the regressors
and the factors (assuming the latter have mean zero or, alternatively, when
X contains an vector of ones).

2. Now the GLS makes use of 3y which, although a non-consistent estimate
of the true covariance matrix S; = BF;B’ + H; (in the sense of element by
element), has limit Xy = BZ;yB’ 4+ Zsy, which, once taking the inverse,
belongs to the space orthogonal to the factor loadings B under suitable reg-

ularity conditions.

3.3 Particular model: Andrews (2005)

The model is

Yir = Bop(1x5,)" + wi, (40)
where (y;;, x;1) are assumed 4.7.d. across units conditional on ¢y, Co; by An-
drews (2005, Assumption 1), with

Uy = Ui+ ey, (41)
X = Couxi+ vy, (42)
with ¢y, u} are d; x 1 random vectors and Cy;, x; respectively a random
matrix of dimension k x dy, with dy > k, and a random vector of dimen-

sion dy X 1 and ¢;; and v;; are i.i.d. innovations across ¢ and ¢, respectively
scalar and k x 1, with zero mean and variances h;;; and ¥;,,,. We focus on
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Andrews (2005)’s standard factor structure, spelled out in his Assumption
SF'1, here slightly extended to allow for an idiosyncratic component in both
the regression error u;; and the regressors x;; as well as time-variation in
parameters, common factors and covariance matrices. The first extension is
compulsory since when €;; = 0 a.s. our theory does not apply. Let as start
assuming 3 ,, = 0 implying vi; = 0 a.s. as in Andrews (2005), although
this is not necessary for our arguments to go through. (41)-(42) imply

F = (Cll-'-clt-'-clT)ly B = (UT...U?V)/, Xt = (LN,)(>k /2t) s

where we set X* = (x7...x}...x%)". We do not consider here Andrew’s other,
more general, forms cross-sectional dependence named heterogeneous and
functional factor structures.

We now verify the extent to which the assumptions of Andrews (2005)
imply our Theorem 2, part (iii). We are able to relax some of his assumptions,
although here more conditions need to be made here with respect to the time-
series properties of cyy, Coy, €4, un-necessary to Andrews (2005) since all his
results hold conditional on the o-field C induced by {cy;, Co}.

Assumptions 1.7 and 2.7 do not follow from any of Andrews (2005)’s
assumptions although, when imposing #idness conditional on C, H; = 21 .
We also require plim7'~* Zthl o = 0% > 0 yielding Hy = oly. Assumption
3.7 is implied by Andrews (2005, Assumption 2d). Concerning Assumption
4.7

N 7ol

N E o xX¥

/ — =1 2t ! 2~

XXy = N . N , XiH: X, = 0, X Xy,
Ca Zi:l x; Gy Zi:l X;X; Lot

N
X/ H,'X, = 0,°X|X;, BH;'B=0,"> uju}’,
i=1
= L
X.B = < Co, Zil < )’ X/H;'B = 0, *X!B.
and the limits are well defined by Andrews (2005, Assumptions 1, 2 and
3(a)). Then

S = [ ] G N g s,
b C2t,ux C2t21x’c2t, ’ el CZtEI’U,/ 7

non-singularity ensured by Andrews (2005, Assumption 2(d)), where here-
kg qk/

after p, = Exf, ¥,p = EXix, 3w = Euju)’, u, = Euf, ¥, = Exiul’.

1M )
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Using the block matrix decomposition (Magnus and Neudecker 1988) one
gets

Et wlz =
q " —q; ' 11, Ca¢/ (Cat Ey Cag)
_q;l(c2t2m’02t/)_1c2t,ux <C2t2mx’02t/>_1(1k + q;lCzt,ux,u;czt,(cztzm'czt/)

where q; = 1 — p,Cat/(Cat X0 Cat') ' Catptr > 0, a.s. since the x;; = Cox}
have an non-singular distribution. In fact, for any non-degenerate random
vector x one gets Exx’ > ExEx/, equivalent to Ex'(Exx')' Ex < 1. Formu-
lae for Xy ppar, Bt o107, Zppm-11, 2t -1y €asily follows. Concerning As-
sumption 5.H, the expression for A;y, Asn follows by using

X2 8y = [X*C2t/(C2t2xx/c2t,)_102t2xu’

t,xx’

+q; (v — X*Cay/(C2 X0 Cat) ™' Cagpta) (1, — M;CZt/(CZthc’CZt/>_ICZtEmu’)] .

By Greville (1965), setting A to be the Moore-Penrose of a matrix A,

(C2t X0 Cat’) ! = (Cat/) T2 L (Cap) " = (C24Cat’) 'Cat X, Cay(C2t Cat') 7,

xx’

where the last equality follows since Cg¢ is full row rank. Substituting
the last expressmn into X, X} /Bt aty Fr 20, xb,E , X yields many terms like

t,xx’ t,xx’

Cgt <C2t02t) Cgt. Now the matrix Mgt = Ik — CQt,<CthQt,)_1czt is
idempotent positive semi-definite, implying

C2t/(C2tC2t/)_IC2t =1, — My <I. (43)

This implies || X, X, 1 % . Fi X xb,E X |= O(|| F¢||) a.s. Similarly, for

t,xx’ t,xx!

Aon, | X Bean Fi = O 7)) as., for Asw, || XeB7 00 Beoma B 40 X 1=
O(c?) a.s. Notice that Ayy = Aspy since Ht is diagonal, where
tht o X =

q LNLN — 4 1X*Clzt(c2t2w:c’c/2t)ilc2tﬂxb§v - qgleM;cclzt(C2t2m’c/2t>ilc2tX*,
X Chy(Coy i Chy) I + Qt_lC2tﬂfcﬂ;c,2t(c2tzm’cl2t)_1]C2tX*,

and hence its boundedness does not require any moment conditions in C;.

For (30) and (31), they follow by using the martingale CLT (see Brown
(1971)) if we assume that, for each i, the ;; can be written as linear pro-
cesses of a martingale difference sequence with absolute summable coeffi-
cients. In turn, this is implied when H; = [hy;){,_; (defined in (3)) has
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bounded maximum eigenvalue. Then for the ith column of C;y one gets
T3 Ethl fie; = CI%Z-NCM(l—l—op(l)) for a m x 1 vector (; normally distributed
with mean zero and unit covariance matrix if 77! 258:1 fihes i) —, Criv and
E |[f]|*"°< oo, EEif**° < 0o. Likewise, the ith column of Coy can be written
as Ci. ~NGo2i where no additional moment conditions are required because of
(43). The same results apply for (31). Unless 3,,, = 0, one also needs
E |[v; |57 < o0.

Notice that when dQ = k, Cy is a square full rank matrix and both
XtEt o 2t b and XtEt o , X} are not time-varying, simplifying the above re-
sults. For Assumptlon 7.7, in particular (34),set D= X*¥ 13, +q* (LN—
XS, ) (1, = 11,5, Em) E =0’ (wtly — XS patly — evp, X
X2 [l + pep, 20X g =1 — B p,. It follows that

Aiy — Aoy — Ay = (D-B)F(D-B) —-BFB', A;n — Ay —Ajy = —E.

which in turn is implied when x} and u} are uncorrelated with p, = 0.

When k < dy which implies full row rank Cy;, then obviously (34) is
satisfied when (44) hold. However, now it is also possible that x} and u} are
correlated, for instance even perfectly correlated such as

x; =Au}, p,=0, X, >0, (45)

(3

for a A non-random full row rank matrix. As an example, set for simplicity
dy = dy > k, A = 1, yielding ¥,,, = 3, = 1. Notice that now we
require X, = Ev;vl, > 0, to ensure (29) holds, and also v;; and u} to
be mutually independent. The previous derivations still apply by replacing
(Cgt X1 Chy) by (Cop Xy Chy 4 X ) ! and Xy = (1, X*Cl, + V). Then

T
T7') (L = Chy(CoChy + St o)™ Cat) F(ly, — Chy(CaiChy + Stpr) ™' Ca)

t=1

N1 Z 0;Ch(CoCh 4+ B p) 'Cot —p Din + F+ N '&1y = Tiy

t=1

and non-singularity of Z;x follows under mild conditions on Cy and 3 .
Moreover, given Doy = 0, &y = —02LNL/N one obtains

2 -1 /
Toy =0 Iy — N~ O'LNLN-l—N LNUy
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where Z,y is non-singular for all values of 0> < oo. Then, by the Sherman-
Morrison-Woodbury formula,

2 o 1 Mx/CZtI
t’nglml o CZtle 0'72C2t(2mx’ + (02 - 1)[13;[1/;)021;/ .

Similar calculations lead to 2t7x12—1 HI e Z}t?b%_l HI; Y 2t7$12—1 " Et’ﬂz_l HI; Y-

It remains to verify (36)-(39). Under the assumptions made C;y is a ran-
dom, mean zero, matrix of dimension m x N, whose are uncorrelated with
each &;, X; and with each row of £'. In addition, denoting by Cinj the jth
row of Cyy, we will require supy || EC|y,Cin;|l= O(1) for all 1 < j < m.
The same assumptions are required for all the zero mean random matrices
introduced below. Thus, for all ¢, X|33'Cly = Op(N2typil,), CinEn'er =
0,(N21,,) and, by Lemma 2, B'S e, = O,(N"21,,), B'E'Cly = Op(N " 21mll,),
X2 B = 0p(t14ntl,), BENB = O,y(tmtl,) yielding

XS (BCy + CyB)ENX: = Op(N2uigxt) 1),
X! S (BCuy + CaB)ER (B, + £,) = O, (N7114y).

We discuss only the case when (45) hold, since case (44) is much simpler.
Setting for simplicity dy = dy > k, A = I, yields X, %, ! 3, . = (BCa +

t,xx

Vt)(c2tCZt, -+ Etﬂm/)_lCzt and, in tUI'Il, one gets CQN = BCQIN + CQQN for
a.s. random, mean zero, matrixes of dimension m x N and N x N respec-
tively. The previous bounds apply substituting C;ny with Co1y. Moreover,
X;E&lcQQNEXIlB = Op(L1+kL;n), X;E;VlCQQNE;Vl&t = Op<N§L1+k) then
XiEN (Con + Con) 2N X = Op(Ntagatyp)s
X[S3 (Con + Chn) By (B + &) = Op(N 201 41).

Again, when (45) holds

thz:;m’x; = qt_leLEV - Qt_l(BC/Qt + Vt)(CQtEm’C/Qt + Et,vv’>_lc2tﬂxbg\/

_qt_lLNﬂ;cCIQt<CQtExx’ C/2t + 2t,vv’)_l (C2tX*l + Vg)
+(X*C,2t+vt) (CQtzxac’ Cl2t+2t,m}’ ) -t [Ik+q15_1 CQt/JLacM;CI% (CQtzxac’ C/2t+2t,vv’ ) _1](C2tX* +V1,i)7

yleldmg CgN = CBINL/N + C32NB, + C33N for a m x 1 matrix C31N7a m X
d; matrix Csony and a m x T matrix Cszy, all zero mean random. Using
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the previous bounds, with Cs3y in place of Ciy, as well as XQE]_VILN =
Op(Ni1sr), BEN iy = Oy(tm), €183ty = O,(N2) yielding

Xi3y (BCay + CayB) By X = Op(Nvsat) ),
X;ENI (BCgN + CéNBI>2N1 (Bft + €t> = Op(NL1+k).

Finally C4N = BC41NL/N + BC42NB/ + C43NL/N + C44NB/ + C45N foram x 1
matrix A n, a mxXm matrix Cion, a N X 1 matrix Cysn, a N X m matrix Cyyn
and a N x N matrix Cs5y, all zero mean random. Thus using the previous
bounds, with Cs3n, Casn in place of Cix and Cyu5n in place of Coon yields

XXV (Can 4+ Cin) BN X, = OP(N%LH-kL/lJrk)?
XS Can + Con ) SN (B + &) = Op(NZ114).

Hence, (36), (37), (38), (39) hold with a = 1/2,b = 1,¢ = 3/2,d = 3/2.
Therefore, primitive conditions for Assumption 7.7 can be found, in partic-
ular such as (45).

We summarize the result of this section as follows:

Proposition 2 Assume that Andrews (2005, Assumptions 1, 2, 3) hold and,
in addition, for any i the €;; have bounded (2 + 0)th moment and are linear
processes of a martingale difference innovation with summable coefficients,
the f; have bounded (2+6)th moment, the v;; have bounded (6+0)th moment.
Finally let Assumptions 1.7,2.7, and 7.T hold.

Then Theorem 2,(iii) applies to the GLS estimator for By of model (40)-

(41)-(42) when

— 0

+

2|~

for consistency and

—0

+

=z| -
T T

for asymptotic normality.

No other conditions of Andrews (2005) is required, such as uncorrelat-
edness between the x; and the u;. Moreover, we do not require moment
conditions for the Cy;.

Notice that the bias term of the OLS for fy is, from Theorem 2 (i),

~OLS = Z;;fz;;b’ft which is zero only if f; = 0 a.s. (no factor struc-
ture in the regression error) or, alternatively, if 3 ;xlzt,xb’ = 0 a.s. The
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first row of the latter matrix, corresponding to the intercept parameter, is
precisely equal to q; ' (p!, — p!,Ch; (Co 0w Ch,) 1 Co; Xy ), simplifying to i/,
under Andrews (2005, Condition SF2), that is when 3., = p,u, holds.
Therefore zero bias for the OLS estimator of the intercept also requires his
condition SF3, viz. pu, = 0. However, as noted by Andrews (2005), consis-
tency of the regression parameters only (the last k entries of 3;) requires just
zero correlation between the x} and the u} (his condition SF2). In fact the
sub-matrix made considering from the second to the last row of E; ;m,Etyxb/ is
(C2t2x:c’c2t,)_lc2t<2xu/_,ux:u;)"i_(cmszzx’CZt,)_l(C2t,ux,ugcc2t,<c2t2xx/CZt/)_l_
1, Cat' (Cat X0 Cat') 1 Cat oIy )Cor Xpy which, when X, = p.p,, equals
(C2tX0arCat') ' Cot(ptatty, — frufty,)

411, Cat' (C2t X0 Cat') ' Coppta (Cot Xw Cat') H (Cagpte — Cotpty) ftoy and thus

a matrix of zeros, independently from whether pu, is zero or not.

4 Monte Carlo

We conduct a set of Monte Carlo experiments to appreciate the relevance of
our asymptotic results for the GLS estimator. We consider both the case
of time regression with unit-specific coefficients as well as cross-sectional
regression with time-specific coefficients.

4.1 Design

In the time regression case the data generating process is a simple regression
model

Yie = Qo + BioTit + bitof1e + bino for + €it, (46)
where the single regressor is given by
Tt = 0.5+ di0f1e + dizo St + Vie- (47)

Note that the model implies an observed common factor equal to 1 for all
observations. The latent common factors, their factor loadings and the id-
iosyncratic errors to y; and to x; are assumed i.7.d across time and across
units as well as mutually independent. Nevertheless, note that the single
regressor is allowed to be contemporaneously correlated with the innovation
through one of the latent common factors (whenever b;100;10 # 0a.s.). In
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particular the factor loadings are random variables with normal distribution,

1.1.d. across unit:
bito 1 02 0
(bim)”NID((o)’( 0 0.2 >)’ (48)

(Y enm(5) (% 0 )

and the latent common factors and the idiosyncratic components are sta-
tionary stochastic processes, mutually independent to each other, such as,

setting £, = (fis, for, f31)',
fj,t = O'5fj,t71 + v 0'577jf,t7 j = 17 27 3a

where each ;4 ~ NID(0,1) for j = 1,2,3 mutually independent. Also, for
any ¢ =1,..., N:

Eit = Pic€it—1 1T Nie,ty MNiegt ™~ N[D<07 01'2(1 - p?z—:))7
Vit = PivVit—1 + Nivits Mivge ™~ NID(O7 (1 - pi}))?

with p;. ~ UID(0.05,0.95), p; ~ UID(0.05,0.95),0% ~ UID(0.5,1.5). Fi-
nally, the parameters of interest are constant across replications and equal
to a;o = 1,70 = 0.5 and, assuming N even,

1 fori=1,.. %
o ’ )90
bio { 3 =8 +1,..,N.

This Monte Carlo design is a simplified version of Pesaran (2006), designed
in such a way that (through (49)) the rank condition in Pesaran (2006, eq.
(21)) is not satisfied. Pesaran (2006) shows that under this circumstance his
individual specific estimator for (3;y is invalid whereas his pooled estimators
for By = E(;p remain consistent.

For cross-sectional estimators, we consider the regression model with
time-varying parameters

Yit = a0 + BioTit + biro fir + bioo for + it (50)

The regressor x; is defined in (47) and the factors f;;, 7 = 1,2,3 and the
idiosyncratic innovations €;, ¢ = 1,..., N are obtained as in the previous
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case. The parameters of interest are constant across replications and equal
to ayo = 1 and, assuming T even,

1 fori=1,..,T
— ) )2
ﬁto_{ 2 fori=%+1,..,T.

(ho)=m(§). (% )
(2o )= (). )

implying that the factor loadings pertinent to the innovation of (50) are
(perfectly) correlated with the factor loadings corresponding to the regressor
x;. Under this condition Andrews (2005) shows that the OLS estimator of
the regression parameters oy, By is non consistent.

We consider 2000 Monte Carlo replications with sample sizes (N,T) €
{(60, 200, 600), (30,100,300)}, with N > T, for the time regression and
(N,T) € {(30, 100, 300), (60, 200,600)}, with N < T, for the cross-sectional
regression.

The results from the Monte Carlo exercise are summarized in Tables
1 to 4, where we report the sample mean a and root mean square error
(rmse) for the estimates of the parameter oy, B0 and oy, G0 for time and
cross-sectional regression respectively, averaged across the Monte Carlo it-
erations. We consider four estimators which corresponds to four panel of
each table: the GLS, the iterated GLS (described Remark 5 to Theorem
1) where the iteration is carried out four times, the OLS and the UGLS.
In particular, regarding the time regression results reported in Tables 1-2,
for each of these four estimators, we report the average across all N units

1
of M='S°M @™ and <M‘1 M (ar - 1)2) * and the average across the

Finally,

1
units i = N/2+1, .., N of M-'S°M_ 3m and <M*1 SM (B — 3)2> ? with
M = 2,000, since we assumed that the true intercept coefficients are constant
across units whereas the regression coefficients take two different values for
the first half and second half of the N units. Here @™ and 57 denote, respec-
tively, the estimates of the intercept and regression coefficients corresponding
to the mth Monte Carlo iteration for a generic estimator. The same descrip-
tion applies to the cross-sectional regression results although now Tables 3-4
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report, for each of these four estimators, the average across all T" periods
1

of M1 "M am and (M_l M (ar - 1)2) * and the average across the

1
periods t = T/2 +1,..,T of M~'S°M_ g™ and <M‘1 M (6 - 2)2> ’
with M = 2,000. (The results for the regression coefficients corresponding
to the units ¢ = 1,..., N/2, for time regression, and to periods t = 1, ...,T/2,
for cross-sectional regression, are not reported but are available.)

4.2 Results

We start by looking at Tables 1 and 2, which report the estimation results
for time regression with unit-specific intercept term and regression coefficient
respectively. Notice that since the GLS and iterated GLS estimators requires
N > T each panel is made by a lower triangular matrix. Obviously, the
OLS and the UGLS estimator do not require this constraint since they can
be also evaluated when N < T but we did not report the results for this
case. The upper left panel describes the GLS results. One can see how
the bias diminishes as both N,T grow or when N increases for a given 7.
This is because the inverse of the pseudo-covariance matrix X' is better
estimated in these circumstances. In contrast, although still negligible in
absolute terms, the bias, if any, tends to increase when T' grows for a given
N. Instead, as expected, the rmse always diminishes when T increases for a
given N or when they both increase. For the regression coefficient case (Table
2) the rmse diminishes also when NV increases for given 7'. The same pattern
is observed with respect to the iterated GLS results, reported in the upper
right panel. The only difference is that now the bias and the rmse are always
much smaller than the GLS case. The lower right panel reports the results
for the UGLS which is clearly unfeasible in practice since it involves the true
covariance matrix S;. As a consequence, the results do not depend on N
but only on T'. The bias is negligible even for small samples and, for larger
sample sizes, it is nevertheless comparable to the iterated GLS although the
latter exhibit a slightly larger rmse. Finally, the lower left panel reports the
OLS results which also do not depend on N, as expected. Under our design,
the OLS estimator is non-consistent obtaining a bias which is much larger
than for any other estimators and, more importantly, only marginally varying
as N or T increases. The rmse diminishes suggesting that the variance of
the OLS estimator is converging to zero with the squared bias converging to
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(vF2)2.

The cross-section regression results are in Tables 3 and 4. Now the GLS
and iterated GLS estimators requires N < T and thus each panel is made by
an upper triangular matrix. The results are specular to the ones obtained
for the time regression case. For instance, regarding the GLS results in the
upper left panel, the bias diminishes as both N, T grow or when T increases
for a given N whereas it does not necessarily decreases when N grows for
a given T since in this latter circumstance E;,l is more poorly estimated.
The rmse diminishes when either 7" increases for a given N or when they
both increase and, for for the regression coefficient case (Table 3)when N
increases for given 7' as well. The performance of the iterated GLS and
of the UGLS, respectively reported in the upper and lower right panels, is
remarkably similar, except perhaps when N, T are either both very small or
very large. Obviously, UGLS carries the best results especially in terms of
rmse where, as expected, the figures do not depend on 7" but vary only with
N. The OLS estimator, whose results are in the lower left panel reports, is
non-consistent under our design, with a sizeable bias only marginally varying
with either N and T'. Again, the rmse diminishes as N increases indicating
that the OLS will eventually converge to the sum of the true parameter
value and the non-zero bias. Although the results have not been reported for
easy reference, the OLS and the UGLS estimators can be evaluated also for
N>T.

5 Concluding remarks

This paper proposes a feasible GLS estimator for linear panel with common
factor structure in potentially both the regressors and the innovation. We
develop our results separately for time regressions with unit-specific coeffi-
cients as well as for cross-section regressions with time varying coefficients.
The GLS estimator is consistent and asymptotically normal, when both the
cross-section N and time series T dimensions diverge to infinity, under cir-
cumstances that make the OLS non-consistent, hence providing more than
an efficiency gain. Whereas for consistency N and 7T can diverge at any
rate, asymptotic normality will require them to diverge at specific rates, here
established. Moreover, the GLS estimator does not require preliminary es-
timation of the latent factors nor of their dimension. It uses all the panel
data structure in an essential way, but it computationally only requires to
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estimate N 4+ 1 time or 7"+ 1 cross-sectional regressions, respectively. We
provide a set of general regularity assumptions which allows both tempo-
ral and cross-sectional dependence of the idiosyncratic innovation, the latter
being even possibly correlated with the regressors. We provide primitive
conditions of our general assumptions for the specific models investigated by
Pesaran (2006) and Andrews (2005), as examples of time and cross-sectional
regressions respectively. Our results are corroborated by a set of Monte Carlo
experiments that shows that the performance of the GLS estimator is com-
parable to the unfeasible UGLS estimator, that makes use of the true (yet
generally unknown) innovation covariance matrix.

6 Mathematical Appendix

For random matrices A non-singular of dimension m; xm;y, B of dimensionm, x
mso, C non-singular of dimension my X mo, D of dimension m; X mgs, with
my > msy, we present the well-known Sherman-Morrison-Woodbury formula,
followed by the two lemmas of this paper. In particular, the proof of Lemma
1 is basically reproducing the proof of Lemma A in Pesaran and Zaffaroni
(2008) and it is here repeated for easy reference. Note that throughout the pa-
per we will refer to the lemmas without reference to the matrixes A, B, C,D
when there is no risk of ambiguity.

Sherman-Morrison-Woodbury formula.
(BCB' +A)'=A"'-A'B(C'+BA'B)'BA™" as.
Lemma 1(A, B, C,m;). Set
E =BCB'+ A a.s.

Let G a random positive definitive matriz such that as my; — oo:

B'A~'B

—a.s. G non-singular | (53)
my
fhen C! BA'B_,C!
E'B=A"B(— + )~

my my my

34



and, denoting by eSj?l the i-th column of the identity matriz 1,,,, then for any

egz)llE_lb(j) —p 0, 1 <7 <my, asm; — o0, (55)

where b9 = Bel) is the jth column of B.
When (53) and
B/A—llA—lB
————— —as. L 20, (56)
ma
where L denotes an a.s. finite random positive semi-definitive matrix, then
| E7'B ||*>= 0,(m") asm; — oo. (57)

Proof: This follows precisely the proof of Pesaran and Zaffaroni (2008,

Lemma A). We start from the Sherman-Morrison-Woodbury formula, rewrit-

ten as

c! BA'B _,BA!
+ ) :

E'=A"1-A"B(
mq ma ma

(58)

Post-multiplying both sides by B and simple manipulations yields (54). Pre-
multiplying both sides by e%)l’ and post-multiplying both sides by e%)z yields
(55).

We deal with (57) more explicitly. Since Be%)2 = bW

(my'C™" +my'B'A7'B) 'm; 'B’A"'bY) — e}
= (m'C + m'B'AT'B) 'm'B'AbY) — (m'B’A7'B) 'm;'B’A" bYW
=m;' [~(mi'CT +my'B'AT'B) T IC T (m 'B'AT'B) " 'my 'B'A Y]
=my'g"”,

where it is easy to see that g —p —Gflcflele%)Q. Therefore, substitut-

ing the latter expression into (58) yields E~'b() = A~1b0W) — A_IB(G%)z +
mig?) = —m; A" BgV) and thus

| E7'DY) |IP= mi'g" (m'B'ATVAT'B) g = O,(m;* eY)'GTICT'GTILGTICTIG el)).

At last (57) simply follows from
mo .
IE7BP< ) JEY . O
j=1
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Lemma 2(A, B, C, D,m, ).
Set
E=BCB + A a.s.

When (53) and D'A™VB = O,(my ty,t),,) then

D'E"'B = Op(tmyth,,) asmq — oo. (59)
When (53) and D'A™VB = Op(mlé Umsl,) then

1
D'E'B = O,(m; 2t,th,,) as my — oc. (60)

Proof: By (58)
D'E'B=DA'B(C'+BA'B)'C™.

and (59) and (60) easily follows along the lines of the proof of Lemma 1. O
Proof of Theorem 1. (i) All the limits below hold as 7" — co. The results
follows since

B — B = (XiX) ' X,

can be written as

. XiX;, 1 X!Fb, L XIXG e
B = Bio = ) e =T () T T X
(ii) All the limits below hold as T" — oc.
Since

BUCES — B = (X[S7'X) T X[S (Fb; + &)
= (X(S7'X,) "' X, (H;' — H;'F(B; ' + FH;'F)'"F'H; ') Fb; + (XS, 'X;) ' XS/ ¢,
= (XIS X)X H ' F (B 4+ F'H'F) !B b 4+ (XS X)) XS ey

XSX,  XH'F B! FH'F . B! X/STIX, XS
:( (et} )71 ) ( 7 4 7 )71 7 bi—l—Tié( 11 )71 1115
T T T T T T T3
~UGLS _ XESTTXG XIS e
— Al T
Fyz + 2( T ) T% bl

where the first equality is warranted by the Sherman-Morrison-Woodbury
(hereafter SMW) formula and the fourth equality makes use of the Central
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Lemma(H;, F, B;, T). Using the SMW formula again

X5 X _ X{H X, X{HF B FHF FH X,
T T T T T T
_(XHCX: XHUF B FHUF) G FHCX
N T T T T T ’
implying
XIS

-1
( é—v ) ! - (Ei,folz’ - Ei,folf’E;}Hflf/2;71;[._[—1]0/) + 0p(1>
yielding 47615 = O,(T~1). Therefore concerning the first term on the right

hand side of T%(BiUGLS — Bio)
T35 = O)(T%),

)

For the second term of the right hand side of T%(@U GL5 — Bi), given

(X;H»lei 5;H;1F
cov

Z%’ T )ZZiva—lf'JrOp(l),

N

then
X;Sl_ ! E;

S N (0 (Biarr 100 = Tiarr 19 By fyr p i)

(NI

Combining terms

T2 (BUCES — Bg) —q Niu(0, VUEGLS),

(2

(iii) All the limits below hold as (N,7) — oco. We must assume N > T
and, with no loss of generality, that there are no observed common factors
implying that 3 = N~' SN | @41, where

U; = (IT - Mi)uia

settin

37



szb;F/ (IT - Mi)8i5;<IT — Ml)

I 11
1\/11]:—“l)ll);]_'—“/l\/l1 (Fblé';(IT — M1> + (IT — Ml)&b;F/)
P - 2
1171 v
v VI
For IT
N N
N7 (Ir — Myeigi(Ip — My) = N1 egel
i=1 i=1

N
+ (N—lT—2 Y XiE ) Xiee X T, m,X’) (1+0,(1))

i=1

N
— (N—lT—l Xz, Xl + eelXi %, X’)) (1+0,(1)),

yielding

N
N (Ip — Myeiei(Ir — M) = (Hp + T (Asr — (Aar + Alp))) (140,(1)).

1=1
For I11

N
N7 MiFbbF'M; = Air(1+ 0,(1)).

For IV

N N
N72Y Fbi, = FCip(1+0,(1)), T2N"2 Y FbielM; = FCyr(1+ 0,(1)),

i=1 =1

and combining the above results yield

N
NS Fbé)(Iy — M,) = N 3F (clT - T—%ch> (1+ 0,(1)),
=1
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For V' using the same arguments one gets
N
1 1
NUY T MFbel(Ir = Mi) = N7# (Cor = T5Cur ) (1+ 0,(1)),
For VI

N
N7 MiFbF = Asr(1 + 0,(1)).

i=1

Summarizing:

~

S = (FBF + Hy + Air — Asp — Ayp + T (Asr — Aar — Alp) + Dr) (14 0,(1))
(FIlTF + IQT + DNT) (1 + Op(]-)) = (ET + DN,T) (1 + Op(l))

setting
Dyr = N2 (FCip + ClpF' + Cor + Chyp)—(NT) ™2 (FCar + ChpF' + Car + Cly) |

Hence, using E 1= 12T2 ! 2;12T2;1(1 + 0,(1)),

>
(BGLS = (X201 X) ™+ (X2 X)) (X2 Dy e 27 X)) (X201 XG) )
( ( + gl) + X’zfleTzfl(Fbi +)) (1+0,(1))

X;)™ 7HFD; + &) (14 0,(1))

X;) X IDNTE Y(Fb; + ;) (1 + 0,(1))

X;)" 1( S DD X) (X351 X) X5 (Fby + ) (14 0,(1))

Xi)~

(X,
(X,
(X,
(X, XS Dy B X ) (XIS X)) XIS Dy r S (Fb, + 2)(1+ 0,(1)).

+ o+ 4

Following precisely the same steps of part (ii) but replacing S;, B;, H; by
Y7, Iy, Ior respectively, and using the Pentral Lemma(Zop, F,Zy7, T), then
(X' X)) XIE (Fb; + ;) = O,(T2) and
T3 (X(S7'X0) " XIS (Fbites) —a N(0, (M) NI MEH) ™) as T — oo
with
GLS o -1 -1 1 /
Ni o Ei,zzngzglx/ T Ei,ﬂ;lf’Ei,fzglffzi,ﬂ;lﬁtf 2o STt f/Ez‘,xI;lf/
1 / 1 /
- <2i,m22_1H22_ ffzZ STyt f/zi,ﬂ;lf' + Ez‘,ﬂ; f’2 SIS ffzi,a:l;lHI?f’>
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and
GLS _
Mi = HiaTy et T Ei,ﬂ;lf/zz fZy f’zz aZy b fr

For the second and third term after the second equality sign,
(X(S7 X)) XIS Dy S5t (b, + &) = Op(N“3TH(T* + TV %)),
(X2 X)) ™ (X Do B2 X0) (X{ 87 X)X (Fb; + 2) = Op(N 72773 (T° + T72)),

whereas the fourth term goes to zero faster than these two terms. O

Proof of Theorem 2. (i) All the limits below hold as N — co. The results
follows since

OLS ﬁto = (X,Xt) 1X211t,
can be written as

XX, X/Bf, 1 X)X,

IWES =B — () = N () TN e X
(ii) All the limits below hold as N — oc.
Since
juaLs

— B = (XIS 1X,) XIS H(BE, + &)
_ (X;st 1Xt)_lxg ;1B(f;1 N B'H; 1B) VF! - N_%(X;Sngt)_lX;St_let
N N N N Nt N N

_ AUGLS D o CNID (s €t
N2

NI

wh—t

using the Central Lemma(H,, B, F;, N). Using the SMW formula again

X'STX, - 1
($> = <Et@H’1m’ B Zt,ﬂf*lb’Et,blelbfzft,xH—lb/) + 0p(1)
yielding
N§,3/UGLS OP(N—%)
Since
X' S te B
t]\[tl ! —d N (07 (Et,wH_lx’ - Et,xH_lb/zt,blH—lb/EQVwalb/)> y
2

then

N%( UGLS ﬁtO) _>de< VUGLS)
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(iii) All the limits below hold as (N,T) — oco. We must assume 7' > N
and, with no loss of generality, that there are no observed common factors
implying that Xy = 7! Zthl tu;, where

u = (IN - Mt)ut7

setting
Mt - Xt(X:‘/Xt>71X2
Then
R Bftft,B/ (IN - Mt)é‘té‘;(IN - Mt)
u;u, = N—— + ~
I II
+Mthth{B/Mt + (Bft&é(IN — Mt) + (IN — Mt)c‘:tb;B/)
11 v
((IN — Mt)gtft{B/Mt + Mthtf':;(IN — Mt)) (Mthtft,B/ + Bftft/B,Mt)
v Vi ’
For 11
T T
T (In—Mo)eei(In = M) =T ) g
t=1 =
+ (N“"T‘l PIR. OIS EEL &> X) (1+0,(1))
t=1
T
- <N1T1 > Xz, X + e XS, X’)) (1+0,(1)),
t=1
yielding

T
71 Z(IN - Mt)5t52(IN - Mt) = IHN‘i‘ANi1 (A3N — Ay — AﬁLN) (1_'_010(1))'

t=1
For 111
T
T~  MBEEBM, = Ay (1 + 0,(1)).

t=1

For IV

T T
T2 " Bfig; = BCin(1+0,(1)), (NT)"2 > BfiejM, = BCn (1 + 0,(1)),

t=1
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and combining the above results yields
T
1 1
Ty Bfie)(Iy — M,) = T "B (clN - N—acgN) (1+ 0,(1)).
t=1
For V using the same arguments one gets

T
TS MBfie)(Iy - M,) = T2 (CQN - N—%C4N) (1 + 0,(1)).
t=1

For VI
T
T3 MBEEB' = Ay (1 + 0,(1)).
t=1

Summarizing:

Sy = (B]:B’ +Hy + Ay = Aoy — Apy + N7 (Aay — Aaw — Aly) + DT,N) (1+0y(1))
= (BLivB' +Zon + Dry) (1 +0,(1)) = (Bn + Do) (14 0p(1))

setting
Dry =T 2 (BCuy +CiyB' + Con + Coy)—(NT) "% (BCay + CoyB' + Can + Cly)
Hence, using 33" = S!Sy = SHISAE (1 4 0,(1)),

(B = Bro) = (X3 X)) ™ + (X3 X)) (XD Drn B3 X0) (X3 X,) )
(X’E "Bf, + &) + XXy DraEy (Bl +21)) (14 0,(1))
1Xt) 1X’ N (Bf +2,)(1+ 0,(1))
X)) 1DTNE H(Bf; 4 £0) (14 0,(1))
X1)” 1( SN Dra Sy X)) (XiBy Xo) T X BN (B 4 20) (1 + 0,(1))
1Xt) XSV DSy Xe) (X E N X)) ' X E G Dr v E (B + 6)(1 + 0,(1)).

(X;
(X;
(X;
(X

+ o+

Following precisely the same steps of part (ii) but replacing S;, F;, H; by
3N, Tin, Zoy respectively, and using the Central Lemma(Zoy, B, Zin, N),
then (X,E3'X,) "X/ E(Bf; + &) = O,(N~2) and

N2 (X, S5 X,) XI5 (Bbyter) —a N (0, (MEES)TINEES (MELS) 1) as N — oo
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with

GLS — _ -1 -1 -1 /
N - Et,nglﬁzglx' - Et,ﬂ{lb’Zt,bzglb'Etbf{lﬁfilb/zt,bzglb/Et,ng‘lb’

-1 / -1 /
- (Et,wI{lHIEIb/Et,bzglb/Et,ﬂ;lb' + Et,ﬂrjlb/zt,bz;lb/Et,ngleglb')

and

GLS __ /
M = Et,nglx' - Et,nglb’Et,bl'glb/E,g,xl-;lb/'

For the second and third term after the second equality sign,

(X2 X)) ' X EN DraEy (B + &) = Op(T_%N_l(N“ + Nb—%))7
(XiENX) (X EY DraEy X)) (X2 Xe) ' XIEL (B + &) = Op(T’%N*% (N¢+ Nd*%)%

whereas the fourth term goes to zero faster than these two terms. O
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Table 1: time regression with unit-specific coefficients
intercept term a;0 =1, ¢ =1,...,N.

GLS GLS (iterated)
bias rmse bias rmse
(N, T) 30 100 300 30 100 300 30 100 300 30 100 300
60 0.944 — — 0.523 — — 0976 — — 0.531 — —
200 0.967 0.951 — 0.518 0.315 — 0.986 0.987 — 0.527 0.309 —
600 0.981 0.982 0.955 0.524 0.308 0.200 0.994 0.998 0.991 0.531 0.310 0.184
OLS UGLS
bias rmse bias rmse
(N,T) 30 100 300 30 100 300 30 100 300 30 100 300
60 0.897 — — 0.560 — — 0993 — — 0.369 — —
200 0.892 0.901 — 0.563 0.361 — 0.993 0.999 — 0.368 0.221 —
600 0.898 0.902 0.904 0.567 0.363 0.261 0.994 0.998 0.999 0.369 0.222 0.134
Table 2: time regression with unit-specific coefficients
regression coefficient 8,0 =3, i = N/2+1,...,N.
GLS GLS (iterated)
bias rmse bias rmse
(N,T) 30 100 300 30 100 300 30 100 300 30 100 300
60 3.106 — — 0314 — — 3.041 — — 0.277 — —
200 3.053 3.095 — 0.228 0.227 — 3.013 3.024 — 0.215 0.146 —
600 3.034 3.037 3.091 0.209 0.133 0.198 3.012 3.004 3.019 0.200 0.111 0.090
OLS UGLS
bias rmse bias rmse
(N, T) 30 100 300 30 100 300 30 100 300 30 100 300
60 3.201 - - 0.488 — - 3.013 — — 0.181 — —
200 3.204 3.196 — 0.490 0.415 — 3.012 3.003 — 0.180 0.090 —
600 3.204 3.197 3.193 0.492 0.417 0.389 3.012 3.003 3.001 0.180 0.090 0.051
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Table 3: cross-sectional regression with time-specific coefficients
intercept term oy =1, t=1,...,7.

GLS GLS (iterated)
bias rmse bias rmse
(N,T) | 60 200 600 60 200 600 60 200 600 60 200 600
30 0.953 0.968 0.973 0.242 0.238 0.237 0.971 0.984 0.985 0.244 0.238 0.237
100 — 0.959 0977 — 0.141 0.130 — 0.983 0.995 — 0.132 0.128
300 - — 0.967 — 0.095 - 0.987 — 0.076
OLS UGLS
bias rmse bias rmse
(N,T) | 60 200 600 60 200 600 60 200 600 60 200 600
30 0.938 0.939 0.939 0.257 0.258 0.258 0.985 0.986 0.986 0.206 0.207 0.207
100 — 0.939 0.939 — 0.167 0.167 — 0.995 0.996 — 0.109 0.108
300 — — 0.939 — — 0.131 — — 0.998 — — 0.062
Table 4: cross-sectional regression with time-specific coefficients
regression coefficient 8,0 =2, t=T/2+1,...,T.
GLS GLS (iterated)
bias rmse bias rmse
(N,T) | 60 200 600 60 200 600 60 200 600 60 200 600
30 2.093 2.065 2.054 0.235 0.208 0.201 2.058 2.032 2.031 0.229 0.198 0.192
100 — 2.082 2.045 — 0.167 0.116 — 2.033 2.010 — 0.118 0.101
300 — — 2.078 — — 0.135 — — 2.025 — — 0.070
OLS UGLS
bias rmse bias rmse
(N, T) | 60 200 600 60 200 600 60 200 600 60 200 600
30 2.121 2.121 2.122 0.292 0.291 0.291 2.028 2.027 2.028 0.190 0.189 0.190
100 — 2.120 2.120 — 0.241 0.240 — 2.001 2.009 0.099 0.098
300 - — 2121 — — 0.225 — — 2.003 — — 0.056
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