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Abstract

This paper develops a framework to study general equilibrium implications for
an economy in which agents are allowed to have dynamically inconsistent time and
risk preferences. This framework accommodates, but is not limited to, the following
settings: (1) non-exponential discounting; (2) horizon dependent risk aversion; (3)
current state dependent risk aversion. In these models preferences over future
outcomes change over time and thus the Bellman optimality principle does not
hold. In the spirit of Strotz (1955) I take a game theoretic approach to the solution
of agent’s problem.

The main result of the paper is an explicit characterization of the equilibrium
within a general setting, including the state price density, market price of risk,
the interest rate, the return volatility and the equity premium. The state price
density admits decomposition into two parts: a standard component, equal to the
intertemporal marginal rate of substitution, and an adjustment component. Similar
decompositions hold for the market price of risk and the equilibrium interest rate.
The adjustment terms reflect the conflicting preferences between the agent today
and his ”future selves”. I illustrate the results derived for the general model in
a number of concrete applications. I show that an economy with dynamically
inconsistent agents can produce stochastic stock market volatility, counter-cyclical

behavior of expected returns, and a downward-sloping term structure of equity.
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1 Introduction

The standard asset pricing framework assumes that economic agents have dynamically
consistent preferences, in the sense that the Bellman optimality principle holds. In a
multiperiod setting this means that a plan for some future period deemed optimal at an
earlier point in time will remain optimal when that future period actually arrives. The
optimal plan of action is then independent of the initial point and we can use standard
optimization methods, like dynamic programming, to find the optimal decision strategies.
Within expected utility theory dynamically consistent preferences over a consumption

profile {CS}ST:t are typically described by the following functional form:

T
E, {/ d(s —t)U(cs, Xs)ds (1)
t
with the discounting function defined as
5(s —t) = e P,

This incorporates the case of state-dependent utility when utility of consumption at a
future point in time s depends on the value of some state process at time s, X,. Models
with external habit formation (Abel (1990), Campbell and Cochrane (1999), Chan and
Kogan (2002)) are examples of state-dependent utility, where X is the time varying
subsistence level of the agent. State dependent utility is also considered in the production-
based asset pricing model of Cox et al. (1985) and in the more recent work of Berrada et
al. (2013).

It is important to recognize that by assuming dynamically consistent preferences as
in (1) we make certain assumptions about the time discounting and risk attitudes of
the agents. To achieve dynamic consistency preferences need to be restricted along the

following dimensions:

1. The decision maker’s discount function ¢ is only allowed to be exponential. Strotz
(1955) in his seminal paper pointed out that every choice of discounting function,
apart from the exponential case, will lead to a dynamically inconsistent problem.
By assuming exponential discounting, the model assumes that the discount rate,
—0'(s—t)/d(s—t), is constant and equal to p. Under this assumption deterministic
trade-offs between today and tomorrow are to be treated in the same way as deter-
ministic trade-offs between 100 and 101 days from now. I refer to this assumption
as delay independence in time preferences, because the rate of time preference is

restricted to be independent of the length of delay until the outcomes occur, s — t.



2. Risk aversion, as captured by the curvature of the utility function U in (1), is not
allowed to change as a function of temporal distance to risky events. I will refer
to this assumption as delay independence in risk preferences. Risky gambles taking
place in the near future are not allowed to give rise to higher risk aversion than more
distant ones. If we allow for risk preferences to explicitly depend on the distance to
risky events the instantaneous utility function U would depend explicitly on s — ¢.
For example, in the model of power utility, risk aversion v would be a function
of s —t. Such preferences are no longer dynamically consistent. As Eisenbach
and Schmalz (2014) point out delay dependence of risk aversion is conceptually
orthogonal to the preference for the timing of the resolution of uncertainty, as
introduced in Kreps and Porteus (1978).

3. Dynamic consistency requires that future preferences are not allowed to depend
on the current state of the decision maker. This applies to both time and risk
preferences. I will refer to this assumption as independence of the current state.
When standing at time ¢t and making decisions about the future point in time s
the preference ordering of the decision maker is allowed depend on the future state,
X, but is not allowed to reflect the current state, X;. The latter is referred to by
Loewenstein et al. (2003) as "projection bias” since immediate preferences at the

time the decision is made are projected onto points in the future.

The main focus of this paper is in relaxing assumptions underlying time-consistency
and incorporating a general model of dynamically inconsistent preferences in a consumption-

based asset pricing framework.

Behavioral evidence Evidence on revealed risk tolerance and patience which I review
below calls these assumptions into question. Facing decisions about an uncertain future
people tend to let their immediate environment influence their preferences. Tastes appear
to be changing over time.

Consider first the assumption of delay independence (points 1 and 2 in the list above).
Dynamically consistent preferences entail delay independence, meaning that time and risk
preferences over rewards received with delay are restricted to be independent of when that
delay occurs. Contrary to this assumption, evidence on revealed patience (presented in
Thaler (1981), Benzion et al. (1989), Loewenstein and Prelec (1992), Ainslie and Haslam
(1992), Frederick et al. (2002) ) suggests that decision makers behave more patiently with
respect to long-horizon trade-offs and more impatiently to short-horizon ones. Moreover,
a growing body of evidence ( Sagristano et al. (2002), Noussair and Wu (2006), Abdellaoui
et al. (2011), Epper and Fehr-Duda (2012) and Eisenbach and Schmalz (2014)) indicates



that preferences tend to exhibit delay dependence in the risk dimension as well. According
to these findings, risk tolerance changes as a function of the temporal distance to risky
events, with risky gambles that take place immediately giving rise to higher risk aversion
than more distant ones.

Let us now turn to the assumption that preferences are independent of the current
state (point 3 in the list above). Contrary to this assumption, it is natural to think of the
immediate environment of the decision maker as shaping the preferences. Loewenstein
et al. (2003) review evidence from a variety of domains that supports this view. As an
intuitive example, Loewenstein (2005) discusses a situation that is familiar to academics:
to accept or decline a seminar invitation to a distant university. The decision often
depends on immediate preferences. Feeling rested and energetic at the moment is likely
to result in accepting the offer, whereas being jetlagged in another country would prompt
declining another long-distance trip, even if it is to take place much further in time.
In many other situations like these, when choices faced are more complex and more

important the immediate preferences of the decision maker do influence decisions.

Methodology and results In this paper, I allow for time and risk preferences to
change over time. That is, preferences can be dynamically inconsistent in both the time
and risk dimensions. The goal is to study the effect on asset prices in competitive markets.
To my knowledge, this work is the first to obtain, within a general environment, an
explicit characterization of market equilibrium with dynamically inconsistent preferences.
Towards this, I consider a representative investor whose preferences are allowed to vary
systematically as a function of the time until the outcomes and as a function of the
present (stochastic) state.

In the spirit of the consistent planning approach of Strotz (1955) an agent’s consump-
tion and portfolio strategies are determined by the outcome of an intrapersonal game with
players being consecutive incarnations of the same agent. I use the extended dynamic
programming results of Bjork and Murgoci (2014b) to obtain a system of equations for
the determination of the agent’s value function. I combine this extended recursive rela-
tion with natural market clearing conditions so that the characterization of equilibrium
prices can be provided. In a dynamically consistent setting, this is easily done using the
martingale approach (often referred to as the Cox et al. (1985) methodology). In the
present setting, however, we do not have access to the martingale approach and the char-
acterization of the equilibrium becomes much more involved. The increased complexity
is due to the fact that the system of recursions obtained from the extended dynamic
programming results of Bjork and Murgoci (2014b) involves endogenous objects, while

the goal is to solve for prices in terms of exogenously given data.



The main result of the paper is an explicit characterization of the equilibrium quan-
tities within a general setting, including the state price density, the market price of risk,
the interest rate, the return volatility and the equity premium. The state price density
admits decomposition into two parts: a standard component, equal to the intertempo-
ral marginal rate of substitution, and an adjustment component. I show that we can
interpret the adjustment component in the state price density as compounding disagree-
ments between the valuations of consumption streams by an agent’s different selves. The
market price of risk and the equilibrium interest rate can be decomposed, in a similar
fashion, into a standard part that is obtained in the time consistent model and an extra
part that arises when preferences are time inconsistent. These adjustment terms reflect
the disagreement between the agent’s preferences today and the future preferences which
change with time.

I use the results obtained in the general setting to investigate a number of concrete

applications.

1. Non-exponential discounting. This is a class of models that allows the time prefer-
ences of the agent to exhibit delay dependence. In this paper I recover the results
of Luttmer and Mariotti (2003) as a special case of the general model I consider.
While Luttmer and Mariotti (2003) resort to a continuous time approximation of
their discrete time results for the power utility case, I work directly in continuous
time and present explicit expressions of the asset pricing quantities for a generic
utility function. In this model the market price of risk does not depend on the
shape of the discounting function, but the risk free rate does. The risk premia on
risky assets remain unaffected by the non-exponential discounting function unless

the volatility of the aggregate endowment is stochastic.

2. Horizon dependent risk aversion. In this setting the risk tolerance is allowed to
change as a function of the delay until the risky events. The interesting outcome
of this model is that with an endowment process given by the geometric Brownian
motion the model generates excess volatility and a stochastic price-dividend ratio.
This is in contrast to the deterministic price dividend ratio and the return volatility
equal to endowment volatility obtained in the standard time consistent setting when
risk aversion is constant. Moreover, given that the agent exhibits higher risk toler-
ance for rewards materializing in the distant future, the model can reproduce the

downward-sloping term structure of equity premia documented in van Binsbergen
et al. (2012).

3. Current state dependent risk aversion. In this model the risk preferences of the

agent depend on the immediate stochastic state of the economy. If the economy is



in recession, the representative agent is more risk averse and ”projects” this high
immediate risk aversion on the trade-offs that take place not only immediately but
also at future points in time. This is in line with the recent evidence on counter-
cyclical risk aversion documented by Cohn et al. (2013) in an experiment with
finance professionals. In the time consistent version of this model as pointed out
by Gordon and St-Amour (2004) counter-cyclical risk aversion does not help to
resolve the equity premium puzzle, but on the contrary, lowers the equity premium
if aggregate endowment is not lower than one. I show that the conclusions are
different in a dynamically inconsistent model. A model with risk aversion dependent
on the current state generates excess volatility, higher market price of risk and a

counter-cyclical risk premium.

Related literature This paper relates to the literature that relaxes the assumptions
of dynamically consistent preferences. Evidence of revealed preferences that violate these
assumptions has been increasingly attracting economists’ attention. However, the focus
has largely been on allowing delay dependence in time preferences. The findings on re-
vealed patience increasing with delay have triggered a large literature on non-exponential
discounting or so called hyperbolic preferences. Harris and Laibson (2001) and Krusell
and Smith (2003) study the effects of non-exponential discounting in partial equilibrium
with a focus on consumption and savings behavior. My focus, as well as my methodology,
differ from these earlier contributions. While these papers study the partial equilibrium
effects of non-exponential discounting, I examine a general equilibrium setting. Moreover,
I consider a model that is far more general and is not limited to the non-exponential
discounting model. My analysis of dynamically inconsistent preferences in this general
setting has been made possible thanks to the recent results in Bjork and Murgoci (2014a)
and Bjork and Murgoci (2014b) who undertake a rigorous study of dynamically inconsis-
tent control problems. In these two papers the authors derive an extension of standard
dynamic programming methods that can be used in a wide range of applications. In
this paper I apply the continuous time theory of Bjork and Murgoci (2014b) in a general
equilibrium setting.

The paper is related closely to the works by Luttmer and Mariotti (2003), Eisenbach
and Schmalz (2014), and Andries et al. (2014). Luttmer and Mariotti (2003) study the
general equilibrium effects of non-exponential discounting on asset prices. I benefited
greatly from the insights and discussions that Luttmer and Mariotti (2003) provide. The
general setting I study nests non-exponential discounting as a special case which allows
me to recover and generalize their results. Eisenbach and Schmalz (2014) present exper-

imental evidence on delay dependence in risk preferences and discuss potential origins



of these preferences. Eisenbach and Schmalz (2014) take an important step by pointing
out that preferences can be dynamically inconsistent not only in the time dimension as
captured by non-exponential discounting. In an independent and recent paper Andries
et al. (2014) study the dynamic model of asset pricing with horizon dependent risk aver-
sion introduced in Eisenbach and Schmalz (2014) with recursive utility. I study horizon
dependent risk aversion in the expected utility setting and therefore the recursive utility
model of Andries et al. (2014) is not a special case of this paper. The main focus of
Andries et al. (2014) is on the implications for the term structure of risk premia, while
I present other implications on price dividend ratio and return volatility. Moreover, in
contrast to these works, the setting of this paper provides characterization of equilibrium
when preferences depend on the immediate state of the decision maker at the time of the

decision.

Outline of the paper The remainder of the paper is organized as follows. Section 2
presents a simplified one-dimensional version of the model. The main reason for consid-
ering a one-dimensional case is for simplicity of exposition. In Section 3 I discuss the
main asset pricing results for the one-dimensional case. Section 4 presents the general
multi-dimensional version of the model and summarizes the key results in the general
case. In Section 5 I apply the general methodology to models with delay dependence in
time preferences (non-exponential discounting) and risk preferences, as well as models
with dependence on the current state. Appendix A contains necessary technical results,
Appendix B presents a benchmark CRRA-lognormal economy, and Appendix C contains

all proofs.

2 A simple economy with dynamically inconsistent preferences

In this section, I describe the economy under study for a simple one-dimensional version of
the model, while a more general setup is discussed in Section 4. In this economy there is a
single non-storable good available for consumption that follows an exogenously specified
process. The novelty of the paper lies in the specification of the representative agent’s
preferences. I relax the standard assumptions of delay and present state independence,

thus allowing the preferences to be dynamically inconsistent.

2.1 Setup

I consider a continuous-time, complete markets Markovian economy on the time span
[0, T] for some horizon T. Uncertainty is represented by a probability space supporting

a one-dimensional Wiener process w. In what follows all random processes are assumed



to be adapted with respect to the usual augmentation of the filtration generated by this
Wiener process. 1 also assume that all processes satisfy the regularity conditions for
stochastic integrals to be well defined.

There is a single perishable consumption good, and the aggregate dividend or endow-
ment process is denoted by e. The interpretation is that owning a right to the endowment
stream provides the owner with e;dt units of consumption good over the interval [t, £+ dt].

I assume that e is given exogenously by the stochastic process
de; = ey [pedt + oedwy] (2)

where p. and o, are constants with p, > 02/2 and o, > 0.
Moreover, let X; be an exogenous state variable, which can be related to the general
state of economy. It is given by a one-dimensional factor process that evolves according

to
dXt = /LX’tdt + O'Xﬂgdwt, (3)

and where px; = px(et, Xi) and ox; = ox (e, X;) with deterministic drift and volatility
functions px and ox. I will use pux, ox as shorthand for the coefficients in equation
(3). In this simple setting the Wiener process w is the same in (2) and (3). This will be
relaxed in Section 4.

The financial market is assumed to be complete, that is, trading in the available assets
can perfectly hedge changes in the stochastic investment opportunity set. This can be
achieved assuming that there are two continuously traded securities: a risky asset in
positive supply of one unit and a locally risk free asset in zero net supply. The risky
asset, the stock, is a claim to the aggregate endowment (2). The stock price is denoted

by S; and evolves according to
dSt = St [MS,tdt + O'S7tdwt] . (4)

for some drift pg; and some volatility g, that are to be determined endogenously in the

market equilibrium. The price of the locally risk free asset is B; and evolves according to
dBt = Bt’f’tdt, (5)

for some short rate process r which is to be determined in equilibrium.
To sum up the discussion up to this point, the exogenously given objects in the model

are the endowment process and the factor process given by (2)-(3). The endogenous



objects are the price processes in (4)-(5), or, equivalently, the short rate r; and pg;, ogy.
The endogenous processes are to be determined in the market equilibrium. I look for
a Markovian equilibrium where asset prices are functions of exogenous state variables
(t,e,X) €[0,7] x RT x R,

The representative agent has financial wealth W, at time ¢t denominated in units of
the consumption good, investing a u; fraction of wealth in the risky asset and the rest in
the risk free asset. The agent also consumes a non-negative amount ¢;dt (¢; > 0) in the
period [t,t 4 dt]. The increase in financial wealth over [¢,t + dt] is

d dt
AW, = Wyrdt + Wy (S“r—et - rt) dt —  cdt (6)
S~—— Sy ~~

risk free return ~ ~  consumption
risky excess return

where the first part is the risk free return, and the second term capture the excess return
(capital gains and dividends) from investing in the risky asset, and the last term captures
consumption expenditures. The agent’s initial wealth is Wy = Sy, that is at time 0 the
agent is endowed with a claim to the aggregate endowment.

I consider feedback control laws, i.e., the controls are of the form w, = u(t, Wy, e;, X;)
where the control law u is a vector valued deterministic function of time, wealth, aggregate
dividend and the underlying state. Similarly, the consumption strategy is of the form
e = c(t, Wy, er, Xy).

2.2 Preferences

In the standard framework with state-dependent utility the objective of the agent is that

of maximizing expected lifetime utility modeled by

E, [/tT U(s,cs,XS)ds] | (1)

Note, that if discounting function is exponential, i.e. is of the form &(s —t) = e=?(>7%),
we can factor out e” and convert the problem of maximizing (1) into a standard time
consistent problem of maximizing (7). This model allows the utility of a consumption
level at a future point in time s to depend on the value of the factor at time s, X,. Models
with external habit formation (Abel (1990), Campbell and Cochrane (1999), Chan and
Kogan (2002)) are examples of state-dependent utility, where the factor process X is the
time varying subsistence level of the representative agent. State dependent utility as in
(7) is also considered in the production-based asset pricing model of Cox et al. (1985)
and in the more recent work of Berrada et al. (2013).

A standard way of attacking the problem of maximizing (7) is to apply the martingale



approach (often referred to as Cox and Huang (1989) approach) or to use dynamic pro-
gramming. These approaches are applicable because in a model where an agent’s reward
is defined by (7) we have access to the Bellman optimality principle. It says that if a
control is optimal on the time interval [t,T], then it is also optimal on the sub-interval
[s, T] for every s with t < s <T.

In this paper I consider the expected lifetime utility of the representative agent at

time ¢, employing a consumption and investment policy (u,c), given by

T
J(t, Wy, ey, Xy;u,¢) = Ey [/ U(s,cS,Xt)ds} , (8)
¢

where X, is the time ¢ value of the state process X. Comparing these preferences to
the standard model of state dependent utility in (7) we see that the instantaneous utility
function in (8) depends on the factor process X evaluated at time t. L.e., X is evaluated
at the date of today, as opposed to in (7), where X is evaluated at time s, i.e. at the time
of consumption. The objective is to maximize the expected lifetime utility subject to the
dynamic budget constraint (6), no-bankruptcy constraint W; > 0, and the nonegativity
constraint for consumption ¢; > 0. This, however, will lead to a dynamically inconsistent
problem because as the factor process X changes, the preferences change accordingly.
With (8) as the continuation utility of the agent the current value of the state X; enters
the utility function, and the Bellman optimality principle does not hold.

One way to think about these preferences is that the agent has different preference
orderings at different points in time. When standing at time ¢ it is the environment at
time ¢ that shapes the agent’s preferences. As time evolves, the tastes change. Viewing
the agent as a collection of different ”selves”, this implies that future ”selves” will have
different preferences than the present ”self”. Consequently, the optimality concept will
differ for different incarnations of the agent at different times.

Specifying the preferences of the agent as in (8) allows us to consider time and risk
preferences that evaluate deterministic and risky trade-offs based on the distance in time
from today (delay dependence). Delay dependence can be captured if X; = ¢t. Moreover,
the agent’s preferences are allowed to depend on the immediate stochastic state of the
agent (state dependence).

Special cases of expected lifetime utility in (8) include the following examples.

Example 1 Non-exponential discounting models with continuation utility given by

E, [ /t U s(s — 00 (e)ds| ()

10



In this case X; = t and the discounting function ¢ is not restricted to be of the exponential
form §(7) = e=*7, where 7 = s — t is the length of delay until time s arrives. To capture
higher impatience toward short-run trade-offs relative to the long-run ones the discounting

function can be specified as decreasing with the delay.

Example 2 Delay dependence in risk aversion:

E, [ /t LU (s — £ e)ds (10)

In this case X; = t and time discounting is exponential. However the risk preferences
are allowed to be delay dependent. For example, let the the instantaneous utility be the

power utility

cl_’Y(’r)

U(T,C) :1_—’)/(7_)

with risk aversion y(7) decreasing with the delay, 7 = s —¢. This is in line with the
evidence that gambles taking place closer in time generate higher risk aversion than

those happening much later.
Example 3 Current state dependence in risk preferences:

T
E, {/ e PU(cs, Xy)ds|
t

with, for instance, a power utility function

Ule,x) = @)

where the relative risk aversion is allowed to depend on the current state of the economy.

In this setting we can also study projection bias in habit formation

T
E, [/ e PU(cs — Xt)ds] :
t

where X is the habit process capturing the current level of well-being of the agent.

Example 4 Current state dependence in time preferences:

T
E, {/ e_‘s(Xt)sU(cs)ds} ,
t

11



where the discount rate is independent of the delay but is a function of the current state

of the economy.

2.3 Intrapersonal equilibrium

With the continuation utility of the representative agent dependent on the value of the
state at time ¢ as in (8) the usual optimality concept does not apply. The objective is
to maximize (8) but the agent today and his ”future selves” have conflicting preferences.
One approach to the solution of the agent’s control problem is the pre-commitment
approach. It consists in solving the problem of maximizing utility at the initial time point
and assuming that the agent can commit to this initial plan of action. An alternative
approach is the game theoretic approach in the spirit of Strotz (1955). The idea is to
view the agent’s consumption and portfolio choice problem as a game with the players
being the agent and his future selves and look for the Markov perfect equilibrium.

In this paper, I take the game theoretic approach and use the continuous time theory
of time inconsistent stochastic control developed in Bjork and Murgoci (2014b). Concep-
tually, I will take the agent’s choices to be the outcomes of an intrapersonal game with
distinct players representing the agent’s preferences at different points in time. Consider
a game, where we have one player for each point in time ¢, "player ¢t”. For each ¢, player
t chooses a pair of control functions u(t, ), c(t,-) which determine the investment and
consumption decisions at time ¢t. Putting together the control functions for all the play-
ers we have a pair of feedback control laws u, c. Intuitively, we would like to say that a
pair of strategies u, ¢ is a Markov perfect equilibrium if, for each ¢, it has the following
property: if for each s > ¢ player s chooses controls u(s,-), ¢(s, ), then it is optimal for
player t to choose u(t, ), ¢(t, ). In discrete time this is a perfectly valid definition, but in
continuous time it needs to be made more precise. Following Ekeland and Lazrak (2006),
Ekeland and Pirvu (2008), and Bjork and Murgoci (2014b) I make the following formal

definition of the interpersonal equilibrium concept.

Definition 1. Consider a control law pair (&, ¢) and choose arbitrary u and ¢ > 0. Define

another pair of control laws (uy, c) by

(u,c) for t<s<t+h,

The pair of control laws 0, C constitute an intrapersonal equilibrium control if

lim J(;0,¢) — J(up, cp)

>
lim . >0 for all u,c.

12



The intrapersonal equilibrium value function V' is defined as
V(t,W,e,x)=J(t,W, e, z;0,c).

If the utility function depends on the state process in the dynamically consistent
manner, that is the lifetime utility is given by (7), the above definition of intrapersonal
equilibrium will coincide with the definition of an optimal strategy and we have the

standard HJB equation

sup {(A") V(t, W, e,2) + U(t,,2)} = 0, (11)
where the differential operator A™¢ is the infinitesimal generator of the state variables

(as defined in (A.3) in Appendix A) under the strategy (u,c). In more concrete terms

1

(ch) V(tv Wa €, ZL‘) = Et,W,e,z [d‘/;f] dt’

this means that (A“€)V is the drift term in the Ito formula applied to the value function
and it captures the expected change in the continuation value over the interval [t,t + dt]
if the strategy (u, c) is employed.

In the present setting, when deciding on a control action at time ¢ we explicitly
take into account that at future times the agent will have a different objective. I ap-
ply the general theory of Bjork and Murgoci (2014b) to formulate the extension of the
standard Hamilton-Jacobi-Bellman (HJB) equation for determination of the equilibrium
value function V. Loosely speaking, the agent cannot commit to future consumption
choices, instead he takes into account that as preferences change he will be re-optimizing
in the future. The agent’s problem can be thought then as a backward recursion problem.
This idea will be reflected in an extension of the standard HJB equation (11) to a system

of equations as stated in the following result.

Proposition 1. The value function, V(t,W,e, x), for the interpersonal equilibrium sat-

isfies the following recursive relation (omitting the arguments):

1
sup { (A“V)+U — |uxf. + §0§< (for + 2f02) + oxosuW fiy, + axaeefez} } =0,

u,c

with the terminal condition V (T, W, e,x) = 0 and where the partial derivatives of V and
f should be evaluated at (t, W, e,x) and (t,W, e, x,x), respectively.
Moreover, for every z € R the function (t,W,e,x) — f*(t,W,e,x) = f(t,W,e,z,z) is

13



defined by

(Aﬂ’éfz) (t,W,e,x)+ U(t,¢,z) =0
AT, W,e,x) =0

and has the following probabilistic interpretation

T
ft, Wy, e, Xy, 2) = Ey {/ U(S,és,z)ds} .
¢

Remark 1. In the Proposition 1 it is important that the infinitesimal operator A™“¢ (as
defined in (A.3) in Appendix A) only operates on variables within parenthesis. Thus
in the expression A%¢f? the operator only acts on the variables (¢, W, e, z) within the
parenthesis, and does not act on the upper case index z, which is viewed as a fixed

parameter.

Discussion of the extended HJB result The extended HJB is a system of determin-
istic recursive equations for the simultaneous determination of functions V' and f. The
extended HJB consists of a standard part, (A*“°V) + U, plus a new part that is captured
by the extra terms in the V-equation involving the function f. To solve the V-equation
we need to know f but f is determined by the optimal strategies (1, ¢), which in their
turn are determined by the sup-part of the V-equation. Such a fixed point character of
the problem is not unexpected since we are looking for a Markov perfect equilibrium of
an intrapersonal game.

The additional terms in the HJB equation, loosely speaking, account for the incentives
to deviate as time evolves and preferences change. More precisely, they correspond to
the difference between the expected continuation value of deviating from the equilibrium
strategy for a "small” time interval A from the perspective of the time ¢ consumer, when

compared to time ¢t + h consumer

1 T T
lim — {Et,W,e,:c {/ Uls, és,x)ds} —FEiwen [/ U (s,¢s, Xitn) ds] } .
hlo h t+h t+h

If preferences are time consistent the preferences of the time ¢ consumer are the same as
of the time ¢ + h consumer, and thus this difference is zero. In this case the extended
HJB simplifies to the standard HJB equation.

The Verification Theorem from Bjork and Murgoci (2014b) will allow to treat the

solution to the extended HJB system as the solution to the intrapersonal game.

Theorem 1. Assume that (V, f) is a solution of the extended system in Proposition 1,
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and that the control law pair O, € realizes the supremum in the first equation of the system.

Then 0, ¢ is an equilibrium control law, and V is the corresponding value function.

2.4 Market equilibrium

In the present setting, we have two equilibrium concepts: intrapersonal equilibrium
and market equilibrium. The concept of intrapersonal equilibrium replaces the stan-
dard individual optimality concept. Market equilibrium is then defined by requiring
intrapersonal equilibrium (instead of individual optimality) and market clearing. Natu-
ral market clearing conditions are that the representative agent invests all the wealth in

the stock market and consumes all dividends generated there.

Definition 2. A market equilibrium is a set of price processes (By,S;), or equivalently
processes (T4, fist, 0st), and consumption and trading strategies (c,u) such that the fol-

lowing holds.

(i) Given the prices, the consumption plan and the trading strategy constitute an in-

trapersonal equilibrium control law;,
(i1) Financial markets clear: ug =1, 1 —ug = 0.
(i1i) The consumption good market clears: ¢, = e;.

Let me make a remark about condition (7). The motivation for this goods market
clearing condition comes from the fact that the agent is assumed to have enough money at
time 0 to buy the right to the aggregate endowment process e, that is Wy = Sy. Together
with condition (%) this means that in equilibrium we will have W, = S; and ¢; = ¢; at
all times. When using the dynamic programming approach, however, I need to study
the extended HJB for all possible combinations of W;, e; and S;, and not only W, = S,.
To include the case W; # S; 1 study the extended HJB with condition for goods market

clearing formulated as
Ct = — * €. (12)

This says that if the agent’s wealth at time ¢ is equal to W; and all this is invested in the
stock market, then the dividend rate is W;/S; - e;. 1 will refer to (12) as extended equi-
librium condition. Using (12) in the wealth dynamics gives the equilibrium W dynamics

as follows

th = ﬂs,tWtdt + Wt057tdwt.
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Comparing to the S dynamics we see that W = S;- W /Sy. Together the initial condition
of the underlying economic model, Wy = Sy, this implies goods market clearing in the

economy under study, namely, condition (%ii) in Definition 2, ¢; = e;.

3 Asset pricing results

I now turn to the asset pricing implications in the simple version of the model outlined
in Section 2. In equilibrium, absence of arbitrage together with market completeness
guarantees the existence of a unique stochastic discount factor, or state-price density, M.
The stochastic discount factor (SDF) is defined by the property that the price of an asset

paying ) at some future date 7 is

1
P(t;Y) = MEt [M;)Y)]. (13)

t
M is often referred to as ”state pricing process” or ”state price density”. In a finite sample
space setting, the stochastic discount factor corresponds to an Arrow-Debreu state price
system. From general arbitrage theory we know that the evolution of the stochastic

discount factor is
th = —TtMtdt — )\tMtd'lUt, (14)

where \ is the market price of risk. The economic interpretation A is standard, it is the
risk premium per unit of volatility. From the dynamics of the stochastic discount factor
in (14) we see the riskless interest rate, r, is the (negative of) the local rate of return and

the market price of risk, A, is the (negative of) volatility of M.

1 th 1 th ?
"t dtt{Mt}’ M dt(Mt)

The ultimate goal is to characterize the stochastic discount factor in terms of ex-

ogenously given objects: the aggregate endowment process, e, the factor processes, X,
and the utility function of the representative agent. Once we have an expression for the
equilibrium SDF the equilibrium prices follow in a straightforward manner from (13).
Namely, the price of a claim to an arbitrary dividend stream D = {D,}I_, is the integral

of future dividend flow, discounted using the equilibrium stochastic discount factor

1 T
P(t;D)=—F MDgds| .
( ) ) Mt t |:/tv 3:|
Similarly we can price claims that pay a dividend at a specific point in time, so called
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The claim to a dividend stream can be though of as a portfolio of such zero-coupon
dividend claims (strips) with different maturities.

In a dynamically consistent setting, the characterization of the equilibrium SDF is
easily obtained using the martingale approach (often referred to as Cox et al. (1985)
methodology). In the present setting, there is no martingale approach and the character-
ization of the equilibrium becomes more complicated. I use the extended HJB recursion
as stated in Proposition 1 and impose market equilibrium condition to obtain the equi-
librium HBJ equation. The difficulty is that this equilibrium HJB is written in terms of
endogenous objects (like the value function V', the function f and the stock volatility og)
and we either need to compute or eliminate them. This is why, unlike in the standard
setting I do not start with the expression for the equilibrium SDF immediately, but rather
build up the results and state the SDF characterization at the final step.

The roadmap for the subsequent sections is as follows. I start by providing an explicit
solution for the equilibrium market price of risk. Then I characterize the equilibrium
stock prices and the interest rate. Finally, having obtained these I state the main result
for the equilibrium stochastic discount factor in the general setting of the model outlined

in Section 2.

3.1 The market price of risk

Combining Proposition 1 with the equilibrium definition leads to the following explicit

characterization of the market price of risk process.

Proposition 2. For every z € R, let the function G be defined as

T
G(t,e,z) = Ey, {/ Uc(s,es,z)esds} ) (15)
t
Then, in equilibrium, the market price of risk (MPR) admits the following decomposition

A= A+ AN+ A,
——— ~—~
consistent MPR  adjustment

with

Ucc UCIE z GZ

e X
AN = ——€0e, A =— Ox, A\ = rel ox,
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where with partial derivatives of utility function U and function G should be evaluated at
the point (t,es, Xy).

Intuitively, one can think of the market price of risk as reflecting the motives of the
representative agent to invest in risky asset market. In our model there are two such
motives, to hedge consumption risk, and to hedge the risk of preferences changing over
time driven by shocks to the factor process X.

Let us look closer at the intuition behind the result for the market price of risk in
Proposition 2. The first part, A + A*, corresponds to a ”time consistent” market price of
risk in the model where representative agent’s preferences are given by (7). It consists of
two terms coming from consumption risk and preference shocks, respectively. The first
term, A\ depends on the aggregate endowment risk as captured by .. The multiplier
of 0. is the relative risk aversion of the representative agent, which is positive. This
is intuitive, there is a positive relation between the volatility of aggregate consumption
and the equilibrium market price of risk. The second term, \*, depends on risk in state
variables, ox. If U.(t,c,x) # 0 the state variable enters the agent’s preferences, and
thus shocks to X are preference shocks that contribute to the market price of risk. The
multiplier of ox is the sensitivity of investor’s marginal utility to the state variable X. As
can be seen from Proposition 2, if U, (¢, c,x) > 0 dynamically consistent state dependent
utility results in a lower the market price of risk, working against a resolution of the
equity premium puzzle.

The "time inconsistent” adjustment of the part of the market price of risk, \*, similarly
to A* depends on the volatility of the state variable that enters the utility function of
the agent. However, in the "time inconsistent” component \*, the multiplier of oy is not
contemporaneous sensitivity of marginal utility to changes in the state but the expectation
of the future sensitivities evaluated given the state today. Using the definition of function

G in (15), the adjustment term can be written as
0
N = EP log G(t, er, X¢)ox. (16)
2

The intuition behind this this adjustment term will be discussed in Section 3.5.

If Ue,p(t,c,z) > 0 the adjustment term A?, that comes from dynamically inconsistent
preferences, will lead to a higher market price of risk, thus helping with resolution of the
equity premium puzzle. In general, as a direct consequence of Proposition 2 we have the

following corollary.
Corollary 1. \* and A\* have opposite signs.

Furthermore, if the state variable is affecting marginal utility (U..(t,c,x) # 0), but it

is locally deterministic (ox = 0), then there is no effect on the market price of risk. This
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observation implies that in the models with delay dependence, in either time preferences
as in (9) or in risk preferences as in (10) the market price of risk process is not affected

by the dynamic inconsistency of preferences. I stress this result in the following corollary.

Corollary 2. If the factor process X that enters instantaneous utility function in (8) is
locally deterministic, ox = 0, then the market price of risk is not affected by the fact that

preferences of the representative agent are dynamically inconsistent.

3.2 The equilibrium stock price

In this section I study the behavior of the stock price, which is the claim to the aggregate

endowment (aggregate dividend) process e.

Proposition 3. The equilibrium stock price is given by
Sy =e; - Iy, (17)

where the price-dividend ratio T is given by T'y = T'(t, ey, Xy) with
G(t
[(t,e,x) = @ (18)

and the function G(t,e, z) is defined in (15).

We see from (17) that the stock price is proportional to the aggregate endowment e,
and the price-dividend ratio I'; which is the function of the exogenous state variables in
the economy. Recall, that in equilibrium we have we have that the stock price equals the
representative agent’s financial wealth, W, = S;, at all times, and consumption equals
the aggregate endowment, ¢; = ¢;. This means that the price-dividend ratio for the claim
on aggregate endowment is equal to the equilibrium wealth-consumption ratio. Hence, I
will be using these two terms interchangeably when referring to I

To obtain some intuition we can relate the result in Proposition 3 to the standard

outcome in the dynamically consistent economy. Consider, for instance, logarithmic

E, { /t - ln(cs)ds} |

For this model, according to the definition (18) we recover the standard result

preferences over consumption

4 1
Iy = / e P ds = —— [e_p(T_t) — 1] ,
t P
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and if the horizon of the model is infinite the price-dividend ratio is constant, I' = 1/p,

which is a known conclusion.

Remark 2. In the present setting of dynamically inconsistent preferences, according to
the Proposition 3 the price-dividend ratio for the stock is equal to

(19)

r,— &, [ (s, €5, X¢) esd ]

U t €t,Xt

On the other hand we know that the claim to the aggregate endowment stream e, can

be priced using the stochastic discount factor. Thus I" must satisfy

(20)

T M, e,
Ft:Et|: € :|

¢ Mt (&

Comparing (19) and (20) it is tempting to conclude that M/M; equals the ratio of
marginal utilities, U.(s, es, X¢)/U.(t, e;, X;) with the state process at the future date s
evaluated at its today’s value, X;. This is, however, not the case. This can be easily seen

from the following argument. If

Ms . Uc(87 €s, Xt)

= f > 1.
Mt UC(t7et7Xt) ’ or s

then (using the fact that My = 1) we conclude that

Uc(ta €, XO)

B 20) g all f
U.0,¢0, Xo) 07

Mt:

However, taking the ratio of M, and M, we see that

Ms o UC(S,GS,X()) Uc(saesaXt)
Mt B Uc<t7€t7X0) Uc(ta eta)(t)7

and thus our conjecture was not correct. As will be shown later the stochastic discount
factor in the model with dynamically inconsistent preferences is not equal to the intertem-
poral marginal rate of substitution of the representative investor. I also emphasize that
the simple representation (19) only holds for the claim to the aggregate endowment, and

does not hold for any other asset.

3.3 The equity premium and volatility of stock market

From the expression of the stock price given in Proposition 3 it is straightforward to
obtain the dynamics of the stock market. Applying Ito formula and using the standard

martingale condition for S leads to the following proposition.
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Proposition 4. The volatility of stock market returns, gy, is given by
05t = 0e¢+ 01y

where o, is given exogenously in (2) and ory = or(t, e, Xy) with

Le(t,e,x) C.(t e, x)

/ — .
or(t, e ) [(t, e ) 7 [(t, e, ) ox

The equity risk premium s

lEt |:dSt + etdt

di s, } — Ty = )\tUS,ty

where X 1s a process for the market price of risk and can be computed as stated in Propo-

sition 2.

The stock price volatility depends on the background consumption risk, which is
exogenous and captured by the volatility of aggregate endowment, and the volatility of
the wealth-consumption ratio. The latter is the endogenous, as Mele (2007) calls it,

price-induced, component of return volatility.

3.4 The equilibrium short rate

This section contains results for the equilibrium interest rate at which the market for

riskless borrowing and lending clears.

Proposition 5. In equilibrium, the riskless rate of interest admits the following decom-

position
re=r; + ry + r;
——— ~~~
consistent r  adjustment
with
’I“e o Uct ,u Ucc 10'262 Uccc
t — = — Me -3 t
U. u, 2°°U0°
P [ ch 10_2 Ucmc .60 Ucca:
+ —  MX5 7 T FJUx — UeUX 77
u. 2 U, U’

where partial derivatives of U should be evaluated at the point (t,es, Xy), and

Py Gz ]. Gzz 6 Gz a GZ z e T
e 503(? + Jg(&ﬁ + TeCOX 5o AL (A +AY)
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where the function G(t,e,z) is defined as in (15) and its derivatives are to be evaluated
at the point (t,e;, Xy).

Similarly to the market price of risk the risk free rate equals to the risk free rate
one obtains in the equilibrium with dynamically consistent state dependent preferences,
as in (7), plus an adjustment term. 7{ relates the equilibrium interest rate to time
preference, expected endowment growth rate p, and the variance rate o2 of aggregate
endowment growth over the next instant. These are the standard terms contributing
to the risk free rate in the absence of state-dependent preferences. They capture three
savings motives: patience, intertemporal substitution and precautionary savings motive.
With state-dependence, preferences respond shocks in the underlying state X, and we
have three additional terms in the ry.

The "time inconsistent” adjustment part of the risk free rate is r;. To gain some
intuition for this term let us simplify things and consider the case when the factor process

X is locally deterministic, that is ox = 0, then the adjustment term r; becomes

0
ri :/LX& log G(t, e, Xy).

Thus, in this case, the adjustment term of the risk free rate depends on the rate of change
of the factor process multiplied by the sensitivity of the equilibrium wealth-consumption
ratio to this change. If the dynamics of the factor process X also has a stochastic part,
we obtain additional terms in the risk free rate expression that capture the factor risk and
the interaction (covariance) between the shocks to the factor process and the sensitivity

of the wealth-consumption ratio.

3.5 The stochastic discount factor

Having derived the expression for the market price of risk and the equilibrium short rate
we can now state the result about the stochastic discount factor in this model. Before
I characterize the stochastic discount factor in the economy with dynamically inconsis-
tent preferences, 1 first discuss the case with standard time consistent state dependent
preferences as in (7). Recall the following standard result from the literature (see Munk
(2013)).

Proposition 6. In an economy with a time consistent state dependent utility function,

the stochastic discount factor is given by

Uc(t7 €¢, Xt)

M, = 2e\b o)
! UC(O, eOaXO)
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The next proposition establishes the main result about the stochastic discount factor

in the economy with dynamically inconsistent preferences.

Proposition 7. In the economy with dynamically inconsistent preferences the equilibrium

stochastic discount factor is given by

Uc(t7et7Xt)
M, = e e
! Uc<07€07X0) b

where M?* evolves according to
dM7 = —M7 [ridt + N dwy],

with \; and r; being the "time inconsistent” components of the market price of risk and
the equilibrium short rate from Propositions 2 and 5. Moreover, W is a Q- Wiener process
with measure Q defined by d@/dP = L;, on Fy, with the likelihood process L given by

dit = —Zzt<)\§ -+ )\f)dwt

Intuition behind the stochastic discount factor Comparing Propositions 6 and 7
we see that the equilibrium stochastic discount factor M is a product of two factors. The
first of these is the "standard” SDF from Proposition 6. The second factor is M?, which
accounts for dynamically inconsistent preferences. In order to understand the intuition
behind the adjustment term M? in the stochastic discount factor we argue as follows.

First, using the expressions for the market price of risk and the equilibrium short rate
from Propositions 2 and 5 together with the definition of the infinitesimal operator (A.3)
it can be shown that (see Appendix C for the derivation)

t
M7 = exp {— (/ azds + )\§de> } (21)
0

where of = o*(t,e,x) with
a’(t,e,x) = Alog G(t, e, x) — Alog G*(t,e), (22)

and from Propositions 2 we recall that A7 = A\*(t, e, x) is the "time inconsistent” compo-

nent of the market price of risk given by

N(t,e,x) = glogG(t,e,x)ax, (23)
z

where G is defined in (15).
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Secondly, looking closer at (21) with o* and A\* given as (22) and (23) we see that M~

can be informally written as

t
M} = exp {— (/ log G(s + ds, €stas, Xstas) — log G(s + ds, €sy4s, X8)> } )
0

Discretizing the time interval from 0 to ¢ into N periods of "small” length h and writing

the integral as a sum we get

N—h
X
Mtz = exp {Z 10g GG(((nh + h7 Enh+h, nh)) } :
n=0

nh 4+ h, enntn, Xnhth

which we can also represent as a product

N—h
G(nh + ha €nh+h; th)

M? = 24

! Tg) G(nh + h7 €nh+h; th+h> ( )

Finally, using the definition of G we know that for every s = nh

T
G(S + h, €sih, Xs) o E8+h |:j:s+h UC(U, €v, Xs)evdv]

G(s+ h,esin, Xorn) Eop [I:Lh Ue(v, ey, Xs+h)evdv] '

Let us look closer at this ratio. The numerator is the expected value of the consumption
stream starting at s+ h discounted by the marginal utility of the time s consumer, which

Y

I will loosely speaking refer to as ”valuation” of this consumption stream by agent s.
The denominator is the expected value of the same consumption stream discounted by
the marginal utility of the time s + h consumer, a ”valuation” of the same consumption
stream by agent s + h. Thus the ratio as captures the marginal preference changes or
disagreement between the time s consumer and time s 4+ A consumer and we can think
of the adjustment term M7 as compounding disagreements between the valuations of

consumption streams starting from 0 to ¢ by agent’s different ”selves”.

A discrete time stochastic discount factor In discrete time the structure of the
continuous result is the same, the equilibrium stochastic discount factor is a product of
two terms, the ”time consistent” SDF in the corresponding state dependent utility model,
and the adjustment term accounting for the fact that ”future selves” of the agent have

different preference than the ”current self”.
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Uc(t7 €t, Xt)

M=
LU0, e0, Xo)

Y

with the one-period stochastic discount factor given by

- Ut +1, €101, Xes1) o
i Uc(t7 ety Xt) s

The adjustment term M/ in discrete time is obtained by setting the length of the period
n (24) to one

1, e5p1, X
II GlstlewnX) oy (25)
G(s+1,e541, Xs11)

For the non-exponential discounting model, using the discrete time version of defini-
tion of function G in (15), we have the following expression for the adjustment term in

the one period stochastic discount factor

B [zj:m 5(s — t)U’(eS)eS]
B [ZLH (s — (t+ 1))U’(es)es]

Y

or equivalently

B [Z:;(Hl) o(n + 1)U/(et+1+n)et+1+n}

Eiq [Z: (()t+1) d(n )U/<€t+1+n)et+1+ni|

: (26)

My =

where we change a variable in the summation using s =t + 1+ n.
If we further specialize to the power utility case (26) reduces to the result in the
discrete time model of Luttmer and Mariotti (2003).

Quasi-hyperbolic discounting In the dynamically consistent model when the dis-
counting function §(n) is equal to 0", we have the usual one period stochastic discount

factor equal to

U/(€t+1)
U'ler)

mey1 = 0 (27)

With ”quasi-hyperbolic discounting” considered in Phelps and Pollak (1968), Laibson
(1997), and Krusell and Smith (2003) the discounting function is given by §(0) = 1 and
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d(n) = o™ for n > 1. In this model the one period stochastic discount factor is

_ 5(5—1) U/<6t 1)
e (5+ L ) U’(;) ’ (28)

where ', is the discrete time equivalent of the equilibrium wealth consumption ratio

defined in Proposition 3

T—(t+1)

U,(et-&-l-&-n) €t+14n
T =F )
t+1 t+1 Z (n) U'lers1) et

n=0

We see that with discount factors 1, 39, 32, ..., the expression for the one period stochas-
tic discount factor simplifies considerably comparing to the general non-exponential dis-
counting model because of the special setting in which only the difference between agents
“incarnations” today and tomorrow matters, after that things repeat. Note that if § =1
we are back in the standard exponential discounting case and (28) reduces to (27). How-
ever, if § < 1 then the tomorrow’s "self” is over-consuming from the point of view of
today’s "self”. Therefore the rate as which the current "self” is willing to substitute
consumption at time ¢ + 1 for consumption at time ¢ is reduced. Indeed, for g < 1 the
one period stochastic discount factor in quasi-hyperbolic discounting model given in (28)

is lower than in the standard exponential discounting model (27).

4 Generalization: a multidimensional version of the model

The analysis presented so far has been in the context of a one dimensional factor process
X and a one dimensional Wiener process w. In this setting the endowment process was
assumed to follow a geometric Brownian motion. The goal of this section is to demonstrate
how the results generalize in the setting with a d-dimensional Wiener process and an n-
dimensional factor process. Moreover, endowment is not restricted to have the simple

geometric Brownian motion dynamics.

4.1 Setup

The uncertainty in the general version of the economy is represented by a filtered prob-
ability space (2, F,{F:}, P) supporting a d-dimensional Brownian motion. There is a
single consumption good, and the aggregate dividend or endowment process is denoted

by e. I assume that e is given exogenously by the stochastic process

det = €t [[Leytdt + O‘e7tdwt] s (29)
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where pe¢ = pe(er, Xi) and o, = o.(es, X¢) with a scalar valued drift function p. and a
row vector valued volatility function o.. X; € R" is an exogenously given vector of state

variables that evolves according to
dXy = pxgdt + ox pdwy, (30)

and where pux: = px(et, Xy) and ox: = ox(e;, Xy) with a vector valued drift function
px and a matrix valued volatility function oy taking values in R" and R™ x R? and are
time-independent if the economy has an infinite horizon. I will use ., 0., px,0x as a
shorthand for coefficients in equations (29)-30).

An example of the set-up is the case when we have a stochastic opportunity set, that
is 1. and o, are driven by the factor process. One of the components of the factor process

can be deterministic and equal to running time and another (stochastic) state variable:

where X5 does not need to be perfectly correlated with the aggregate endowment.
Financial investment opportunities consist of d + 1 continuously traded securities: a
dividend-paying stock in unit net supply, a locally risk free savings account in zero net
supply and d— 1 derivative assets in zero net supply. The stock is a claim to the aggregate
endowment process (29). In this setup the market is complete as trading in the available
assets can perfectly hedge changes in the stochastic investment opportunity set. I look
for Markovian equilibria in which prices for the locally risk free asset, B, the risky stock,

S, and the vector of financial derivative prices, F', follow processes

dBt = Btrtdt (31)
dSt = St [/Ls,tdt + O'S’td'wt] (32)
dFt = Ft [,up’tdt + Jthwt] . (33)

To introduce some more compact notation let the vector of mean returns on risky assets

and the volatility matrix be denoted by

= st + f;—j o — —O0St—
t = ) = .
HFt —OFt—

The volatility matrix ¢ is assumed to be invertible P-a.s. for all t. Processes ry, i, 0y
are to be determined endogenously in the market equilibrium.

The representative agent has financial wealth W; at time ¢ denominated in units of
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the consumption good, investing u; = (ug, ur;)' fractions of wealth in the risky assets
and the rest in the risk free asset. The agent also consumes a nonnegative amount c;dt
(¢; > 0) in the period [t,t + dt]. The increase in financial wealth over [t,t + dt] is

dW, = (Wyry — ¢;) dt + W, (. — o) dt + Wy, oydw, (34)

where the first part is the risk free return less consumption expenditures, and the re-
maining terms capture the excess return from investing in the risky assets. We consider
feedback control laws, i.e., the controls are of the form w; = u(t, Wy, e, X;) where the
control law u is a vector valued deterministic function of time, wealth and underlying
state. Similarly, the consumption strategy is of the form ¢; = c(t, W4, e;, X;). The agent’s
initial wealth is Wy = Sy, that is at time 0 the agent is endowed with a unit of stock.
The expected lifetime utility of the representative agent at time ¢, given a consumption

and investment policy (u,c), is given by

T
J(t, Wt,Xt;u, C) = Et |:/ U(S,CS,Xt)dS:| s (35)
t
where X, is the time ¢ value of the state process X.

4.2 Results

I now show how the results derived in the earlier part of the paper extend to the multi-
dimensional case. I start with the multi-dimensional version of the extended HJB equa-

tion.

Proposition 8. The value function, V(t, W, e, x), for the interpersonal equilibrium sat-

isfies the following recursive relation (omitting the arguments):
Sup{(A“CV )+ U — [ NX + oxok L

>’f a2f O’ f
T T o
i ;"X X D0z Z oxo W g +Zi: IX0 €5, &zj =0,

with the terminal condition V (T, W,e,x) = 0 and where the partial derivatives of V' and
f should be evaluated at (t,W,e,x) and (t,W,e,x,x), respectively.
Moreover, for every z € R" the function (t,W,e,x) — f*(t, W,e,x) = f(t,W,e,x,2) is
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defined by

(Aﬂ’éfz) (t,W,e,x)+ U(t,¢,z) =0
AT, W,e,x) =0

and has the following probabilistic interpretation

T
fz<t7Wta et7Xt) = Et |:/ U(S,és,Z)dS:| .
t

The intuition behind the extra terms in the HJB equation is the same as in the one-
dimensional case. They correspond to the difference between the expected continuation
value of deviating from the equilibrium strategy for a ”small” time interval h from the

perspective of the time-t consumer, when compared to time-t + h consumer

1 T T
lim — {Etw@,x [/ Uls, és,x)ds} —Eiwea {/ U (s,¢s, Xitn) ds] } .
rl0 h t+h t+h

If preferences are time consistent the preferences of the time-t consumer are the same as
of the time-t + h consumer, and thus this difference is zero and we have the standard

HJB equation
sup { (A“V)+ U} = 0.

The next proposition contains the main result about the stochastic discount factor in

the multi-dimensional dynamically inconsistent economy.

Proposition 9. The equilibrium stochastic discount factor (SDF) is given by
Uc(taetaXt) /t
M =~ 7 n . v N - Sd Sd S Y
! Uc(Ove()aXO) P 0 (a? +6 v
where ay = at, e, Xy) and By = B(t, e, Xy) with
a(t,e,x) = Alog G(t,e,z,x) — Alog G*(t, e, x)

_ G.(te,r, )
B(t,e x) = m@c

with the function G : [0,T] x Ry x R" x R®™ — R defined as
T
G(t,e,z,2) = Ejcp [/ Uc(s,es,z)esds] :
¢
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The intuition behind this result is the same as in the on-dimensional case. The
stochastic discount factor is equal to the ratio of marginal utilities times an adjustment
factor that accounts for disagreements between the valuations of consumption streams

starting from 0 to ¢ by agent’s different "selves”.

5 Applications

This section contains a number of examples that apply the results of the general model
discussed in Sections 3-4. Once I specialize to a particular case the results derived in the
general framework simplify considerably and I obtain explicit solutions to these problems

and provide further insights.

5.1 Non-exponential discounting

In this section, I consider the case when preferences of the representative agent are given
by

E, [ /t U s(s — U (eds] (36)

where § : [0,7] — R™ is not restricted to be exponential. Natural requirements are that
5(0) =1 and 6§(oc0) = 0. Using results of the multidimensional version of the model we

can consider a more general endowment dynamics
de; = e [fte dt + 0cdwy],

where drift and volatility are not restricted to be constant, but can be driven by a
stochastic factor process X. In this setting X does not enter utility, but influences the
endowment dynamics.

If discounting function is exponential, i.e. is of the form d(s —t) = e 5= we can
factor out e’ and convert the problem into a standard time consistent problem. With
exponential discounting the rate of time-preference, —d'(7)/d(7), is constant regardless
of the delay. This means that trade-offs between today and tomorrow are treated the
same as trade-offs between day 100 and day 101.

To allow for the instantaneous discount rate to change, for example, decline as the de-
lay until outcomes materialize increases, discounting function needs to be non-exponential.
In this case, the agent’s preferences are dynamically inconsistent, since utility function
(36) will explicitly depend on today’s date ¢. It is known since Strotz (1955) that all

forms of non-exponential time preferences introduce dynamic inconsistency.
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The next proposition summarizes the main asset pricing results in the non-exponential
discounting model, without specializing either to a particular utility function or endow-
ment dynamics. This proposition generalizes the results in Luttmer and Mariotti (2003),
where the result is obtained as a continuous-time approximation for the power utility

case. Directly applying the result obtained in Sections 3-4 I can state the following.
Proposition 10. In the equilibrium with non-exponential discounting the following holds.

1. The market price of risk is equal to

U”(et)
>\t = — U’(et> €t0¢t-
2. The equilibrium risk free rate is
@, U'ler) 1 5 ,U"(er)
Ty = F_t He,t€¢ U'(er) - §Je,t€t U'(er) )

where T'y = T'(t, ey, Xy) is the equilibrium wealth consumption ratio given by

D(t, e, X;) = B, { /t ' 5(s — 1) ZE‘;; Z—jds]

and &y = O(t, e, Xy) is given by

O(t, e, X;) = —E, [ /t ' §'(s —t) gi‘;i Z—jds} .

3. The stochastic discount factor is

bod(s,eq, Xy) } U'(et)
M —e _ ) Sy S d )
t Xp{/o [(s,e0 X,) | Ulleo)

As expected from the result in Corollary 2 the market price of risk is not affected
by non-exponential discounting. It is equal to the product of the relative risk aversion
coefficient of the representative investor and the volatility of the aggregate endowment.
However, the equilibrium risk free rate and thus the stochastic discount factor are affected.

Let us discuss the equilibrium interest rate in this model. In the expression for the
risk free rate the second and the third terms are standard. They reflect willingness to
save due to intertemporal substitution and precautionary savings motives, respectively.
Besides these two savings motives the inclination to save increases with patience. This is
captured by the first term, ®;/I';. Luttmer and Mariotti (2003) refer to it as the effective

subjective discount rate. When discounting function is of the exponential form, that is
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§(s —t) = e7**7) with a constant discount rate p, the expected lifetime utility given in

(36) becomes

T
E, [/ ep(St)U(cs)dsl (37)
t
and the expression for ® simplifies considerably to
q)(t, €, Xt) = pF(t, €, Xt)

Hence we recover the standard risk free rate expression where impatience is captured by

the constant discount rate p

—_

U(e) 1, U (e)
t

Ule) 21U (e)

Tt = P — et

As a result, with exponential discounting the stochastic discount factor expression stated
in Proposition 10 reduces to the standard result

U'e

M, = e~ Pt ( t)7

U'(eo)
which says that the stochastic discount factor is equal to the intertemporal marginal rate
of substitution of the representative investor.

Consider instead a non-exponential discounting function, for example, the hyperbolic

discounting function discussed in Luttmer and Mariotti (2003)
5(1) = (1 4+ ar) Ploer,

which combines the exponential discounting part with the discount function proposed by
Loewenstein and Prelec (1992). Figure 1 plots this discounting function together with

the standard non-exponential discounting.

Elnsert Figure 1 herej

The discount rate is

o'(r) _ p

d(7) p+1+0¢7

9

and it converges to p + 3 as the delay 7 goes to zero. For this discounting function we
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have

T §(s—
v _ B U e
—_— p
E, [fT i(s — t)U’(es)esds]

t

> p.

Setting 0 = 0 recovers the standard exponential discount function, and we then have
CIDt/Ft = p.

Power utility and GBM endowment To compare the results to a well-known
CRRA-lognoromal benchmark (Appendix B) I further specialize within the framework of
a non-exponential discounting model (36). I assume that the instantaneous utility is of

the power form

and that p. and o, in the endowment process are constant so that aggregate endowment
is given by the geometric Brownian motion. This model is referred to as CRRA-lognormal

model since the utility function exhibits constant relative risk aversion equal to v and

1
In(e;) = In(eg) + (pte — 503)1& + owy.

With these assumption the equilibrium wealth-consumption ratio is a deterministic func-

tion of time
T 1 2
I(t) = / 5(s — t)el M me=279)(s=0) g, (38)
t

From Proposition 4 we know that I' being deterministic implies that return volatility will
be equal to volatility of the aggregate endowment, because or = 0. Moreover, since the
market price of risk is not affected by non-exponential discounting, in this setting it will
be constant as well and equal to yo, (see Appendix B). These two observations imply that
the equity premium in this model is constant. Furthermore, we know that the volatility
of a return on the dividend strip is the sum of volatility on the aggregate endowment
and the volatility of the dividend strip price-dividend ratio. Since I' is a time integral of
price-dividend ratios on dividend strips, we conclude that those are also deterministic.
Hence, in this model the term structure of risk premia is not affected by non-exponential

discounting and is constant as in the benchmark case (see Appendix B).
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5.2 Horizon-dependent risk aversion

In this section, I specialize to the case when the preferences of the representative agent

are given by

E, [ /t LU — te)ds) (39)

In this model the risk preferences, as captured by U(r,c), are varying as a function of
T = s —t, i.e. the distance in time from the present. This would allow risk tolerance
to change as a function of the delay until the outcomes. For example, to have a higher
risk tolerance (lower risk aversion) for rewards materializing in a distant future. Time
discounting is assumed to be exponential in order to study the effect coming solely from
delay dependence in risk preferences. Using the results from the general model it is of
course possible to allow for delay dependence in both time and risk preferences.

Using results of the multidimensional version of the model we can consider a more

general endowment dynamics
det = € [/J/e,tdt + O'e7tdwt] s

where drift and volatility are not restricted to be constant, but can be driven by a
stochastic factor process X. In this setting X does not enter utility, but influences the
endowment dynamics.

The next proposition summarizes the main results of this model.

Proposition 11. In the equilibrium with delay dependence in risk preferences the follow-

ing holds.

1. The market price of risk is equal to

2. The equilibrium risk free rate is

Tt =p— [ ew—loje?M %
t e,t tUC(07 €t) 2 e,t t UC((],@t) Ft

(& J/
-

without delay dependence in risk preferences

with Ty = T'(t, e, Xy) being the equilibrium wealth consumption ratio, or, equiva-
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lently, price dividend ratio for the stock,

T
e Ud(s —tyes)e

T'(+ X,) = E pls—t)Ze\Z  »=s) 78 4

(t e, Xo) tLle U(0, ) @8}

and U, = U (t, e, X;) given by

—ds

Uc(07 et) €t

T
cT —t, S s
U(t,en X,) = —E, { / o Uer(s —tes) e }
t

3. The stochastic discount factor is
! U(s,es, Xs) U.(0,e;)
M — o )8y S d c Y )
t W{A Q”r@%&os}mmm

In order to get intuition for the result in Proposition 11 one can think of the instan-

taneous utility of the form

U(T,C) :1_—7(7_)

(40)
with v(7) decreasing in the delay, 7, to capture risk aversion that decreases for outcomes
further in time. Then we see that the utility function given by U(0, ¢) can be thought of
as the standard power utility with constant relative risk aversion equal to v = v(0).

Consistent with the conclusion in Corollary 2 Proposition 11 says that the market
price of risk is not affected by the delay dependence in risk aversion. It is equal to
the product of immediate relative risk aversion of the representative investor and the
volatility of aggregate endowment, o.;. For the utility as in (40) the expression for the
market price of risk simplifies to v(0)o. ;.

If the instantaneous utility is independent of the delay, U., = 0 and hence also ¥ = 0.
Then the expression for the risk free rate from Proposition 11 reduces to standard result
in a canonical consumption based asset pricing model with risk aversion over all outcomes

being constant and equal to the immediate risk aversion, v(0)

o= p 2 (Otes — 57(O)(1 +7(0))0?

If U.. # 0, the risk free rate has an additional term W,/T"; and the stochastic discount
factor is a product of a standard time consistent discount factor and an adjustment term
that account for dynamically inconsistent preferences. If U., > 0 then ¥, /T, < 0 and the

risk free rate is lower than in the standard model.
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GBM endowment, excess volatility and term structure of equity To exemplify
Proposition 11 and compare the results to the CRRA-lognormal benchmark (Appendix
B) I consider that the instantaneous utility given by (40) and further assume that p,. and
0. in the endowment process are constant so that aggregate endowment is given by the
geometric Brownian motion.

With these assumptions the equilibrium wealth-consumption ratio is (see Appendix
C for the derivation)

T
Iy =T(te) = / eg(s_t)(s_t)ez(o)_v(s_t)ds, (41)
¢

where £(7) is given by

1 2

§(r) = —p+ (L =7(7)) (ke = 57(7)0e).

If v(7) is constant and equal to 7, expression for wealth-consumption ratio in (41) reduces
to a standard result in a CRRA-lognormal framework, which is a deterministic wealth-
consumption ratio in (A.8). However, if v(0) # (s —t) we see from (41) that the
equilibrium wealth-consumption ratio in this model is stochastic. This means that the
volatility of equilibrium wealth-consumption ratio is non-zero. As can be seen from
Proposition 4 this implies that volatility of the stock is not equal to volatility of the
aggregate endowment which is a standard result in a CRRA-lognormal framework, but
is in fact higher and moreover stochastic. This result is important and I stress it in the

following proposition.

Proposition 12. In the model with aggregate endowment following a geometric Brownian

motion and instantaneous utility given by (40) the following holds.
1. The volatility of the stock market return is higher than the volatility of the aggregate

endowment and is given by
05t = 0c+ 01

where ory = or(t,e;) # 0 if y(7) is not constant in 7.

2. The equity risk premium is given by

1
—E,

dSt + €tdt
dt

8] =002 4 2O
t

Moreover, the fact that the price-dividend ratio for the claim to aggregate endowment

is stochastic gives the hope for a non-trivial term structure of equity. Using the results
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about the stochastic discount factor we can price claims that pay the value of endowment
process at a specific point in time, so called zero-coupon endowment claims. The claim
to the aggregate endowment (aggregate dividend) stream can be though of as a portfolio
of such zero-coupon endowment claims (strips) with different maturities. Looking at the
expected excess returns on the dividend strips, or alternatively the equity yields defined
as y(t,7) = 1/71In(e;/S(t;e,)) as a function of maturity we can make conclusions about
the term structure of equity. As Figure 2 illustrates, the model with delay dependence

generates a decreasing term structure of equity.

[Insert Figure 2 here}

5.3 Risk aversion dependent on the current state

In this Section I consider the model in which risk preferences of the agent are dependent
on the immediate (stochastic) state of the economy. Let the continuation value for the

investor be given by

T
E, {/ e U (cs, Xy)ds| (42)
¢

and we can specialize, for example, to power utility of the form

1~ (X
! ¥(Xt)

Ules, Xy) = T— (X))

(43)
where the risk aversion  is a function of the immediate state of the decision maker.

That is, when standing at time ¢ and making decisions about the future the preference
ordering of the decision maker reflects the current state he finds himself in. For example,
if the economy is in a recession the representative agent is more risk averse and ”projects”
this high immediate risk aversion on the trade-offs that take place not only immediately
but also at future points in time. Since lifetime utility depends on the state variable X
at time ¢ such preferences are dynamically inconsistent. As the state of the economy
will change so will the preferences. Once the recession is over and the economy is in a
good state the representative agent in this model will become more risk tolerant and will
"project” this risk tolerance onto points in the future.

Such model is in line with the recent evidence on counter-cyclical risk aversion coming
from an experiment conducted and analyzed by Cohn et al. (2013). The authors primed
financial professionals with either a boom or a bust scenario and then studied their risk
attitude in subsequent investment tasks. The results of the experiment showed that

having been primed with a financial bust resulted in a more risk averse behavior.
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GBM endowment and counter-cyclical variation in risk premium Let the ag-

gregate dividend (endowment) e follow a geometric Brownian motion
der = e; [pedt + oedwy]

where w is a standard one-dimensional Wiener process.

In this setting, we also need to make an assumption about the state variable X that
affects the agent’s risk preferences. The idea is that X; should be related to the general
state of the economy, a variable that would summarize the business cycle conditions. Let
us define a standard of living, or habit process, h, as weighted geometric average of past

realizations of the aggregate endowment

¢
log(hy) = /\/ e M= Jog (e, )ds. (44)
0

Then X = log(e/h) represents relative (log) endowment

dXt = —)\(Xt — X) dt + O dwt, (45)
D S~
nx X

where X = (g, — 202)/X is the long run mean. This state variable is used in Chan
and Kogan (2002). High values of X can be interpreted as corresponding to good times,
whereas low values of X can be thought of as capturing bad times.

Using the result from Proposition 3 the equilibrium wealth-consumption ratio can be

explicitly computed to equal (see Appendix C for the derivation)

_ _ L@y
I, = F(Zf,Xt) = f(Xt) (65 X )(T 1) ’ (46)
where £ : R — R is given by
E(x) = —p+ (1= 4()) (e — 50%9(2). (47)

Moreover, if the time horizon is infinite, then the equilibrium wealth-consumption ratio

simplifies to

1
X, =—-——
(X)
and thus £ in (47) can be interpreted as the (negative of) the consumption-wealth ratio,
or, equivalently, the dividend-price ratio for the claim to aggregate endowment. In this

setting we have the following result about the volatility of the stock returns and the
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market price of risk in this model.

Proposition 13. In the infinite horizon version of the model with aggregate endowment
following a geometric Brownian motion and instantaneous utility given by (43) the fol-

lowing holds.
1. The volatility of equity return is os¢ = og(X;) with

"(Xy)
I'(X3)

o(Xy) =0+ ox.

2. The market price of risk is given by Asy = Ag(Xy)

MXy) = v(Xp)oe +In(e)y (Xy)ox + | —In(e)y (Xy) + I'(Xy)
v ! I'(Xy)
=v(Xi)oe + %ax.

The first conclusion from Proposition 13 is that return volatility is higher than the
volatility of the aggregate endowment, o, if the risk aversion is countercyclical, 7/(x) < 0.
Secondly, as in the general model the market price of risk can be decomposed into three
parts. The first two parts we obtain in the case of time consistent state dependence, that

is in the model with instantaneous utility given by

1—y(X
Cs Y(Xs)

Ulcs, Xs) = =X

Note that for endowment values greater than one we have In(e) > 0 and thus with
v'(z) < 0 the second term, A” is negative. This means that dynamically consistent state
dependent utility with counter cyclical risk aversion results in a lower market price of
risk, working against the resolution of the equity premium puzzle. However, together
with the adjustment term, \*, that accounts for dynamically inconsistent preferences the
market price of risk is higher. The equity premium for the stock return is given by

1 {dSt + e,dt

—F
t S,

dt ] = )\tUS,t

and given results in Proposition 13 we can conclude that in this model we have a counter-

cyclical risk premium. Plots in Figure 3 illustrate these results.

[Insert Figure 3 here]
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6 Conclusions

In this paper, I relax the assumptions underlying time-consistency in a way that incor-
porates the growing evidence of research in psychology and behavioral economics. I take
a game theoretic approach in the spirit of Strotz (1955) and incorporate a general model
of dynamically inconsistent preferences in a consumption-based asset pricing framework.

The first main contribution of this paper is that I provide an explicit characterization
of the stochastic discount factor in a dynamically inconsistent model which nests the
standard time consistent result. The adjustment term in the stochastic discount factor
is intuitive, it accounts for the fact that preferences change with time and reflects the
different preferences of the agent today as opposed to his ”future selves”.

The second main contribution is that I show that in a standard endowment economy
dynamically inconsistent preferences can help explain stylized asset pricing facts about
stock market volatility, the cyclical behavior of expected returns, and the term structure

of risk premia.
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Appendix

A Technical results

Lemma A.1 (Multidimensional Ito’s lemma). Let F' € C12([0,T] x R™;R).
I will use F,(t,z) to denote the row vector [g—g(t, :B)] and F,, to stand for the matrix

=1,.n

2
[%(t’wﬂz‘j and Fy(t, ) = G (t,2).

)

Consider an n-dimensional Markov process X = (X1, ..., X,,)" satisfying an SDE
dX; = ,u(t,Xt)dt +a(t,Xt)dwt, (Al)

where w is a d-dimensional Wiener process, p and o are a vector valued drift function and
a matrix valued volatility function of (t,x) € [0,T] x R™ taking values in R® and R" x R%,
respectively.

Let Y; = F(t, X;), where X satisfies (A.1). Then

1
dY; = {Ft(t, Xt) + Fx(t, Xt),ut + itl‘ O'tO';rsz(t, Xt)] } dt + Fx(t, Xt)atdwt. (A2)

We can give a more concise version of this formula by introducing the notation A for the operator
defined on C12([0,T] x R™ R), and depending not the coefficients y and o of the process for
X. The infinitesimal operator A of process X that satisfies (A.1) transforms an arbitrary twice

continuously differentiable function F'(¢,x) as follows:
1
(AF) (t,2) = Fy(t,2) + Fa(t,2)p(t.2) + o [aaTFm(t, )] . (A.3)

We thus see that (AF') (t, X;) is the dt part in the Ito formula (A.2). So that Ei[dF(t, X:)] =
(AF) (t, X;)dt. Using this notation (A.2) becomes

dyy = (-AF) (t7 Xt)dt + F;g(t, Xt)O'td'lUt.

As the notational convention we have that operator A operates only on the variables within

parentheses, while the upper case indices are treated as constant parameters.

Lemma A.2 (Feynman-Kac). Let X be the solution to (A.1). Then function F' defined as

F(t,z) = By [ /t ' K(s,XS)ds]

admits the following PDE representation

(AF) (t,7) + K(t,2) =0, (A.4)
F(T,z) = 0. (A.5)
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B Benchmark economy

Consider the representative agent economy with the lifetime utility given by

T lev
/ opls—)Cs gl
t 1—7

The stochastic discount factor in this model is given by

-
My=e [
€0

Moreover, let the aggregate endowment be given by a geometric Brownian motion

Ey

der = e [pedt + oedwy],

where p and o, are constants and w is a one-dimensional standard Brownian motion.
Proposition B.1. The asset pricing implication of the benchmark model are as follows.

1. The risk free rate is constant, r; = r, and equal to

1 2
=P+ Ve — 57(1 + 7)o,

2. The market price of risk is constant, Ay = A, and equal to

A =0,

3. The price-dividend ratio for a claim to the aggregate endowment is deterministic and

equal to
T, = 1 <€€(T—t) _ 1) ,
3
where
L 5
§=—p+ 1 =) (e = 5700).
Moreover, for T' = oo the price-dividend ratio is constant and equal to ' = —1/¢.

4. The return volatility is constant, o0g; = 0g, and equal to the volatility of the aggregate

endowment

0S = O¢
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5. The equity premium is constant and given by

1 |:dSt + etdt

—F
t 3,

p ] — 7y =02, (A.10)

6. The price dividend-ratio for a dividend strip with maturity n is

7 =efmt), (A.11)

7. The volatility of a dividend strip with maturity n is equal to volatility of endowment.
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C Proofs

Proof of Proposition 1. Using the results in Bjork and Murgoci (2014b) the extended

HJB system for our problem is

sup{(A“V) (t, W, e,z) + U(t,c,x) — (A"f) (t, W, e, z, ) + (A" f7) (, W,e,2)} = 0

(AF7) (1. W.e,2) + Ut 6(t, Wi, ), 2) = 0,
AT, W,e,z) =0
V(T,W,e,xz) =0,

where A%¢ denotes the infinitesimal (Dynkin) operator as defined in Lemma A.3. In order not

to get lost in the details I write the wealth dynamics as
dWy = pwdt + owdwy,

where py stands for pw (t, Wy, eq, X, ug, ¢¢), similarly oy denotes ow (t, Wy, ey, X, ug). We then
have (A“<V) (t, W, e, z) given by

1 1
AYV =V, + pwViy + ig‘%VVWW + peeVe + 50362%6 + owoeeVive

1
+ pux Ve + iaivm +oxow Ve +ox0ceVe.

Furthermore, (A“€f?) (t, W, e, x) is

1 1
A%sz =fi+ HWfW + 50'12/VfWW + Neefe + §Uge2fee + owoeefwe
1
+ :qu:t + iag(fzx +oxow fwe + ox0cefer,

and (A“°f) (t,W,e,z,x) is

1 1
A =fi + pw fw + iffgvfww + pre€ fe + §0§€2fee + owoee fwe
1
+ :U’Xf:c + 50'%(]090:0 + O'XO'Wfo + O'XUeefeoc
1
+ Nsz + §U§(fzz + Ug(fa:z + UXUWsz + O'Xo'eefez'
Hence,

— (A“f) (t, W, e, z,x) + (A f*) (t, W, e, )

1
= - Msz+iagffzz+U§(fxz+O'XUWsz+UXUeefez 5 (A12)

where derivatives of function f on the right hand side of (A.12) should be evaluated as (¢, W, e, x, x).

47



Recalling that in our case we have oy = Wuog and using (A.12) in the extended HJB proves

Proposition 1.
Proof of Proposition 2. The V-equation of the extended HJB system reads

1
Sup{Au’CV +U — /LXfZ + iag(fzz + Ug(fxz + UXJSUWsz + UXO'eefez =0

u,c

where (and in the subsequent discussion) partial derivatives of V' are evaluated at (¢, W, e, x)

and partial derivatives of f are evaluated at (t,W,e,x,z). The first order condition for the

interior optimum are

0

— U.=V

Jdc W

% : 0= VWW(,MS + % —7r)+ Wszwagwu + WViyeeoeos

+ WWVweoxos — W fw.ox0os.

Combining the equilibrium condition, v = 1, with these first order conditions I obtain

e 1% Vi Vi
us + 3 —r=-W ‘V/VWWJE: - V?//Veeaeas - VlWxUXUS‘F J;;VVJUXUS

From arbitrage theory we know that market price of risk A € R is a process such that

€t
St + o — Tt = A0S
St

Hence, I can identify the market price of risk A as

(A.13)

However, (A.13) involves endogenous objects that depend on V' and f. The goal is to obtain

the expression for X in terms of exogenous objects: the utility function U and the exogenously

given processes e and X. For this I use the first order condition for consumption together with

extended equilibrium condition (12)

W

Uelt, S(t,e, )

e,x) = Viy(t,W,e, x).
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We then have

e
Vivw (8, W, e, 2) = Uee(t, S(t,e,x)e’x)s(tﬂw’ﬂ)?
- 1%.%4 S(t,@,fE) - BSe(t, 6733)
VW@(t7W7 67:1;) B UCC(t’ S(tae’x)e’x)w 52(t767 $) ,
. W _Sx(tv €, J,‘) W
wa(t, W7 e, x) = Ucc(ta meg x)W@m + ch(tv W67 .T)

Using the fact that from Ito we have

Se(t,e,x)eg n Sx(t,e,x)a
S(t,e,x)  ©  S(t,ex)

O's(t,e,l') =

together with the fact that in equilibrium in our model W = S(¢, e, z) allows to rewrite the first

two terms in the expression for the market price of risk as follows

VWW P VWe VW$ Ucc(ta €, .le) ch (t, €, J))

74 _ .- .-
VW 5 VW 7 Uc(t,e,a:) @ Uc(t,€,$) X

To represent the last term in the expression for the market price of risk in terms of exogenous

quantities we recall the probabilistic interpretation of function f(t, W, e, x, z)

T
ft,W,e,x,2) = Bt wes {/ U(s,¢€(s, Wf’é,Xs),z)ds] )
t

Using the extended equilibrium condition (12) we can write this as

T w.
_E s
F(t.W.ex.2) EWJMQW&ﬂw%&>

T W
=F - .
tew [/t U(s, Stea) es,z)ds]

€s, z)ds]

Thus we have

€s,2)

T
1
:E e.xr cT )
sz(t,W,e,.’L',Z> te, |:/t' U (8 S(t7€7-7;) S(t,e,a:)

esds] .
Also from the definition of f in Proposition 1 we know that
V(t,W,e,x) = f(t,W,e,x,x).

From this it follows that

T
Wﬁﬂ%w%ﬁwwmaamzﬂwujm@
t
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Using the equilibrium condition for the original equilibrium in our model, W = S(t, e, x), we

can therefore conclude that

fw:(t,W,e,z,z) _ G.(t,e x)
Viv(t,W,e,z,z)  G(t,e,x)’

with
T
G(t,e,z) = Eic [/ Uc(s, es,2)esds| .
t

Putting all the parts of the expression for A together we arrive at the final result stated in
Proposition 2.
Proof of Proposition 3. Consider the ratio

fw(t, W,e,z,z) - S(t, e, x)
Uc(t,é,x) - e

(A.14)
From the definition of f in Proposition 1 we know that

V(t,W,e,x) = f(t,W,e,x, )
and hence we can write the first order condition for consumption as

Uct,é,x) = fw(t,W,e,z,x).

Therefore the ratio in (A.14) is the price-dividend ratio for the claim on aggregate endowment,
S(t,e,x)/e. The aim now it to obtain the expression for this ratio in terms of exogenous

quantities. For this we recall the probabilistic interpretation of function f(¢, W, e, z, 2)

T
f(tv VVa €, T, Z) = Et,W&ﬂ? |:/ U(Sv 6(5, W;7C’ Xs)a Z)d8:| :
t

and use the extended equilibrium condition (12) to re-write the above expression as

T W,
t =5 e,xr ’78
F(t,W,e,z,2) = Eywe, [/t Y 55 e X0)

T W
:Eex v /. 1\ sy d .
e | [ U0 e ]

€s, z)ds]

Thus we have

W
S(t e, )

T
fW(t,VV,G,SU,Z) - Et7e,:c |:/ UC(S, €s, 2 65d8:|
t

1
)S(t, e, x)
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Using this together with the fact that for the original equilibrium in our model W = S(t, e, x)
the price-dividend ration (or equivalently the equilibrium wealth-consumption ratio) in (A.14)

can be written as

T
UC(87 687 x) eS
FEioo ——=d
be, [/t Uct,e,z) e 5

and this proves the result.

Proof of Proposition 4. The equilibrium stock price is given by S; = e;I';. From the fact

that the equilibrium wealth-consumption ratio I'y = I'(¢, e, ) with

T
UC(87 657 x) 65
T'(¢ =Fies ————d
(¢, €, ) b, {/t Uct,e,z) e 5

we see that the equilibrium wealth-consumption ratio I' evolves as a Markov diffusion process
dl'y = Ty [ur ¢dt + o sdwy]

where pr; = pr(t, e, X¢) and or; = or(t, s, X¢) with

_ Al'(t,e,x)

Ce(t, e, x) Ly(t e x)
MF(t7€7x> — I‘(t o) , —e\n e/ —ZEAD

t =
orlt,e, ) [(t e, x) coet [(t e, x)

ox
Moreover, the endowment process is given exogenously as

dey = e [fletdt + 0 rdwy] .
The Ito formula gives

dS; = ey dl'y + I'ydey + deydly

and using the dynamics of e and I' it follows that

dSy = St (s +dt + o5 rdwy]
with

WSt = Met + UTt + OetOTt, OSt = Oet + 0T -

Proof of Proposition 5. From the arbitrage theory we know

Hst + — Tt = A0St

€t
St
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Here we know that ps: = ps(t, e, Xi), 05t = os(t, er, X¢) and A\ = A(t, er, Xy) with

Al(t,e,z) Te(t,e,z) L.(t, e x)
t = t t _ t t
/JfS( 7671') /,Le( ,8,33) + F(t,e,x) F(t,e,l’) Ue( a€7m) + F(t,e,w) JX( 7€7$)J€( ,6,1’),
Te(t,e,x T'.(t,e,x
os(tee,) = oultiens) + o e t,e0) + T o 1,6,),
Uee(t, e, x) Uer(t, e, ) G.(t,e,x,x)
>\ t ) -~ 7y, N t’ b N t’ bl ~/L - N t7 ) *
(te,2) Uc(t,e, x) coelt,e, ) Ud(t,e, x) ox(tex)+ G(t,e,x,x) ox(te )

Moreover e¢/S(t,e,z) = 1/T'(t,e,x) which we have derived in the previous results. Using this
the expression for the risk free rate can be written as (omitting the arguments)

Iy 1 1 I

T T he |-+ |+

1Tee 1T, Us (1 T
Lz 2 2| Llee Lle cc [ L Le
“TT r o {2F+6F+U0<6+F>]
17 Usw G.\T
2 |Llax cx Gz la
+UX[2F+<UC G)F]
| A 1, Ue Ty Uex Gz 1 I.
+0660X[F+6F+UCF+<UC_G e T

where I' is the equilibrium price-dividend ratio and is given by

1

F(t, e, .’I)) = G(t, e, x)m,

where G(t, e, z) is

T
G(ta €, Z) = Et,e,m |:/ UC(87 €s, Z)€sd8 .
t

We will now rewrite the expression for the risk free rate using the definition of I' in terms of
G and later make use of a version of Feynman-Kac representation result for G. Firstly, we can

rewrite the first term as

Ly(t,e, ) n 1 _ Gi(tyex)  Uglt,e,x) | Uelt,e,x)e

C(t,e,z) D(t,e,x) G(t,e,x) Ue(t e, x) G(t,e,x)

Secondly, the term multiplying pee can be written as

1 n Le(t,e,x)  Ge(t,e,x)  Uelt,e,x)

e T(te,x) G(t,e,x)  Uet,e,xz)’
Next, consider the term multiplying px. We have that

Lu(te,x)  Gi(te,x) Ueglt e x)

(t,e, x) G(t,e,x)  Uet,e,x)’
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2

For the term multiplying o2e? we get

1Tce(t,e,x)  1Tc(t,e,x)  Uelt,e,x) (1 Te(t,e,x)
- - Z 4
2 I'(t,e,z) elD(t,e,z) Uslt,e,z) \e T(te )
B lGee(t,e,x) 1 Ucce(t, €, )

T2 G(te,x) 2 Udt,e,x)

As for the term multiplying 0% we have

1G..(te,x)  1Ug(t,e,x)  Gu(tye,x) Gu(t,e,x) Gt e, x) Ue(t, e, x)

2 G(t,e,x) 2 Ut e x) G(t,e,z) G(t,e,x)  G(t,e,x) Uct,e,z)’

Finally, the last term multiplying o.ecx can be rewritten as

Uc(t, e, x) G(t,e, x)

Gex(t,e,x)  Ugex(t,e,x)  Gu(t,e,x) [(Uel(t,e,z)  Ge(t,e, x)
G(t,e,x) Uc(t, e, x) G(t,e,x)

Putting everything together and rewriting we get

Uct,e,z)e  Gi(t, e x) Ge(t,e,x) 1 5 5Gecl(t,e,x)
T Gl " Ghen HMGer) 27 Gl e )
Ut e x) eU ( e,x) 1Ueccl(t e x)ag 9
Udt,e,z) “Ultiex) 2 Udt,e,x)
_ Ual(t e x) 1 Ucm(t e, ) Ucez(t, €, 7)
px Uc(t, e, x) 27 X Uet, e, z) T oeox Uc(t,e, x)
G.(t,e,z) 1 G.:(t e, x) G.(t,e,x) G.(t,e,x)
TSt 2 —9
Trx G(t, e, x) + 20 < (t,e,x) G(t,e,x) G(t e, x)

Gex(tye,x)  Gut,e,x) Ge(t, e, x)
+"6e"X< Glt,er)  Glheq) G(t,e,x))

+G2(t,e,m)0 ch(t,e,:z:)(7 Ucc(t,e,x)a .
Gt e,x) " \ Uclt,e,x) Udlt,e,z) ¢

I now make use of the Feynman-Kac representation result for G(¢, e, z). Namely, we have that
1
Gi(t, e, z) + peeGe(t, e, z)+§ageQGee(t, e,z)+ Ud(t,e, z)e =0.

This allows to conclude that the first row of the r expression above is equal to zero. The next
two rows in the expression are standard components of the risk free rate in the state dependent

unity model. Namely,

Uet(t, e, x) Ue(t, e, x)

e t 1 2 9 UCCC(tu €, I‘)
t T e e ]
rher) = g ) T Tt n) 27 Uite.a)
and
T Ucw(t7 67-%') 1 2 chm<t,€,$) Uccz(t7€7x)
t = xR T 0 ey
it e ) px Ud(t,e, x) 27X7U, (t,e,x) Tecox Ud(t,e, x)
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The remaining part we can write as

1 5 G.i(t,e,x) 9
27X G t,e,x) ox

G.(t,e, x)
G(t,e,x)

— N(t,e,x) (N(t,e,x) + A¥(t,e,x))

ri(t,e,x) = px

This gives the result stated in the proposition.

Proof of Proposition 7. Using Ito formula we know that
dU.(t, e, Xi) = AU(t, 4, Xi)dt + (0eeiUce(t, e, Xi) + oxUer(t, €1, Xt)) dwy,
where using our results from Propositions 2 and 5
AU(t, e, Xi) = — (1 +711) 5, eeiUcc(t, e, Xi) + oxUca(t, €6, Xi) = — (Af + ) -
Consider the following dynamics of M?#
dM7 = —MF [ridt + X} dwy] .

Moreover, let w be a Q—Wiener process with measure Q defined by dQ JdP = I~/t, on F;, with
the likelihood process L given by

dL; = —Li(\¢ 4 AF)duwy.
From Girsanov theorem we know that the P dynamics of M7 is
dMF = —MF [(r] + A (\] + X)) dt + A dwy] .

Looking at the dynamics of the product

Uc(ta €t, Xt)
M, = L2ty
! Uc(07 607X0) !

we obtain

AMy = =My | (55 + 7 + 78 dt + (X + A7 + A7) duy

=Tt At

Proof of Formula (21). From Proposition 7 we know that the dynamics of M? is given
by

dMF = —MF [rfdt + Npdiy)
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where @ is a Q-Wiener process. From Girsanov theorem we know that the P-dynamics of M?

is
dMF = — [r7 + N (N + AD)] M7 dt — N M duw,

and thus

t
Mf = exp {— (/ agds + )\§de> }
0

with
z z zZ(ye T 1 2\2
Qg :TS+AS(AS+)\S>+§()\S> :

Using the definitions of \* and r* from Propositions 2 and 5 we can rewrite a*(¢, e, z) as follows

G.(t,e,x) 1
MXG(tex) 27

o2
X A oo
G.(t,e,x)
UX(Gtea:)
G.(t,e,z) 1 4
( )+ -0y

_nglogG(t e,x) + 1UX682 log G(t, e, x) —}—Ueeoxaa log G(t, e, x)

G..(t,e,x)

o2 0 Gi(te ) 0 G,(t,e,x)
Glt.e,x) 70

o’ (t e, x) 2 G(t,e,x) +U€€UX%W

G.(t,e,x) 0 G.(t,e,x)

0
9z G(t,e,x) +0660X87 G(t,e, )

=AGlog(t,e,z) — Alog G*(t,e).

In the last step I used the infinitesimal operator A defined in (A.3) and the notational convention
that A operates only on the variables within parentheses, while the upper case indices are treated

as constant parameters.

Proof of Proposition 8. The proof is a multidimensional version of the proof for Propo-

sition 1.

Proof of Proposition 9. The proof is a multidimensional version of the proofs for Propo-
sitions 2, 5 and 7.

Proof of Propositions 10-11. Direct application of results obtained in the general model.

Proof of Formula (41). In the case of the power utility

6177(7-)

U(T,C):m.
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We have
Uyr,e) =77 Up(r,¢) = =/ (1) "D lne.

The G function is then

T
G(t7672) = Ete |:/ exp(_ps)ei’y(sz)ds:|
t

We know that the price dividend ratio is
1
Uc(t, e, t)e

1 T !
— _ —y(s—1)
= ()= Ei. [/t exp(—ps)e; ds}

We see that we need to compute

I(t,e) = G(t,e,t)

If e follows a GBM then

s = e exp {(ue - %03)(8 —t) + 0e(Ws — Wt)}

Taking the power 1 — (s — t)

i 0 = T exp {(1 — (s = ) (ke — 5025 = 1)+ (L= 75 — D)W - Wﬂ} |

Finally, taking the time ¢ expectation

B, [el670) = e D e {(1 (s —1) (ue s t)oz) (s - t)} -

Using this in our expression of the price dividend ratio we have
T
[(t,e) = / YO oxp {€(s — t) (s — )} ds,
t
where £(s — t) is given by
1 2
(s —t) = —p+ (1 =(s =) (ke = 57(s — t)oc).

Proof of Proposition 12. Follows from the general theory and Equation (41).
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Proof of Formula (46). In the case with power utility we have U.(s, e, 2) = exp(—ps)egw(z)

T
G(t,e,z) = B {/ exp(—ps)e;V(z)ds} .
t
If e follows a GBM we have
L 5
es = epexpy (e — 506)(5 —t) + oe(Ws — Wy)
and thus

1) = (171 e {(1 e — 2?5 — 1) 4 (1= ()W W»} .

Taking expectations

B [e119] = et 79 exp { (1= (@) e = 30— 1) + (1= (2502 - 1)}
— el exp { (1= 1) - yo NG - |

This gives

12y exp(§(2) (T — 1)) — 1

G(t,e, z) = exp(—pt)e ) ,

where

£() = —p+ (1 = 1(2)) e — 5071(2)

and recalling that the price dividend ratio is given by G(t, e, x)/U.(t, e, z)e we arrive at expres-

sion (46).

Proof of Proposition 13. The expression for volatility follows directly from Proposition 4
and (46). The market price of risk follows from Proposition 2. In order to derive the expression

for the market price of risk we compute G,(t,e,x)/G(t,e,x).

G(t,e,z) = —exp(—pt)e! 71 (2)

e,z) = exp(—pt)e ™73 |In(e 7@, )
G.(t, e, z2) p(—pt)e 7 |In( )g(z) +52(z)

and therefore

G.(t,e,z)/G(t,e,x) = —In(e)y (z) —
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Figure 1: This figure plots the hyperbolic and exponential discounting functions. The
parameter values are p = 0.03, a = 0.015, 5 = 0.05.
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Figure 2: This figure plots the simulated equity yield y(t,7) as a function of maturity.
The parameter values are p, = 0.02, 0. = 0.035, p = 0.053. The risk aversion is assumed
to be decreasing linearly with horizon, from 10 to 1.
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Figure 3: This figure plots the price dividend ratio, the Sharpe ratio and the conditional
moments of returns for the risky asset against the state variable X. The parameter
values are p, = 0.02, 0. = 0.035, A = 0.08, p = 0.053. Under this choice of parameters
E[X] = 0.24, ¢[X] = 0.08. Risk aversion decreases exponentially from 11 to 1 as a
function of x.
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