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Abstract

The paper proposes a model of on- and off-the-job search that combines convex
hiring costs and directed search. Firms permanently differ in productivity levels, their
production function features constant or decreasing returns to scale, and search costs
are convex in search intensity. Wages are determined in a competitive manner, as
firms advertise wage contracts (expected discounted incomes) so as to balance wage
costs and search costs (queue length). An important assumption is that a firm is
able to sort out its coordination problems with their employees in such a way that
the on-the-job search behavior of workers maximizes the match surplus. Our model
has several interesting features. First, it is close in spirit to the competitive model,
with a tractable and unique equilibrium, and is therefore useful for empirical test-
ing. Second, the resulting equilibrium gives rise to an efficient allocation of resources.
Third, the equilibrium is characterized by a job ladder: unemployed workers search for
low-productivity, low-wage firms. Workers in low-wage firms search for firms slightly
higher on the productivity/ ladder, and so forth up to the workers in the second most
productive firms who only apply to the most productive firms. Finally, the model ra-
tionalizes empirical regularities of on-the-job search and labor turnover. First, job-to
job mobility falls with average firm tenure and firm size. Second, wages increase with
firm size, and wage growth is larger in fast-growing firms.



1 Introduction

In the real economy, firm-and industry dynamics play an important role. Firms are born,
expand and contract. Resources are allocated from less productive to more productive firms,
and thereby improve the allocation of resources. There is substantial evidence that realloca-
tion of resources on firms is important for economic growth, and Baily, Hulten and Campbell
(1992) argues the about half of overall productivity growth in the U.S. manufacturing in
the 80ies can be attributed to this. Existing empirical evidence also shows that industry
dynamics is associated with large worker flows, not only in and out of unemployment, but
even more importantly as direct job to job movements (Haltiwanger, 1999; Foster et al.,
2007; Bartelsman et al; 2005). Lentz and Mortensen (2005, 2006) decompose the effect of
firm selection on the growth rate, and then estimate that it accounts for 58 percent of the
growth rate

Several recent papers analyze models of industry dynamics (Hopenayn, 1992; Hopenayn
and Rogerson, 1993, Melitz 2003, Klette and Kortum 2004). However, these papers typically
do not take into account that the factor markets, and in particular the labor market, may
contain frictions. (An exception here is Lents and Mortensen (2007), who do include a
frictional labour market in a Klette-Kortum model of innovation-driven industry dynamics).

This paper studies the joint determination of worker flows and firm dynamics with on the
job search. The model contains three key elements. First, it applies the competitive search
equilibrium concept, initially proposed by Moen (1997). Thus, firms post wages and post
a number of vacancies so as to minimize search -and waiting costs. Furthermore, the labor
market is endogenously separated into submarkets so that in each submarket, all agents at
the same side of the market are identical.

Second, we assume that firms have access to a search technology with convex hiring
costs (Bertola and Cabalero, 1992; Bertola and Garibaldi, 2001). In the traditional search
model (Mortensen and Pissarides, 1994) adjustment costs are linear. Together with constant
returns to scale in production, this implies that the size of the firms typically is undefined.
Our assumption of convex hiring costs allows firms with different productivity and with
constant-returns to scale technology to coexist in the market.

Third, we follow Moen and Rosen (2004) and allow for efficient contracting. The contracts
are thus designed so as to resolve any agency problems between employers and employees so
that their joint income is maximized. In particular, this implies that the workers’ on-the-job
search behavior maximizes the joint surplus of the worker and the firm. This assumption
simplifies the model enormously. Without this assumption, a worker’s current wage will in-
fluence his search behavior. As shown by Shimer (2006), this opens up for multiple equilibria
and generally makes on-the-job search models intractable.

From a theoretical prospective, our model is interesting because it includes, in a simple
way, the effects of search frictions for industry dynamics. Furthermore, as wages are set in
a competitive fashion, and contracts are efficient, the model is very close in spirit to general
equilibrium models. The model gives rise to a (constrained) efficient allocation of resources,
and hence is well suited as a benchmark for welfare analysis.

The equilibrium of the model is characterized by a sluggish employment growth toward



a steady-state employment level. Low productivity firms pay low wages, face high turnover
rates, and grow slowly towards a steady state with low employment. More efficient firms pay
higher wages, post more vacancies, and grow more quickly to a steady state with a higher
employment level. The equilibrium features a job ladder: unemployed workers dispropor-
tionately search for firms with the lowest productivity. Workers employed in these firms, in
turn, search only for firms with higher productivity. Hence our model easily explain a set of
stylized facts about industry dynamics and worker flows: 1) productivity differences between
firms are large and persistent, 2) workers move from low-wage to high-wage occupations, 3)
more productive firms are larger and pay higher wages than less productive firms, 4) job-to-
job mobility falls with average firm size and worker tenure, 5) wages increase with firm size,
and 6) wages are higher in fast-growing firms (Oi 1999, Belzil 2000, Lentz and Mortensen
2007)

Pissarides (1994) was the first paper that studied on-the-job search in a Diamond-
Mortensen-Pissarides type of matching model. A more recent model of on-the-job search
can be found in Kiyotaki and Lagos (2006), who study optimal assignment of workers to
jobs in a model where matches differ in quality, but without entry of firms. Delacroix and
Shi (2006) analyzes on-the-job search in an urn-ball type of model of the labor market, and
also obtain a job ladder in a similar way as we do. However, in their model all agents on
both side of the market are homogenous, and firms at most hire one worker, hence their
model is ill suited to analyze industry dynamics.

The paper proceeds as flows. Section 2 described the structure of the model while sections
3 and 4 derive the main formulation of the model for different type of firms. Section 5
introduces the general equilibrium and spells out some key results. Section 6 presents the
baseline simulation.

2 Structure of the model

The structure of our model is as follows

e Labor is the only factor of production. The labor market is populated by a measure
1 of identical workers. Individuals are neutral, infinitely lived, and discount the future
at rate r. Unemployed workers have access to an income flow z, which may denote un-
employment benefits, the value of leisure, or the income when self-employed. Workers
search for jobs on and off the jobs at no cost (search intensity is given).

e The technology requires an entry cost equal to K. Conditional upon entry, the firm
learns its productivity, which may be either low, ¥y, or high, y5, y1 < 1o, with proba-
bilities o and 1 — «, respectively.

e Firms post vacancies and wages to maximize expected profits. Vacancy costs are convex
. . 2 .
in the number of vacancies posted, so that c(v;) = 5-, where ¢ is a constant

e Firms die at rate 0 and workers exogenously leave the firm at rate s



e Search is directed. Firms face a relationship between the wage they set and the arrival
rate of workers, which is derived from the indifference constraint of workers. Firms set
wages so as to maximize profits given this relationship.

e Wage contracts are complete, and resolve any agency problems between employers and
employees. In particular, the wage contract ensures efficient on-the-job search.

As we will see, in our model at most three submarkets operate in equilibrium. In submar-
ket 1, low productivity firms are hiring from the unemployment pool. In Submarket 2, high
productivity firms are hiring from workers employed in low productivity firms. Finally, there
may be a submarket 3 in which high-productivity firms hire directly from the unemployment
pool. In any submarket i the aggregate number of vacancies is equal to V; = f;v;, where f;
is the measure of firms operating in that submarket and v; is the number of vacancies per
firm. If we assume a Cobb Douglas matching function with constant returns to scale and
weight [ on the workers, the transition rate for workers and for firms is

p = 07"
G = 0; g
where 6; is the ration of vacancies to searching workers in submarket ¢. Inverting the first of

the previous condition one gets that 6, = piﬁ so that the transition rate for vacancies can
be expressed as

_B_
g =pi ° (1)

3 Submarket 1: Low-type firms and unemployed work-
ers

In this section we analyze optimal search behavior of unemployed workers and low-productivity
firms.

3.1 Search behavior of unemployed workers

Low-productivity firms only search for unemployed workers. We therefore start by analyzing
the search behavior of unemployed workers. The asset valuation of an unemployed worker
can be written as

rUi =z +p1(W1 — Uh)

where U; and W are the continuation values of being unemployed and employed in submarket
1, respectively. In what follows, we define the expected rent from a job to the worker as the
net gain obtain to the worker from a move from unemployment to a type 1 job, or similarly
as the share of the joint surplus allocated to the worker, and its expression is

Rlel—Ul

4



Competitive search equilibrium requires that

TUl = Z+pR1
= Ccons

This equation is key in competitive search equilibrium, as it defines p as a function of R,
p = p(R) (for a given U). It follows that

rU; — z = p<R1)R1

Taking elasticities with respect to Ry gives

0 = 6p73+1
Epr = —1 (2)

_
where €, r = 77~

p R
Ry p

3.2 Match surplus

The joint surplus of a firm and one of its workers is defined (in PDV terms) as the continuation
value to the firm net of the workers and firms outside option. As the firm is free to open
vacancies, the value of an abandoned job is zero, hence

S, = Wi+ -0, (3)
= Ri+J (4)

Where J; are the continuation values to the job of the the firm. As the wage acts as a pure
transfer inside the firm worker pair, the value of the surplus is independent of the actual value
of the wage. The net gain if the worker finds a job is given by Wy — W7 — J; = Wy — 57 — Uy,
hence

rSlzyl—rUl +p2{W2—Ul—Sl]—(5+S)Sl (5)

where ps is the probability that the worker finds a job in high productivity jobs.
As an example of how to go from equation 3 to equation 5, assume a constant wage w,
and write down the asset value equations

rW, = w1+p2[W2—W1]+(5+8)[U1—W1]—7”U1
71]1 = yl—wl—(p2+(5+s)J1

which together gives (3).

When workers do on-the-job search, they choose between searching in submarkets with
different combinations of wages W5 and job finding rates. This may potentially give rise to
excessive on-the-job search if the workers do not take into account that quitting may lead
to a negative externality towards the firm as it looses J;. In the present model this is not
an issue. We assume that the wage contracts are complete, and hence that the workers’



on-the-job search behavior maximizes the joint match surplus S;. The are various wage
contracts that implement this behavior. For example, the worker pays the firm S; — R; up
front and then gets a wage equal to y;. Alternatively, the worker gets a constant wage and
pays a quit fee equal to the continuation value of the firm J; if a new job is accepted (see
Moen and Rosen (2004) for more examples). Importantly, the wages paid to the worker in
the current job do not influence her on-the-job search behavior.!

Finally, let R, denote the net gain for the worker-firm pair obtained when the workers
climbs to firm 2. In that case, the worker gains W, — W, while the firm looses .J;. Thus

Ry = Wo—J1 — W, (6)
== W2 - U1 - Sl
(by 3). It follows that we can write S; as

_ - rUy + po Ry
r+s+40

S, (7)

3.3 The Firm’s Maximization Problem

The key firm decision concerns the number of vacancies to be opened and the rent to be paid
to each worker. Let ¢(R;) denote the relationship between the rents offered to the workers
and the arrival rate of workers. The firms then solve

2

v
Male,vl = —?1 -+ ’Ulq(Rl)[Sl — Rl] (8)
ot S, = Y1 — rUs + po[Wo — Uy — S

r+0+s

and employment dynamics, contingent on the firm’s continued existence is
Nl = 'UlCJ(Rl) — (3 + p2 + (S)Nl

As we have already pointed out, the worker’s on-the-job search is set so as to maximize Sy,
independently of R. The first order conditions for the firms’ maximization problem can thus
be written as

U1

— = (51— Ri)q(Ry)

C
—v1q(Ry) + [S1 — RiJvig'(Ry) = 0

The latter condition easily becomes

Ry = 5q,R[Sl - Rl]

Tt follows from this that a worker in a low-type firm will never search for a job in another low-type firm,
as these cannot offer a wage that exceeds the productivity in the current firm.



where e, r, = %%. The previous expression can be solved for a value of R; as
3 381
Ry = —+"—— 9
Now
& - _ Ry
Ry = —mp(fﬁ) s lp/(R1>7
6 -1/
= ——p(R R)R
1_5]7( 1) P (B R
_ B
= —mgp’}zl
Since competitive search implies equation 2, we get
g
= — 10
8‘17R1 1 _ /8 ( )
Since competitive search implies equation (2), we get
g
€q7R1 = m (1].)
Inserted into (9) this gives
Ry =518
To repeat, the first order conditions to the firm’s maximization problem writes
R = S8 (12)
v
— = (1-9)54(Bs) (13)
y1 —rUr + pa Ry
S 14
' r+0+s (14)

At the firm level the system solves for vy, Ry and S; while p and R, are taken as given. The
value of a firm that enters the market with zero workers and post v; vacancies reads

IT1,(0,v1) = gain from search-costs of vacancies
1 v?
= — 1—48)— 2L
15 {q(ﬁsl)vlsl( p) 20}

The first term refers to the gain from search. In words, a firm that posts v; vacancies filled
them with probability ¢ and enjoys a fraction (1 — (3) of the full surplus. The second term
refers to the quadratic cost of vacancies. Using the expression for the vacancies obtained in
(13), the value of the profits is

Hl((), Sl) = r—j—(s {[Sl(l _ 5)Q(6S1)]2C . [Sl(l - B;Z(ﬁsl)] C }
1 [S1(1 = B)g(BSh)Pe
40 2



so that a firm that is hiring N workers has

I,(N,S)) = NS'4+11,(0,v;)
N, = v1g(Ry) — (s +p) Ny

4 Submarkets with High Productivity Firms

A high-productivity firm may choose to direct its search towards unemployed workers or
workers employed in low-type jobs. We will discuss the two cases in turn

4.1 Employed worker search

In this subsection we derive the optimal wage policy when the high-type firms search for
workers employed in low-type firms. We proceed in the same way as in the previous section.
Due to efficient contracting, we know that workers in a low-type job will behave so as to
maximize S;. It follows that for all firms that attract workers, we have that will maximize
the value of the match. So that

(r+d6+s)S1 = wy—rUs+ pRs
= const

which defines py = pa(Rs). Solving for ps R(p2) and taking elasticities of both sides give
Epa, Ry = -1
Let J; denote the asset value of a filled job, and define S as the

52 = J2+R2
Jo+Wo —=Wh — J;

where we have used (6). Note that
(r+6+s)(Jo+Wa)=y2+ (6 +5)Us

It follows that
U

b

1

Firms decide the number of vacancies to opened and the rents to attatch to them. In
other words, the firms’ problem is

D
v
Mazpg, ., = —?2 + v2¢2(R2)[S2 — R|

(note that S; is exogenous to the firm). The first order condition with respect to v is

v
?2 = (52 — R2)qo



The condition with respect to R is
—vq(Rs) + [S2 — RoJugy(R2) = 0
this gives a value of R as

EQ27R252
Ry, = —wfu2
1+ECI2732

= (5

analogous to the expression for R; in (12). To summarize, the first order conditions are given
by

Ry = 5,
2 = (1-8)Sn(3Sy)
U
S = r+0+s o1
The value of a type 2 firm is
1 Ss(1 — So)|2c?
(0,5 = —5 {1501 - By - B0

_ 1 [S(1—B)a(BS))*e
or44 2

4.2 Unemployed-worker search

Finally we will specify the behavior of high-type firms searching for unemployed workers.
Let U, denote the continuation value of unemployed workers searching for a high-type job,
W, the continuation value of an employed worker, and define the rent of finding a job as
Ry = W5 — UsThe indifferent constraint of unemployed workers read

7’02 = Z+ﬁ2.R2
= const

which defines a unique relationship between R» and p,, which we write ﬁg(ﬁg) (Note that

when U; = Us,, which is always the case in equilibrium, this relationship is equal to p;(R;)
defined above). Write

TUQ —Z = ﬁQ(RQ)RQ
Taking the elasticity with respect to Ry gives

Epir = 1

9



Define 5'2 as

Sy = Jo+ Ry
Jo+ Wy —Jp — W,

Now

(r+6+8)(Jo+Wa)=ys+ (6 + )Ty
which gives .
& Yy2—rlUs
Sy = ——+-
2T+
Again, the key firm decisions concern the number of vacancies to be opened and the rent to
be paid to each worker. In other words the firm problem is
v3 2 [
Ma*rRz,w = _? + U2Q<R )[52 - RZ]

By proceeding in exactly the same way as above we get that the first order conditions are
given by
The three first order condition are

Ry = BS,

v

— = (1-0)5q(8%)
s p—rl

2 = r+0+s

The value of a type 2 firm searching for unemployed workers is

L0.5) = — {[52@ ~ (B8 - 20 /3;3(&52)]%2}
L[S0 - Ba(BSe)e
r+9 2

5 General Equilibrium

In order to close the model, a set of equilibrium conditions has to be satisfied. The first
regards high-productivity firms and unemployed workers. First, productive firms choose
optimally what type of workers to search for. In any equilibrium, at least some high-type
firms search for employed workers (if not, ¢, would be infinite for any Ry > 0, ensuring an
efficient firm infinite profit). Let 7 denote the fraction of the firms that search for employed
workers. We require that

I, > I, for all 7
II, = ﬂ21f7-<1

10



Second, unemployed workers must be indifferent as to which type of firms they apply to,
hence

Up=U,=U"

Finally, free entry of firms will ensure that the number of firms f adjusts so that there are
zero profit ex ante, which means that

&Hl + (1 —Oé)HQ =K

Definition 1 The general equilibrium is given by a vector of value function and job finding
rates {U*, p}, p5, ps} and a vector of market quantities {uy, U, us, n1,n2, 7, f,g} satisfying

e optimal vacancy and rent posting by firm 1 and 2 in different submarkets
e optimal search for the unemployed and the employed workers
e free entry of firms

e indifference across operating submarkets of firms and workers

When deriving the equilibrium of the model, two different scenarios will be consider, with
and without an active third market. Suppose first that the third market is operative. The
determination of {U*, p}, p}, p5} is given by this system

ol + (1 —a)lly = k Free Entry of firm
I, = 1:[2 Firm Indifference across submarkets
rUy = 1l Unemployed indifference across submarkets

rU” Value of Unemployment

Or, written out,

(11— Bp =P (521 = Bpy =P
a2 L +(1—a)22 2 =K
2 2
- __B_ __B_
[S2(1 = B)p, 712 _ [So(1 = B)py, 7P
2 . 2
P2S2 = P15t
rU =z + p1.651
where
g - N7 rUy + p2SSa
| =
r+d+s
Y= rUy _
52 = r+0-4+s 51
g Y- rUs
% = r+0+s

11



This system can the be solved for {ps, p2,p1,U}. In order to characterize the equilibrium,
we utilize that all firms searching in the same submarket offers the same wage. Hence

P o= (1 - Oé)fvlrﬂ

51

. [Tafv 1-6
Py =
L T

Py =

[(1—7)afiz]'™”
[ ]

Let ny, no and ny denote the measure of workers working in low-type firms, in high-type
firms hiring workers from low type firms, and high-type firms hiring unemployed workers,
respectively. Furthermore, let u; and 4, denote the measure of unemployed workers searching
for low-type and high-type jobs, respectively. Steady state in each submarket requires that
inflows equal outflows, or

prur = (6+s+pa)m
p2ny = ((S + S)nz
]52&2 = (5 + S)ﬂg
1 = U1+ﬁ2—|—n1—|—n2+ﬁ2

Proposition 2 The equilibrium satisfies the following property: Wo > Wg > Wi.

Proof: In all submarket, the wage is set so that the indifference curve of the workers and
the iso profit constraint of the firms are tangent. It is easy to show that the at any given point
in W, 06— space, the indifference curve of employed workers is steeper than the indifference
curve of unemployed workers, reflecting that unemployed workers are more eager to find
jobs. Furthermore, as a type two-firm in equilibrium is indifferent as to which submarket
to enter, it follows that (Ws,02) and (W5, 0,) are at the same iASE)—proﬁt curve. From a
revealed-preference type of argument it follows easily that Wy > W,. Furthermore, the iso
profit-curve of a high-type firm at any given point in the W, 6- space is flatter than that of
the low-type firm, reflecting that high-type firms are more eager to speeding up the hiring
process than are low-productivity firms. Since unemployed workers are indifferent as to what
firm to apply to, a simple-revealed preferences type of argument delivers that Wy > Wj.

Corollary 3 Unemployed workers have no incentives to join the submarket for employed
workers.

Proof: Suppose the unemployed workers obtained U’ > U* by searching in the employed-
search submarket. Since the indifference curve of the low-type worker is flatter in the (W, 9)
space than that of the high-type workers, it follows from a revaled-preference type of argu-
ment that a type-2 firm could increase its profits by offering a lower wage, and hence obtain
a higher profit than when offering W5, a contradiction.

We can also show the following result

12



Proposition 4 There exists a value o* such that for any o > o, 7 > 1, while for all
a€ (0,0"),0<T1<1,

Sketch of proof: For any number ¢ > 0. Consider a firm that sets w = y; + . As
«a — 1, the arrival rate of workers to this firms goes to infinity, independently of which wage
w € (y1,y2) the other high-type firms choose. Thus profits go to infinity. If a high-type firm
searches for unemployed workers, the arrival rate of workers to the firm will be bounded,
and hence also profit. The claim thus follows. By a similar argument, it also follows that at
least some high-type firms searches for employed workers as long as o > 0.

6 Baseline Simulation

Table 1 reports the baseline simulation of the model. The parameters are consistent with
most calibration in the existing literature. The pure interest rate r is 0.03, the turnover
rate s is 0.02 while the firm bankruptcy rate is 0.01. The productivity level in low type
firm is set to a baseline reference value of y; = 1, while the premium for the high type is
10 percent, so that yo = 1.1. The probability « of being a high type firm is 0.1. The flow
value of unemployment z is 0.6, not far from the replacement rate observed in real life labour
markets. The matching function is Cobb Douglas with an elasticity 5 equal to 0.5. The
parameter of the search cost is 0.07, while the entry cost k is 3.2.

The equilibrium allocation is described in the central part of Table 1. The job finding
rate for unemployed workers p; is the largest among the various job finding rates, but the
bulk of workers in the labor market is employed in type 2 firms. Indeed, type 2 firms absorb
50 percent of total employment. As a result, the submarket 2, albeit significant, represents
a fringe of the entire economy.

The labor market features unemployment flows and job to job flows that are comparable
in absolute magnitude, and the job ladder mechanism is clearly present in the simulated
economy. Workers start out in low productivity firms and eventually graduate to high type
jobs through on the job search. Eventually, firm and match specific shocks at rate 6 and s
induce another round of job ladder.

The bottom part of the Table 1 features also an important relationship between firm size
and firm wages, where the latter are measured in terms of PDV wages. Clearly, high type
firms are larger in size and pay higher wage.

13



Table 1: Baseline Simulation

8 APPENDIX:

The value of the profits are

Parameter Notation | Value
Pure Discount Rate r 0.02
Separation Rate s 0.03
Firm Bankruptcy Rate é 0.01
Bargaining Share B 0.50
entry cost k 3.10
good firm proportion o 0.10
high type productivity Y1 1.00
low type productivity Y2 1.15
unemployed income z 0.60
search cost parameter c 0.06
matching function parameter A 3.00
matching function elasticity B 0.50
FEquilibrium Values
surplus match low type unemployed 1 S1 1.87
surplus match high type employed 2 Sa 1.45
surplus match high type unemployed Sy 3.33
unemployment value U 0.97
unempl. job finding rate in low type pl 0.39
on the job finding rate p2 0.10
unempl. job finding rate directly to high type P2 0.22
Equilibrium Quantities
Unemployment submarket 1 U1 0.06
Employment in Low productivity type n1 0.19
Employment in High productivity type no 0.51
Unemployment submarket 2 Us 0.03
Total workers in submarket 2 g 0.24
Number of Firms f 0.07
Proportion of high type firms in submarket 2 T 0.52
Worker Flows
Unemployment Flows uy * p1 0.02
Job to Job Flows n1 * p2 0.02
Firm Size and PDV Wages
Low type Firm Size N1 0.21
High type Firm Size in submarket 2 Ny 4.33
High type Firm Size No 9.90
Wages in Low type Firm Wi 1.90
Wages in High type Firm in submarket 2 Wo 2.63
Wages in High type Firm in submarket 2 Wa 3.57
Source: Authors’ calculation

8.1 Notes on specifying the firm problem

,02

s.t.

n= [y [ wa-

N(0) = N,
N = vg() = (s+p)N(®)

14
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Table 2: Changes in High Type Productivity

EquilibriumV alues Y2 1.100 | 1.113 | 1.125 | 1.138 | 1.150
Surplus low type unemployed 1 S1 2.042 | 1.995 | 1.951 | 1.911 | 1.873
Surplus high type employed Sa 1.094 | 1.189 | 1.281 | 1.369 | 1.453
Surplus high type unemployed Sa 3.135 | 3.184 | 3.232 | 3.279 | 3.326
Unemployment Value U 0.928 | 0.937 | 0.947 | 0.957 | 0.967
Job finding rate in low type p1 0.321 | 0.338 | 0.356 | 0.374 [ 0.392
Job finding rate on the job P2 0.073 | 0.079 | 0.085 | 0.091 | 0.096
Job finding rate diretly to high type D2 0.209 | 0.212 | 0.215 | 0.218 | 0.221
EquilibriumQuantities Notation

Size of submarket 2 g 0.242 | 0.241 | 0.241 | 0.242 | 0.243
Number of firms f 0.060 | 0.063 | 0.067 | 0.070 | 0.074
Proportion of high type firms in submarket 2 T 0.438 | 0.463 | 0.484 | 0.501 | 0.515
Unemployment submarket 1 ul 0.075 | 0.071 | 0.068 | 0.065 [ 0.062
Employment in Low productivity type n1 0.222 | 0.211 | 0.201 | 0.193 | 0.185
Employment in High productivity type no 0.462 | 0.477 | 0.490 | 0.501 | 0.510
Unemployment in submarkets U2 0.035 | 0.034 | 0.034 | 0.033 | 0.033
Worker FlowsandFirmSize Notation

Unemployment flows uy * P1 0.024 | 0.024 | 0.024 | 0.024 | 0.024
Job to Job Flows ni * pg 0.016 | 0.017 | 0.017 | 0.018 | 0.018
WagesandFirmSize Notation

Low type firm size Ny 0.328 | 0.289 | 0.257 | 0.229 [ 0.206
High type firm size in submarket ilde2 Ny 3.664 | 3.838 | 4.005 | 4.168 | 4.325
High type firm size N2 7.974 | 8.458 | 8.940 | 9.421 [ 9.899
Wages in Low type firm Wi 1.948 | 1.935 | 1.923 | 1.912 | 1.903
Wages in High type firm in submarket 2 Wa 2.495 | 2.529 | 2.563 | 2.597 | 2.630
Wages in High type firm in submarket 2 Wa 3.516 | 3.527 | 3.539 | 3.552 | 3.567
Source: Authors’ calculation

8.2 Low Productivity Firm

Let’s think of a model initially with two productivity v, is the lowest end and s is the upper
end. The expected profits to the firms are

0o 2
/ et L g — % — Ruq(R) + p[Wi — U]N ¢ dt

2

v
m = (= rU)N, — 5 = Rog(R) +p[W} — UIN
s.t. N = wg(R) — Ns—pN

where
R=W!-U
Define
y=y—rU
We can write a Hamiltonian associated to the problem
2
v
H = = 5= = Rog(R) + p[WY = UIN + Avq(R) = N(s + p)]

The controls are R and v and the state is N. The first order condition with respect to to v
is

%ZQ—RM
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this conditions says that the marginal cost of a vacancy is equal to the expected value to the
firm.
The condition with respect to R is

—vq(R) + [A — RJv¢'(R) =0
which becomes
R = 5q,RP\ — R]

this gives a value of R as
€q, R)\

B 1+ €q,R
The first order condition for the workers (assuming steady state and thus A= 0) is
oi
ON
(r+0)X = §+pW?=Ul—(s+pN

(r+6+s)A = G+pW?=U—-N)
(r+8+s+pA = §+pR?
where
RE=W?-U -\

so the three foc are

= (A—R)g
€¢,RA
1+ €q,R
(r+6+s)A = §+pR?

Noolc
|

At the firm level the system solves for v R and \ while p and R? are taken as given.

8.3 High-productivity firm
It is very similar but it does not have the value of on the job search
02
Ty = (yg —rU — (T + s+ 5))\1)N — 2—0 — Rg’l}q(Rg)
s.t. N = wvg(Ry) — Ns
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where as above
Ry =Wy —U — \;
Define
g=y—rU—(r+s+0)\

So the Hamiltonian reads

2
_ v
H=gN — % Rovq(Rs) + AaJvg(R) — N

The first order condition with respect to v
v
== (A — Ra)q
c
The condition with respect to Ry is

—vq(Rs) + [A2 — RoJvd'(R2) =0

this gives a value of R as
R2 _ €q,Ry )\2
1+ €q,Ry
where one should note that ¢ is a different function than the one of the low productivity firm
The first order condition for the workers (assuming steady state and thus Ay = 0) is

o
ON
<T+6))\2 = gg—SN

=3
+ +
S S
+ +
VRNV
S—
> >
NN
Sy &<
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