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What is they key problem with Matching

Individuals may be selected into treatment on the basis of unobserved
characteristics.

To see this consider the simple choice problem based on the Roy
model

Y 0i = α0Xi + u01
Y 1i = β0Xi + u11

Ti = 1(Y 1i � Y 0i > 0) = 1(u1i � u0i > (α� β)0Xi )

Here the selection into treatment is based on the gain and there is a
trade-¤ between observed and unobserved characteristics in this
determination

Individuals with high values of u0 will tend not to be allocated to
treatment, everything else being equal.

Matching will not lead to consistent estimates.

We now investigate alternatives
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Drop the Xs for simplicity and use the regression representation:

Yi = α+ βTi + [ui + (βi � β)Ti ]

De�ne an instrument Zi such that E (ZiTi ) 6= 0 and
E (Ziui ) = E (Zi (βi � β)) = 0

The IV estimator is de�ned as βIV = cov(Y ,Z )/cov(T ,Z )
For a discrete Z this becomes
βIV = [E (Y jZ = 1)� E (Y jZ = 0)] / [E (T jZ = 1)� E (T jZ = 0)]
What does this give?
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What does the IV estimator identify?

We can write

βIV = β+
E (Zivi jTi = 1)Pr(Ti = 1jZi )

cov(T ,Z )

Thus for IV to be consistent for the average treatment e¤ect we need the
covariance between the return to treatment and the instrument to be zero
among the treated. This will genrally not be true.
Under an additional assumption Imbens and Angrist o¤er an alternative
interpretation to Instrumental Variables: this is known as the Local
Average Treatment E¤ect (LATE)
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Local Average Treatment E¤ect (LATE: Imbens and
Angrist, Econometrica 1994)

De�ne the treatment allocation as a function of an instrument Z :
Ti (Z )

The key additional assumption is that of monotonicity: Take two
values of the instrument Z = a and Z = b such that a > b (or just
think of the instrument as discrete). Then for each and every
individual T (Z = a) � T (Z = b) (or for all i
Ti (Z = a) � Ti (Z = b)).
The exclusion and rank conditions are de�ned as follows: For any
value of the instrument Z = a

�
Y 1i ,Y

0
i ,T (Z = a)

	
is independent

of Z .Rank condition: The probability of being allocated to treatement
P(T = 1jZ = a) = E (T jZ = a) is a nontrivial function of a.
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Local Average Treatment E¤ect

Using this notation and assuming the intrument Z is discrete we can
now rewrite what IV identi�es.

Take �rst the di¤erence in mean outcomes for the two values of the
instrument, which we take to be 1, 0 :

E (Y jZ = 1)� E (Y jZ = 0) =

E
�
T (1)Y 1 + (1� T (1))Y 0jZ = 1

�
�E

�
T (0)Y 1 + (1� T (0))Y 0jZ = 0

�
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Local Average Treatment E¤ect

Because of the independence assumption the conditioning on Z = 1
or 0 can be ignored. So we can rewrite the above as

E (Y jZ = 1)� E (Y jZ = 0) =

E
�
(T (1)� T (0))(Y 1 � Y 0)

�
=

E
�
Y 1 � Y 0jT (1)� T (0) = 1

�
Pr [T (1)� T (0) = 1]

�E
�
Y 1 � Y 0jT (1)� T (0) = �1

�
Pr [T (1)� T (0) = �1]

Thus instrumental variables is a weighted di¤erence of the e¤ect for
those who move into treatment as a result of Z and those �moving
out�.

This is meaningless as a parameter

With Homogeneous treatment e¤ects this does indeed become equal
to the average treatment e¤ect (=constant treatment e¤ect)
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Local Average Treatment E¤ect

The monotonicity assumption however makes IV interpretable.

In this case Pr [T (1)� T (0) = �1] = 0
Now consider what happens to the probabilityPr [T (1)� T (0) = 1]
which under monotonicity is the probability of the event T (1) = 1
and T (0) = 0

T(0)
T(1) 1,0: Pr(T(1)=1)-Pr(T(0)=1) 1,1: Pr(T(0)=1) Pr(T(1)=1)

0,0 0,1: probability=0 Pr(T(1)=0)

Hence IV which is

[E (Y jZ = 1)� E (Y jZ = 0)] / [Pr(T (1) = 1)� Pr(T (0) = 1)]

is now equal to the average e¤ect of the treatment for those induced
into training by the instrument Z .

CM () IV and Di¤erence in Di¤erences 2008-09 8 / 25



Local Average Treatment E¤ect

The monotonicity assumption however makes IV interpretable.

In this case Pr [T (1)� T (0) = �1] = 0

Now consider what happens to the probabilityPr [T (1)� T (0) = 1]
which under monotonicity is the probability of the event T (1) = 1
and T (0) = 0

T(0)
T(1) 1,0: Pr(T(1)=1)-Pr(T(0)=1) 1,1: Pr(T(0)=1) Pr(T(1)=1)

0,0 0,1: probability=0 Pr(T(1)=0)

Hence IV which is

[E (Y jZ = 1)� E (Y jZ = 0)] / [Pr(T (1) = 1)� Pr(T (0) = 1)]

is now equal to the average e¤ect of the treatment for those induced
into training by the instrument Z .

CM () IV and Di¤erence in Di¤erences 2008-09 8 / 25



Local Average Treatment E¤ect

The monotonicity assumption however makes IV interpretable.

In this case Pr [T (1)� T (0) = �1] = 0
Now consider what happens to the probabilityPr [T (1)� T (0) = 1]
which under monotonicity is the probability of the event T (1) = 1
and T (0) = 0

T(0)
T(1) 1,0: Pr(T(1)=1)-Pr(T(0)=1) 1,1: Pr(T(0)=1) Pr(T(1)=1)

0,0 0,1: probability=0 Pr(T(1)=0)

Hence IV which is

[E (Y jZ = 1)� E (Y jZ = 0)] / [Pr(T (1) = 1)� Pr(T (0) = 1)]

is now equal to the average e¤ect of the treatment for those induced
into training by the instrument Z .

CM () IV and Di¤erence in Di¤erences 2008-09 8 / 25



Local Average Treatment E¤ect

The monotonicity assumption however makes IV interpretable.

In this case Pr [T (1)� T (0) = �1] = 0
Now consider what happens to the probabilityPr [T (1)� T (0) = 1]
which under monotonicity is the probability of the event T (1) = 1
and T (0) = 0

T(0)
T(1) 1,0: Pr(T(1)=1)-Pr(T(0)=1) 1,1: Pr(T(0)=1) Pr(T(1)=1)

0,0 0,1: probability=0 Pr(T(1)=0)

Hence IV which is

[E (Y jZ = 1)� E (Y jZ = 0)] / [Pr(T (1) = 1)� Pr(T (0) = 1)]

is now equal to the average e¤ect of the treatment for those induced
into training by the instrument Z .

CM () IV and Di¤erence in Di¤erences 2008-09 8 / 25



Local Average Treatment E¤ect

So how is this result useful?

1 It shows why IV can be meaningless when e¤ects are heterogeneous
2 It shows that if the monotonicity assumption can be justi�ed IV
estimates the e¤ect for a particular subset of the population.

3 In general the estimates are speci�c to that instrument and are not
generalisable to other contexts.

4 As an example consider two alternative policies that can increase
participation in Higher education

1 Free tuition is randomly allocated to young people to attend College
(Z1 = 1 means that the subsidy is available).

2 The possibility of a competitive scholarship is available for free tuition
(Z1 = 1 means that the individual is allowed to compete for the
scholarship)
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Local Average Treatment E¤ect

Suppose the aim is to use these two policies to estimate the returns
to College education. In this case the pair

�
Y 1,Y 0

	
are log earnings,

the treatment is going to College and the instrument is one of the
two randomly allocated programmes

First we need to assume that no one who intended to go to College
will be discouraged from doing so as a result of the policy
(monotonicity)

This could fail as a result of a General Equilibrium response of the
policy; for example if it is perceived that the returns to College
decline as a result of the increased supply, those with better outside
opportunities may drop out.
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Now compare the two instruments.

The subsidy is likely to draw poorer liquidity constrained students into
College but not necessarily those with the highest returns.

The scholarship is likely to draw in the best students, who may also
have higher returns.

It is not a priori possible to believe that the two policies will identify
the same parameter, or that one experiment will allow us to learn
about the returns for a broader/di¤erent group of individuals
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Finally, we need to understand what monotonicity means in terms of
restrictions on economic theory

To quote from Vytlacil (2002) Econometrica:
�The LATE assumptions are not weaker than the assumptions of a
latent index model, but instead impose the same restrictions on the
counterfactual data as the classical selection model if one does not
impose parametric functional form or distributional assumptions on
the latter.�

This is important because it shows that the LATE assumptions are
equivalent to whatever economic modelling assumptions are required
to justify the standard Heckman selection model and has no claim to
greater generality.

On the other hand there are no magical solutions to identifying e¤ects
when endogeneity/selection is present; this problem is exacerbated
when the e¤ects are heterogeneous and individuals select into
treatment on the basis of the returns
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Further approaches to evaluation of programme e¤ects
Di¤erence in Di¤erences

Sometimes we may feel we can impose more structure on the problem

Suppose in particular that we can write the outcome equation as

Yit = αi + dt + βiTit + uit

In the above we have now introduced a time dimension t = f1, 2g.
Now suppose that Ti1 = 0 for all i and Ti2 = 1 for a well de�ned
group of individuals in our population. Denote the groups by G .

This framework allows us to identify the ATT e¤ect under the assumption
that the growth of the outcome in the non-treatment state is independent
of treatment allocation:

E
�
Y 0i2 � Y 0i1jT

�
= E

�
Y 0i2 � Y 0i1

�
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Di¤erence in Di¤erences

We have that
E [Yi2 � Yi1jTi2 = 1] = E

�
Y 1i2 � Y 1i1jTi2 = 1

�
= d2 � d1 + E [βi jTi2 = 1]

The above is the basis for the before and after estimator. However,
this is not consistent because in general the time e¤ects dt di¤er with
t.Thus if there is overall growth in the outcome variable this will be
attributed to the treatment erroneously.
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Now consider:

E
�
Y 0i2 � Y 0i1jTi2 = 1

�
= E

�
Y 0i2 � Y 0i1jTi2 = 0

�
E [Yi2 � Yi1jTi2 = 0] = d2 � d1

We need an extra assumption: We can then obtain immediately an
estimator for ATT as

E [βi jTi2 = 1] = E [Yi2 � Yi1jTi2 = 1]� E [Yi2 � Yi1jTi2 = 0]

which can be estimated by the di¤erence in the growth between the
treatment and the control group.
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Di¤erence in Di¤erences

Now consider the following problem:

Suppose we wish to evaluate a training programme for those with low
earnings. Let the threshold for eligibility be B.

We have a panel of individuals and those with low earnings qualify for
training, forming the treatment group

Those with higher earnings form the control group.

Now the low earning group is low for two reasons

1 They have low permanent earnings (ai is low) - this is accounted for by
di¤ in Di¤s

2 They have a negative transitory shock (ui1 is low) - this is not
accounted for by di¤ in Di¤s
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Number 2 above violates the assumption that
E
�
Y 0i2 � Y 0i1jT

�
= E

�
Y 0i2 � Y 0i1

�
.

To see why note that those participating into the programme are such
that Y 0i1 < B. Assume for simplicity that the shocks u are iid . Hence
ui1 < B � ai � d1. This implies that
E
�
Y 0i2 � Y 0i1jT = 1

�
= d2 � d1 � E [ui1jui1 < B � ai � d1] . For the

control group
E
�
Y 0i2 � Y 0i1jT = 0

�
= d2 � d1 � E [ui1jui1 > B � ai � d1] .

Hence

E
�
Y 0i2 � Y 0i1jT = 1

�
� E

�
Y 0i2 � Y 0i1jT = 0

�
=

E [ui1jui1 > B � ai � d1]� E [ui1jui1 < B � ai � d1] > 0

This is e¤ectively regression to the mean: those unlucky enough to
have a bad shock recover and show greater growth relative to those
with a good shock. The nature of the bias depends on the stochastic
properties of the shocks and how individuals select into training.

CM () IV and Di¤erence in Di¤erences 2008-09 17 / 25



Number 2 above violates the assumption that
E
�
Y 0i2 � Y 0i1jT

�
= E

�
Y 0i2 � Y 0i1

�
.

To see why note that those participating into the programme are such
that Y 0i1 < B. Assume for simplicity that the shocks u are iid . Hence
ui1 < B � ai � d1. This implies that
E
�
Y 0i2 � Y 0i1jT = 1

�
= d2 � d1 � E [ui1jui1 < B � ai � d1] . For the

control group
E
�
Y 0i2 � Y 0i1jT = 0

�
= d2 � d1 � E [ui1jui1 > B � ai � d1] .

Hence

E
�
Y 0i2 � Y 0i1jT = 1

�
� E

�
Y 0i2 � Y 0i1jT = 0

�
=

E [ui1jui1 > B � ai � d1]� E [ui1jui1 < B � ai � d1] > 0

This is e¤ectively regression to the mean: those unlucky enough to
have a bad shock recover and show greater growth relative to those
with a good shock. The nature of the bias depends on the stochastic
properties of the shocks and how individuals select into training.

CM () IV and Di¤erence in Di¤erences 2008-09 17 / 25



Number 2 above violates the assumption that
E
�
Y 0i2 � Y 0i1jT

�
= E

�
Y 0i2 � Y 0i1

�
.

To see why note that those participating into the programme are such
that Y 0i1 < B. Assume for simplicity that the shocks u are iid . Hence
ui1 < B � ai � d1. This implies that
E
�
Y 0i2 � Y 0i1jT = 1

�
= d2 � d1 � E [ui1jui1 < B � ai � d1] . For the

control group
E
�
Y 0i2 � Y 0i1jT = 0

�
= d2 � d1 � E [ui1jui1 > B � ai � d1] .

Hence

E
�
Y 0i2 � Y 0i1jT = 1

�
� E

�
Y 0i2 � Y 0i1jT = 0

�
=

E [ui1jui1 > B � ai � d1]� E [ui1jui1 < B � ai � d1] > 0

This is e¤ectively regression to the mean: those unlucky enough to
have a bad shock recover and show greater growth relative to those
with a good shock. The nature of the bias depends on the stochastic
properties of the shocks and how individuals select into training.

CM () IV and Di¤erence in Di¤erences 2008-09 17 / 25



Number 2 above violates the assumption that
E
�
Y 0i2 � Y 0i1jT

�
= E

�
Y 0i2 � Y 0i1

�
.

To see why note that those participating into the programme are such
that Y 0i1 < B. Assume for simplicity that the shocks u are iid . Hence
ui1 < B � ai � d1. This implies that
E
�
Y 0i2 � Y 0i1jT = 1

�
= d2 � d1 � E [ui1jui1 < B � ai � d1] . For the

control group
E
�
Y 0i2 � Y 0i1jT = 0

�
= d2 � d1 � E [ui1jui1 > B � ai � d1] .

Hence

E
�
Y 0i2 � Y 0i1jT = 1

�
� E

�
Y 0i2 � Y 0i1jT = 0

�
=

E [ui1jui1 > B � ai � d1]� E [ui1jui1 < B � ai � d1] > 0

This is e¤ectively regression to the mean: those unlucky enough to
have a bad shock recover and show greater growth relative to those
with a good shock. The nature of the bias depends on the stochastic
properties of the shocks and how individuals select into training.

CM () IV and Di¤erence in Di¤erences 2008-09 17 / 25



Ashefelter (1978) was one of the �rst to consider di¤erence in
di¤erences to evaluate training programmes
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Ashenfelter (1978) reports the following results

Not how the estimates can change signi�cantly depending on the base year
of earnings used. This illustrates how di¤-in di¤ can go wrong.
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The assumption on growth of the non-tratment outcome being
independent of assignment to treatment may be violated, but it may
still be tru conditional on X

Consider the assumption

E
�
Y 0i2 � Y 0i1jX ,T

�
= E

�
Y 0i2 � Y 0i1jX

�
This is just matching assumption on a rede�ned outcome variable,
namely the growth in the outcomes. In its simplest form the approach
is implemented by running the regression

Yit = αi + dt + βiTit + γ0tXi + uit

which allows for di¤erential trends in the non-treatment growth
depending on Xi .More generally one can implement propensity score
matching on the growth of outcome variable when panle data is
available.
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Di¤erence in Di¤erences with repeated cross sections

Suppose we do not have available panel data but just a random
sample from the relevant population in a pre-treatment a
post-treatment period. We can still use di¤erence in di¤erences.

First consider the simpler case where
E
�
Y 0i2 � Y 0i1jT

�
= E

�
Y 0i2 � Y 0i1

�
.

We need to modify slightly the assumption to

E
�
Y 0i2jGroup receiving training

�
� E

�
Y 0i1jGroup to receive training in next period

�
= E

�
Y 0i2 � Y 0i1

�
which essentially requires, in addition to the original independence
assumption that conditioned on particular individuals that population
we will be sampling from does not change composition
We can then obtain immediately an estimator for ATT as

E [βi jTi2 = 1] =
E [Yi2jGroup receiving training ]� E [Yi1jGroup to receive training in next period]
�fE [Yi2jNon-trainees]� E [Yi1jGroup not to receive training in next period]g
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Di¤erence in Di¤erences with repeated cross sections

More generalIy we need an assumption of conditional independence of
the form

E
�
Y 0i2jX , Group receiving training

�
� E

�
Y 0i1jX , Group to receive training in next period

�
= E

�
Y 0i2jX

�
� E

�
Y 0i1jX

�

Under this assumption (and some auxiliary parametric assumptions)
we can obtain an estimate of the e¤ect of treatment on the treated
by the regression

Yit = αg + dt + βTit + γ0Xit + uit
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Di¤erence in Di¤erences with repeated cross sections

More generally we can �rst run the regression

Yit = αg + dt + β(Xit )Tit + γ0tXit + uit

where αg is a dummy for the treatment of comparison group, and
where βi (Xit ) can be parameterised as β(Xit ) = β0Xit . The ATT can
then be estimated as the average of β0Xitover the (empirical)
distribution of X .

A non parametric alernative is o¤ered by Blundell, Dias, Meghir and
van Reenen (2004)

CM () IV and Di¤erence in Di¤erences 2008-09 23 / 25



Di¤erence in Di¤erences with repeated cross sections

More generally we can �rst run the regression

Yit = αg + dt + β(Xit )Tit + γ0tXit + uit

where αg is a dummy for the treatment of comparison group, and
where βi (Xit ) can be parameterised as β(Xit ) = β0Xit . The ATT can
then be estimated as the average of β0Xitover the (empirical)
distribution of X .

A non parametric alernative is o¤ered by Blundell, Dias, Meghir and
van Reenen (2004)

CM () IV and Di¤erence in Di¤erences 2008-09 23 / 25



Di¤erence in Di¤erences and selection on unobservables

Suppose we relax the assumption of no selection on unobservables

Instead we can start by assume that

E
�
Y 0i2jX ,Z

�
� E

�
Y 0i1jX ,Z

�
= E

�
Y 0i2jX

�
� E

�
Y 0i1jX

�
where Z is an instrument which determines training eligibility say but
does not determine outcomes in the non-training state. Take Z as
binary (1,0)

Non-Compliance: not all members of the eligible group (Z = 1) will
take up training and some of those ineligible (Z = 0) may obtain
training by other means.

A di¤erence in di¤erences approach based on grouping by Z will
estimate the impact of being allocated to the eligible group, but not
the impact of training itself.
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Di¤erence in Di¤erences and selection on unobservables

Now suppose we still wish to estimate the impact of training on those
being trained (rather than just the e¤ect of being eligible)

This becomes an IV problem and following up from the discussion of
LATE we need stronger assumptions

Independence: for Z = a,
�
Y 0i2 � Y 0i1,Y 1i2 � Y 11 ,T (Z = a)

	
is

independent of Z
Monotonicity Ti (1) � Ti (0) 8 i

In this case LATE is de�ned by

[E (∆Y jZ = 1)� E (∆Y jZ = 0)] / [Pr(T (1) = 1)� Pr(T (0) = 1)]

assuming that the probability of training in the �rst period is zero
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