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Abstract

We propose a procedure for efficient estimation of the trimmed mean of a random variable Y
conditional on a set of covariates X. For concreteness, we focus on a financial application where
the trimmed mean of interest corresponds to a coherent measure of risk, namely the conditional
expected shortfall. Our estimator is based on the representation of the estimand as an integral of the
conditional quantile function. We extend the class of estimators originally proposed by Peracchi
and Tanase (2008) by introducing a weighting function that gives different weights to different
conditional quantiles. Our approach allows for either parametric or nonparametric modeling of
the conditional quantiles and the weights, but is essentially nonparametric in spirit. We prove
consistency and asymptotic normality of the resulting estimator. Optimizing over the weighting
function, we obtain asymptotic efficiency gains with respect to the unweighted estimators. The
gains are especially noticeable in the case of fat-tailed distributions.

Keywords: expected shortfall, quantile regression, convex optimization, asymptotic efficiency.

1. Introduction

Quantile regression, introduced by Roger Koenker and Gib Bassett (Koenker and Bassett [15]),
has gradually evolved from a robust alternative to least squares to a way of summarizing the
conditional distribution of a random variable given a set of covariates. As such, it can be used
in a large variety of situations. In this paper we employ quantile regression methods to estimate
the trimmed mean of a random variable of interest conditional on a set of covariates. Trimmed
means are widely used as alternative location parameters to the ordinary mean because of their
robustness and their superior properties under certain types of censoring. They are usually not
of direct interest, however, in the sense that, absent other considerations such as robustness or

censoring, one would be perfectly happy with the ordinary mean. Here we focus instead on a
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financial application where the trimmed mean is of substantive interest in itself as a coherent
measure of risk.

Specifically, let the continuous random variable Y; represent the uncertain return between time
t and time t + 1 on a single asset or a portfolio of assets, and let the set of covariates X; represent
the relevant information available up to time ¢. This information typically consists of lagged values
of other financial or nonfinancial variables, possibly including lagged values of Y;. The trimmed
mean of interest is the mean over the left tail of the conditional distribution of Y; given X; = x up
to the ath conditional quantile, with 0 < a < 1, namely
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where Q(a | x) is the ath conditional quantile function (CQF) and F(y|x) the conditional distri-
bution function (CDF) of Y; given X; = z. In the financial literature, 7(c|z) is known as the
a-level conditional expected shortfall (CES) of Y; given X; = x, with « typically set to .05 or .10.
The expected shortfall corresponds to the expected loss on holding the asset or the portfolio, given
that the loss exceeds the ath quantile of Y;, a quantity known in the financial literature as the
(1 — «a)-percent Value-at-Risk (VaR). The expected shortfall is an increasingly popular measure
of risk because it is continuous in « and, unlike the VaR, is coherent, that is, it simultaneously
satisfies sub-additivity, monotonicity, positive homogeneity and translation invariance (Artzer et
al. [4]). For further references, see Acerbi and Tasche [1], Delbaen [11], and Bertsimas et al. [6],
among others. The conditional versions of the expected shortfall and the VaR provide a natural
way of incorporating information on economic and market conditions.

A nonparametric estimator of the CES has been proposed by Cai and Wang [7]. Their estimator,
called weighted double kernel local linear estimator, combines the attractive features of the double-
kernel local linear estimator of Fan and Gijbels [12] and of the weighted Nadaraya-Watson estimator
(WNW) of Hall et al. [14], especially the monotonicity and the good boundary behavior of the latter.
The main drawback of this estimator is its complexity and the fact that its rate of convergence
is slow and decays rapidly with the number of covariates reflecting the curse-of-dimensionality
problem.

In this paper we propose an alternative estimator based on the fact that the CES may equiva-

lently be represented as the following integral of the CQF

1 o
ralo) = [ Qwlo)dp.
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Our estimator of the CES generalizes the integrated conditional quantile function (ICQF) estimator

proposed by Peracchi and Tanase [20] in two directions. First, we consider a weighted version of
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the estimator characterized by higher asymptotic efficiency. Second, we embed the estimators in a
broader class that includes semi-parametric estimators. Although we focus on estimating the CES,
our method applies with minor changes to more general trimmed means, for example two-sided
trimmed means with limits defined by conditional quantiles or other functions of Xj.

More precisely, given a function W: [0, o] — [0, 1], replacing the CDF F(y|z) in the definition
of the CES by its transformed version W (F(y|z)) gives the weighted conditional expected short-
fall (WCES), which may equivalently be represented as an integral of the CQF with nonuniform
weights. The idea of introducing a set of weights to increase asymptotic efficiency when estimat-
ing a population parameter of interest is widely used in parametric and nonparametric statistics,
and is a key feature of generalized method of moments and minimum distance methods. To our
knowledge, however, the idea of applying a weighting function to estimate efficiently a functional
of the CQF is new.

The use of a weighted version of the CDF in the definition of the WCES is also related to the
theory of non-expected utility of Yaari [23] and Prelec [21], where modifying the distribution of the
returns accommodates risk aversion of the investor. We do not pursue this subjective interpretation
of the WCES and confine ourselves to weighting as a way of improving asymptotic efficiency of
estimation. Intuitively, introducing a weighting function enables one to compensate the inefficiency
of quantile estimators at very extreme quantiles by giving more weight to the quantiles near «,
which are estimated more precisely. Weighting does not affect consistency of estimation because
the weighting function is chosen such that the WCES and the CES coincide.

Building on results by Peracchi and Tanase [20], we consider a class of analog estimators based
on representing the WCES as an integral of the CQF with nonuniform weights. These estimators are
called weighted integrated conditional quantile function (WICQF') estimators. Our approach allows
for either parametric or nonparametric modeling of the CQF and the weights, but is essentially
nonparametric in spirit.

A drawback of conventional quantile regression estimators is that they do not guarantee mono-
tonicity. In our case, the problem is likely to be mitigated by integration over the conditional
quantiles. In the case of linear quantile regression estimators, the linearity assumption is an addi-
tional problem. Angrist et al. [3] show that, although biased under misspecification, linear quantile
regression estimators remain asymptotically normal. In general, despite its limitations, the linear
quantile regression model is widely used because of parsimony and computational convenience.
Further, estimates of a linear quantile regression model can be used as preliminary non-monotonic

curves to be rearranged according to the method recently proposed by Chernozhukov et al. [9]. For
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these reasons, although presenting the asymptotic results for arbitrary estimators of the CQF, we
focus on the case when the quantile regression model is linear.

The remainder the paper is organized as follows. Section 2 defines the WCES and suggests a
class of analog estimators based on a given weighting function. Section 3 analyzes the asymptotic
behavior of the proposed estimators for a fixed grid. Section 4 studies their asymptotic behavior for
a data-dependent grid. Section 5 considers choosing the weighting function in order to maximize
asymptotic efficiency. Section 6 presents a study of the asymptotic efficiency gains that can be
attained for different distributions of the returns. Section 7 present an application to real data to
highlight the potentials of our procedure. Finally, Section 8 concludes. All proofs are collected in

the appendix.

2. Estimation of the WCES

The weighted conditional expected shortfall (WCES) is the weighted version of the conditional
expected shortfall (CES). It is obtained by modifying the conditional distribution of the returns on
an asset /portfolio through a suitable transformation or, equivalently, by giving nonuniform weights
to the various conditional quantiles.

Let the continous random variable Y; represent the uncertain return on a given asset or portfolio
between time ¢ and time ¢ + 1, let the k-dimensional random vector X; represent the relevant
information about Y; available up to time ¢, let F(y|z) = Pr{Y¥; < y|X; = 2z} and Q(a|z) =
inf{y: F(y|z) > a}, a € (0,1), respectively denote the CDF and the CQF of Y; given X; = z,

and let W be a function with the following properties:

A.1 The function W: [0,a] — [0, 1] is continuous, nondecreasing, and satisfies W (0) = 0 and
W(a) =1.

Definition 1. For every function W satisfying A.1, the a-level WCES is defined as

Qa|x)
ralz) = /0 y AW (F(y| z)). (2.1)

Any continuous distribution function with support [0, ] can be used to define a WCES. If the
function W is concave on [0, «], then the WCES is a coherent risk measure, just like the ordinary
CES (see Acerbi 2002).

Now suppose that the function W is regular in the following sense:

A.2 The function W is continuously differentiable on (0, «) with nonnegative derivative W’ = w.
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A function w that satisfies A.2 is a density on (0,«). If A.2 holds then, after a change of

variable, we obtain the following equivalent representation of the WCES

@) = [ Qo) do (2.2

The weighted unconditional expected shortfall and the unweighted CES correspond, respectively,

to the case when X; = x with probability one and the case when w(p) = a~!. Notice that the

WCES is a function of x for a given a (e.g. a = .05 or .10). The dependence of the WCES on w
will be made explicit only in Section 5, where we discuss how to optimally choose w.

Consistency requires that, in addition to satisfying properties A.1 and A.2, the weight function

w must be such that the WCES and the CES coincide. If we impose the condition that WCES =

CES, then w must also satisfy the integral equation

[ ewie) (wi - 1) awo (2.3

The set of weighting functions w satisfying A.2 and (2.3) is

(6% (0% 1
{upeavmzo ["wma-1 ["oplo (we)- 1) w-of. ey
This set may consist of parametric functions, indexed by a finite number of parameters, or of

nonparametric functions. Later in Section 5 we permit the weighting function w to take negative

values on (0, «], thus replacing the set in (2.4) by the larger set

{u.pe el ["wap=1 ["awlo) (ue)- 1) a0},

Relaxing property A.2 in this way enables us to obtain a closed-form expression for the efficient
estimator of the CES (see Theorem 4 below). However, because w is no longer a proper weighting
function, the resulting estimator cannot be interpreted as a proper average of the conditional
quantiles up to level a.

We now present our class of estimators of the CES. Because they rely on representation (2.2),
we call them weighted integrated conditional quantile function (WICQF) estimators. Construction
of these estimators is carried out in two steps. In the first step we consider a discrete approximation
to To(x) over a grid of points 0 < py < p1 < -+ < pr = a. A data driven choice of the grid will
be discussed in Section 4. Then, in the second step, we estimate the discrete approximation by an
analog estimator.

Our discrete approximation to 7, (z) is obtained by replacing the integral in (2.2) with the finite

sum I
Tal) = > wiQi(x),
i=1
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where w; = W (p;) — W(pi—1) and Q;(z) = Q(p; | x). Our estimator of the WCES is then obtained
by replacing the unknown conditional quantiles Q;(z) with consistent estimators Q;(z) = Q(p; | ).

The resulting estimator is
I
To(z) = Zlel(a:) (2.5)
i=1

Different estimators of @Q;(z) may be considered, either parametric or semiparametric.
Things are straightforward when the Q;(x) are specified as linear in parameters, that is, Q;(x) =

ﬁ; z. In this case, the WICQF estimator takes the particularly simple form
Ta(x) =B, (2.6)

where 3 = Zle wiﬁi and the vectors BAz are obtained by minimizing the asymmetric absolute loss

function
T

T
b (i—BTX) = (V-8 X)pi - Y, -8 X, <0},  i=1,...,1
t=1 t=1

(see Koenker [16]). A drawback of this estimator is that the estimated conditional quantiles need
not be monotonic, that is, there may exist p; < p; such that Qj (z) > Q;(z) for some . When
estimated conditional quantiles cross each other, monotonicity of 7,(z) is lost. However, this effect
is likely to be mitigated by the fact that 7, (x) is an average of the I estimated conditional quantiles
Ql(x), 0 1(z). To avoid the drawbacks of linear quantile regression estimators, semiparametric
estimators of the Q;(z) may also be considered.

The choice of weights in the discrete approximation 7.(z) to 7,(x) is simple and intuitive.
The asymptotic results in the next sections hold, more generally, for all approximations where the
weights sum to one. These include, for example, generalizations of the approximation I~ Zi]:l Qi(z),
where Q;(x) = [Qi(z) + Qi_1(x)]/2, such as Y1 w;Qi(z) = S, 0;Qy(x), where wo = [W (p1) —
W(po)]/2, wr = [W(pr) — W(pr-1)]/2, and w; = [W(pij+1) — W(pi—1)]/2 for i =1,...,I — 1. This
choice of weights is more convenient when the approximation error is of concern. Thus it will be
used in Section 4, where we let the size of the grid increase with the dimension of the sample, to
get a better rate in terms of approximation bias and to obtain less restrictive conditions on the

rate of convergence of the sequence of grid-points.

3. Asymptotic properties

Because a WICQF estimator has essentially the structure of an L-statistic, consistency and
asymptotic normality may be derived following with minor modifications the method adopted by

Csorgo et al. [10] and Mason and Shorack [17].



In this section we treat W and w as given and consider the asymptotic behavior of the WICQF
estimator when the grid of points pg, ..., ps is fixed and does not depend on the available data. In
this case, we are allowed to assume py = 0. Section 4 deals with the case when the dimension [
of the grid increases with the sample size, whereas Section 5 considers the problem of choosing w
optimally.

Throughout this section we weaken the requirements on the function W to the following con-

dition:

A.3 The function W: [0,a] — [0, 1] satisfies W(0) = 0 and W(a) = 1, and is continuously

differentiable on (0, @) with derivative w = W’.

Condition A.3 does not require the weighting function w to be nonnegative. This is useful
because it enables us to obtain in Section 5 a closed-form expression for the asymptotically efficient
estimator.

Given a function W: [0,a] + [0,1], we define the vector of weights w = (wy,...w;)", where
w; = W(pi) — W(pi—1) with 0 = pg < p1 < -+ < pr < a. Let 7}(z) = ZiI:1 w;Qi(x) denote
the approximation to the WCES by a finite sum. The next theorem gives sufficient conditions for
Ta(z) to be a v/ T-consistent and asymptotically normal estimator of the discrete approximation
o

67

() when a \/T-consistent and asymptotically normal estimator of the CQF is used in (2.5).
The conditions of the theorem are very general. In particular, they cover the case when the data
{(Xy,Yy),t = 1,...,T} are independently and identically distributed (iid). They also cover the
case when the data consist of 7" identically distributed and weakly dependent observations, which
is a more relevant case for the financial applications in Section 7, where it is natural to expect some

form of time dependence. The proof of the theorem is straightforward and is therefore omitted.

Theorem 1. Let Q(p | ) be an estimator of Q(p|x) that is /T-consistent for all p € (0,a], and
assume that for every I-tuple (pi,...,pr) the random vector {\/T[Ql(:n) - Qi(x)],i = 1,...,1},
converges in distribution to a multivariate Gaussian vector with mean zero and covariance matrix
V. Then

VT[#a(z) — 75(2)] S N (0, W Vw),

The next result considers the case when 7,(x) is a weighted sum of linear quantile regression
estimators. Although our presentation assumes for simplicity that the (X;,Y;) are iid, all the results

can be shown to hold also for a weakly dependent sequence of random vectors. For example,



Theorem 2.2 of Fitzenberger [13] establishes asymptotic normality of linear quantile regression

estimators under a strongly mixing data generating process. Let 7o (x) = Zle wi,BiT x, where
ﬂi:argmﬂinEéi(Y—BTX), i=1,...,1. (3.1)

Clearly 7,(x) # 7/ (x) unless the linear specification of conditional quantiles is correct. In this case,

although 7,(z) estimates the “wrong” estimand, its asymptotic normality is unaffected because

linear quantile regression estimators remain asymptotically normal (Angrist et al. [3]).

Theorem 2. Suppose that:

(i) F(-|x) is absolutely continuous, with continuous density f(-|x) uniformly bounded away from

zero at all points y € [e,1 — €] for every e > 0.
(i) imr_oo T2, X4 X,” = D, where D is a finite positive definite matriz.

(iii) For any 0 < p; < 1, limp_0e T71Y, f(,BiTXt | X)X X,” = J;, where J; is a finite positive

definite matriz.
(iv) max;—1 7 || X¢||/VT — 0, where || - || is the Euclidean norm of a vector in RF.

Then Theorem 1 holds for \/T[fa(z) — Ta(x)] with V = (Z; @ 27) Q (I; ® ), where I; is the

I-dimensional identity matriz, 2 is an Ik X Ik matriz consisting k X k submatrices of the form
Q=37 5537 (3.2)

and
Sy =El(pi — LY < 87 Xe})(p; — UY; < 8] X)) Xi X, (3.3)

is a positive definite k X k matrix for all i and j. If the linear quantile regression model is correctly

specified, that is Q;(x) = ﬁiTa:, then X = [min(p;, pj) — pipj](E XtXtT).

Except for (i), that requires the conditional distribution of Y; given X; = = not to depend on
t, the other conditions in Theorem 2 are the same as those in Theorem 4.1 of Koenker [16]. The
next result gives a consistent estimator of the asymptotic variance AV (74(x)) = w' V'w, which is

needed for inference.

Corollary 1. If the model is correctly specified, a consistent estimator of AV (74(x)) is

I I
AV(7y(z)) =" Z Z wyw; [min(p;, p;) — pipj] I DJJ-_1 x, (3.4)
i=1 j=1
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with D = TS0 X, X[ and J; = TV f(B] X | Xi) Xi X,[, where f is a consistent esti-

mator of the conditional density f.

The proof of the corollary follows immediately from consistency of D and J; for, respectively,

D and J(p;).

4. Data-dependent choice of grid

We now consider the case where the grid of points used to construct the WICQF estimator is
allowed to depend on the data and to increase with the sample size T. Our aim is to study the
asymptotic behavior of 7,(z) under this assumption. Conditions on the rate at which the number
of grid-points should grow to infinity as 7" — oo provide a rough criterion to find the appropriate
dimension of the grid for a given sample size.

Given estimates Qo(a:), ce QI(:C) of the value of the CQF Q(-|z) at the grid-points py, ..., pr,
with py = ap and p; = «, we construct an estimate Q(-|z) of the CQF over the interval (ay, a],

by setting X R

Qi(7) + Qi—1(x)
2 )

With this definition, the estimated CQF is a step function on (ag, o] with jumps at po, p1,...,pr.

If w(p) = W(p), then

Qp|z) =

p € (pi-1, i), i=1,...,1 (4.1)

o I
| Qo) =3 0w,
@0 i=0

where @9 = [W(p1) — W(po)l/2, @ = [W(pr) — W(pr-1)]/2, and @; = [W(pis1) — W(pi1)}/2
for i = 1,...,1 — 1. As already pointed out, this choice of weights enables us to weaken the
restrictions on the rate of convergence of I to infinity with respect to the simpler alternative of
setting Q(p|z) = Qi(x), p € (pi—1,pi), i =1,...,1.

Throughout this section we assume that, for every fixed x, Q(p | ) is uniformly consistent in p
for Q(p|z) and VT[Q(p|xz) — Q(p|x)] converges weakly in C(0,a (the class of continuous function
on (0,a]) to a Gaussian process with covariance function V (r,s), r,s € (0,«]. This is a stronger
assumption than that of Theorem 1, as it is related to stochastic equicontinuity of the functional
quantile estimator.

To avoid complications related to the asymptotic behavior of extremal conditional quantile
estimators, we limit ourselves to the case when the grid is bounded below by a fixed positive
number ag. The case when oy — 0 is not dealt with in this paper. However, when apT — oo,
namely in the case of intermediate order quantiles, the linear quantile regression model Q(ao | z)
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is still asymptotically normal under appropriate conditions on the behavior of the density quantile
function q(ap | x) = 1/f(Q(aw | x)) (see Chernozukov [8]).

As for the sequence of grid-points, we assume that 0 < g =pg < p1 < -+ < pr = a and

C2

c o .
71 = liminf(p; — p;—1) < limsup(p; — pi—1) = —,
I I I

where ¢; < cg. This condition is satisfied for the equally-spaced grid, with p; — p;—1 = (v — ) /1
foralli=1,...,1I.

Theorem 3. Assume that:

(i) For every fixed z, Q(p|x) is differentiable inp on (0, a] and its derivative q(p | z) = 0Q(p|x)/Op

is nondecreasing on (0, a] and bounded on (v, .
(i) The function W satisfies conditions A.1 and A.2 or A.3 and |w| is bounded above in (0, a].

(11i) The sequence of grid-points 0 < g = pg < p1 < -+ < p;r = « is such that limp_, \/T/I2 =
0.

Then VT [7o(z) — To(z)] i)./\/'((), 0?), where 0% = fso fi; w(p)w(s)V(p,s)dpds.

If Q(p|x) is a linear quantile regression estimator and {(X;,Y;)} are iid, then assumptions

(i)—(iv) of Theorem 2 guarantee weak convergence of the quantile regression process, with
V(rs) =z I E[(r —1{Y;: < B(r) T X: ) (s —1{Y; < B(s) " X: N X: X, [T L (s)z

(see Angrist et al. [3]). If the CQF is itself linear, then condition (i) in Theorem 3 is equivalent to
the assumption that the population quantile regression coefficient 3(p) is differentiable and concave

on (0, al.
5. Asymptotic efficient WICQF estimators

This section presents our proposal for efficient estimation of the CES via minimization of the
asymptotic variance of the WICQF estimator with respect to the choice of weights. Throughout
this section the grid-points po, p1, ..., pr are taken as fixed.

We begin by discretizing the problem. Given a function W satisfying either A.1-A.2 or A.3 and
an integer I, we consider the vector of weights w = (w1, ...,wr)", where w; = W (p;) — W (pi_1).
The vector of uniform weights corresponds to the choice W(p) = p/a and p; = «i/I, which gives
w; = 1/1. To stress the dependence of the estimand and the estimator on these weights, we omit
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the explicit reference to the level a and to the covariate value x and simply write 75(z) as 7(w)
and 7,(z) as 7(w). We say that a vector of weights is consistent if the discrete versions of the
weighted and the unweighted conditional expected shortfall coincide, that is, if Zi[:l w;Qi(x) =
I-! Zle Qi(x). Given I, the set of consistent weights is the following subset of the I-dimensional
simplex

W:{W:WZO, wle=1, T(W)—TOZO},

where 2 is the I-dimensional column vector of ones and 79 = I~* Zfil Qi(x). Dropping the

requirements that the weights are nonnegative gives the larger set
W= {WZ wle=1, T(W)—T():O}.

Two different asymptotically efficient WICQF estimators may be defined, depending on which

set of consistent weights is considered, YW or W.

Definition 2. A WICQF estimator is asymptotically efficient if it is based on a vector of weights
w* that solves the problem

VIVI?éi‘ElV AV (7(w)). (5.1)

A WICQF estimator is unconstrained asymptotically efficient if it is based on a vector of weights

w* that solves the problem

min AV(#(w)). (5.2)
wew

The objective functions in (5.1) and (5.2) are convex in the vector w, while the equality and
inequality constraints that characterize W and W are linear. Thus, the efficient estimators are
solutions to standard convex optimization problems. We can therefore take advantage of the
following convenient properties: (i) any local optimum is necessarily a global optimum, (ii) duality
theory can be used to detect unfeasibility, hence algorithms are easy to initialize, and (iii) efficient
numerical solution methods are available.

Notice that the solution to (5.1) need not be unique. Distance from the uniform weights
w; = 1/I is a possible criterion for uniquely choosing among the optima. The solution to (5.2) is
instead unique because of strict convexity of the asymptotic variance. In this case, however, W (F')
is no longer a probability distribution since the weight function is allowed to be a signed density.
One advantage of allowing the weights to take negative values is a larger efficiency gain. This
point will be discussed in more detail in the next section. The other advantage is computational.
Because the optimal weights depend on both a and z, the burden associated with computing the
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weights for each value of o and x may be reduced if a closed-form expression is available. As the

next result shows, the minimization problem (5.2) allows us to do so.

Theorem 4. Let the conditional distribution of Y; given X; be the same for all t and let Q(p | )
satisfy the conditions of Theorem 1. The weights W* € W that define the unconstrained asymptot-

ically efficient estimator satisfy the equation system

( W)\ > =C'r, (5.3)

where X = (A1, A\2) T is the vector of Lagrange multipliers associated with the two linear constraints

that define W, T = (0,...,0,—1,—71) ", and C is the (I + 2)-dimensional square matriz

c=(_pr o) (5.4
with R = (2,Q) and Q = (Q1(z),...,Qr(x))".
By using the inversion formula for partitioned matrices, it is easy to show that
W=V 'RR'V'R) ' (1,7)"
Inserting this expression into the formula for the asymptotic variance gives
AVEWY) =wTVW = (L) RTVIR) ™ (1,7) "

Because the optimal weights depend on the distribution of the returns, in practice they must
be estimated. A straightforward way of estimating the weights W* is to replace R, V' and 7y with
consistent estimates.

Alternatively, consistent estimates of the optimal weights may be constructed by considering
the empirical versions of problems (5.2) and (5.2). Given a decreasing sequence {rr} of positive
real numbers tending to zero as T' — oo, the empirical version of (5.2) consist of minimizing the

estimated asymptotic variance AV (7(w)) over the set of weights

o~

W = {W:WZO, szzl, |7(w) — 7o STT},

where 79 = 7! Zle Qi(z) is the unweighted ICQF estimator. The empirical version of (5.2)
replaces w by

—~

W= {W: wle=1, |F(w)— 7| < T‘T}.

Let W* and W' be the solutions to the empirical versions of problems (5.2) and (5.2) respectively.
The following result guarantees that these weights are consistent for the optimal weights w* and

w* under appropriate conditions on the rate of convergence of r1 to zero.
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Theorem 5. Suppose that the conditions of Theorem 1 and Corollary 1 both hold. Further assume
that
lim 77 =0, lim VT = co. (5.5)
T—o0

T—oo

Then, as T — 00,
(i) If the vector w* is the unique minimizer of AV (7(w)) in W, then

[W* —w*|| = sup [ —w;|=op(l). (5.6)
1<i<]

(i) |W =5 = op(1).
Corollary 2. Under the conditions of Theorem 5, |7(W*) — 19| = op(1) and ‘%(%*) - 7'0‘ =op(1).

For 7(w*), the proof of the corollary is an immediate consequence of the triangle inequality

~ %

|7(W*) — 1] < |7F(W*) — F(w*)| + |F(W*) — 7(W)| + |7(W) — 79|. Similarly for 7(w ).
6. Asymptotic efficiency gains of WICQF estimators

This section studies the gains in asymptotic efficiency of WICQF estimators by providing
analytical results for a number of distributions with characteristics that are typical of returns on
financial assets, namely asymmetry, skewness or heavy tails (see e.g. McNeil and Frey [19]). Our
results show that asymptotic efficiency gains are substantial, especially in the case of distributions
with heavy tails.

We define the asymptotic efficiency gain of a WICQF estimator 7(w) = Zi[:l w;Qi(x), relative
to the unweighted ICQF estimator 79 = ! Zi[:l Qi(z), as

AV(7(w))

eff(w) =1— V)

Notice that eff(w)) = 1 — ARE(w)™!, where ARE(w) = AV(7)/AV(7(w)) is the asymptotic
efficiency of 7(w) relative to 7y, namely the ratio of the sample sizes that are approximately
needed for the two estimators to attain the same variance.

The distributions that we consider include mixtures of normals, Student’s ¢, exponential, lo-
gistic, Gumbel and generalized Pareto (GP) distributions. Mixture of normals can approximate
arbitrarily well any continuous distribution (see e.g. McLachlan and Peel [18]). We consider mix-
tures of a standard normal and a general N'(u,o?) distribution with mixing coefficient 7, where
the parameters u, o and 7 are chosen to generate distributions with a substantial left tail. The
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contaminating distribution has mean p = x, where z is one of the extreme left percentiles (the 1st,
2nd and 3rd) of the N(0,1) distribution, and constant standard deviation o equal to 0.2 or 0.3.
The mixing coefficient is set equal to .95. As for the ¢ distributions, we limit ourselves to cases
when the number of degrees of freedom is low (3 and 4).

The exponential, logistic and Gumbel distributions have quantile functions of the form

Q(p) = pu+ ol(p),

for some location parameter y € R and some scale parameter o > 0, where ((p) is a continuous

and strictly increasing quantile function. In this case, it is easy to see that

T(W) — 70 = aizl;é(pi) (wi - }) :

Moreover, for all w, the formula for the asymptotic variance of 7(w) satisfies AV, 5 (7(w)) =
0% AV g,1)(7(w)), where the subscript (p,0) refers to the location and scale parameters of the

distribution. As a consequence, we have

eff (.0 (T(W)) = eff o 1)(7(W)).

Thus, for these distributions, there is no loss of generality in confining attention to the standardized
values of the location and scale parameters, that is, u = 0 and o = 1. It is clear that, although the
above identity holds for the asymptotic efficiency gain, the optimal weights w* and the asymptotic
distribution of 7(w*) will generally depend on the location and scale parameters.

Finally, the GP distribution has distribution function F(y) = [1—&(y —u)/o]~'/¢, where p € R
is the location parameter, o > 0 is the scale parameter, and £ € R is the shape parameter. The
quantile function of the GP is equal to Q(p) = u+ (1 — p~¢) /¢, so the asymptotic efficiency gain
only depends on the shape parameter £. In this case, we set © = 0 and o = 1, and let £ take the
values 0.1, 0.2 and 0.3.

As for the other parameters in our study, we set a« = .10 and I = 25. For the standard normal,
the t, the exponential and the GP distributions we also carry out a sensitivity analysis by varying
the number of grid-points I between 2 and 200.

We consider both unconstrained and constrained asymptotically efficient estimators. For the
latter, we impose nonnegativity of the weights by using a penalty function containing a term that
diverges to infinity as any of the weights becomes negative. Finally, we consider three increas-

ingly restrictive specifications of the set of consistent weights, namely: (i) nonparametric without
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nonnegativity constraints (1), (ii) nonparametric with nonnegativity constraints (W), and (iii)
parameterized as a mixture of beta distributions restricted to the interval [0,a]. The last case
corresponds to a weight function of the form w(p) = mwi(p) + (1 — m)wa(p), with
)= oy (2) 00 =

where 0 < p < o, ™ € [0,1/2], b(cj,d;) = I'(¢c;)T'(d;)/T(¢; + dj), (¢j,d;) € ¥, and ¥ a compact
subset of R? that contains the point (1,1) in its interior. The relationship between the three sets
of weights implies that the asymptotic efficiency gain for the nonparametric case without nonnega-
tivity constraints (the “unconstrained case”) is greater or equal to that for the nonparametric case
with negativity constraints (the “constrained case”), which is itself greater or equal to that for the
parametric case.

Table 1 shows our results. The table consists of two panels. The first is for normal mixtures
and t distributions. The second is for distributions with invariance of the asymptotic efficiency
gain to location and scale, namely the normal, the logistic, the exponential, the Gumbel and the
GP distributions. For each distribution, moving from the left to the right column, we increase
the probability mass in the tail. This is achieved by decreasing the mean of the contaminating
distribution for the normal mixture, by decreasing the number of degrees of freedom for the ¢
distribution, and by increasing &, the shape parameter for the GP distribution.

For the normal mixtures, the asymptotic efficiency gain is higher the more extreme is the
contamination of the original distribution (the lower o and the more negative x). The gain ranges
from 4% for o = 0.3 and x = —1.881, to values around 30% for the parametric specification, to
more than 50% for the nonparametric specifications with values corresponding to ¢ = 0.3 and
x = —2.326. For t distributions, the asymptotic efficiency gains are 2% for the ¢ with 4 degrees of
freedom and more than 5% for the ¢ with 3 degrees of freedom. For the normal distribution, the
efficiency gain is very small (around 1%) for all specifications. It is also very small (gain less than
3%) for the logistic, the exponential and the Gumbel. For the GP distribution, the efficiency gain
increases as £ increases, reaching 6% when £ = 0.3.

Figure 1 plots the asymptotic variance of both the unweighted ICQF and the unconstrained
asymptotically efficient WICQF estimator for different values of the parameter I and different
choices of the conditional distribution of Y;. For both types of estimators, the asymptotic variance
increases rapidly up to around I = 50 and then tends to flatten out. The difference in asymptotic
variance between fat tailed and non-fat tailed distributions is remarkable, and so is the difference

in asymptotic variance between the unweighted and the weighted estimators but only for fat tailed
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distributions.

Figure 2 plots the asymptotic efficiency gains of the optimal WICQF relative to the unweighted
ICQF. In the case of the standard normal and the exponential distributions, eff is very small and
appears to be single-peaked in I, with a maximum around I = 10. For the t and GP distributions,
instead, eff is large and appears to be nondrecreasing and concave in I These results suggest
that asymptotic efficiency gains are especially influenced by heaviness of the tail of the parent
distribution in a neighborhood of the quantile of interest. This may explain why, in the mixture of
normals example, we have a combination of low asymptotic variance and high asymptotic efficiency
gains, while for the logistic and the exponential it is the other way round. Instead, for the ¢
distribution, we have both high asymptotic variance and high asymptotic efficiency gains.

Figure 3 shows the vectors of optimal weights w* and w*. Two factors govern the behavior of
these weights. One is the precision of the quantile estimator, which increases as we approach «.
The second is the consistency constraint that 7(w) = 7. Because of this constraint, overweight-
ing of the quantiles close to a must be compensated somewhere else. Where the compensation
occurs, depends on the conditional distribution of Y;. In the unconstrained case, for the fat tailed
distributions, the two factors entail overweighting of the bottom quantiles.

Even if not illustrated here, the behavior of the optimal weights is similar for the exponential
and the other non-fat tailed distributions in our study (the standard normal and the Gumbel), and

is also similar for the fat-tailed ¢ and GP distributions.

7. Empirical application

This section considers an application to daily data on the returns on 6 European stock indexes.
For each stock index, we compare the results obtained for the unweighted ICQF estimator 7y and
the optimal (unconstrained asymptotically efficient) WICQF estimator 7* = #(wW ), both at level
a = .10.

Raw daily data range from December 30, 1994, to December 31, 2007. The outcome variable
Y; is the daily return on a stock index, defined as the logarithmic daily difference in the stock
index. The stock indexes considered are: Xetra Dax 30 (Frankfurt), CAC 40 (Paris), S&P MIB
30 (Milan), IBEX 35 (Madrid) and AEX (Amsterdam). The vector of covariates X; includes the
dividend yield on European equities, the rates of change of future prices of oil and non-energy
commodity prices, the rate of change of the euro-dollar exchange rate, and measures of risk spread

(the difference between the 10-year German government bond yield and the short-term interest
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rate) and term spread (the difference between the 10- and the 5-year German government bond
yield). Table 2 provides details on data transformation.

Covariates enter the linear models for the regression quantiles with a one-period lag. Condi-
tional quantiles are estimated using rolling samples of size Ty = 500. For each t = Tp,..., T, the
estimated conditional quantiles evaluated at the current value of the covariates are used to predict
the conditional expected shortfall at time ¢ + 1.

In order to construct the optimal weights for the WICQF estimator, we need an estimate of
the asymptotic variance for each given set of weights. To simplify the calculations, we make the
crude assumption that the conditional distribution of Y; given X; is GP with parameters (0, 1, &),
where the parameter £ is estimated by maximum likelihood. Given the estimate of the asymptotic
variance, the optimal weights are then derived, for I = 20 and each rolling window sample of size
T = 500, by solving the empirical version of equation system (5.3).

Following McNeil and Frey [19], we compare the predictive ability of the two estimators by
looking at the distribution of their out-of-sample forecast error for all quantile violation events,
that is, cases when thes return is lower than the correspondent predicted a-level quantile (the VaR
of level 1 — ). The forecast error is defined as the difference between the observed return and
the predicted expected shortfall, conditional on the covariates and the occurrence of a quantile
violation event.

Tables 3 and 4 report summary statistics of the empirical distribution of the two estimators
and the associated forecast error over 2,147 rolling windows. We show the mean, the standard
deviation and the difference between the 99th and the 1st percentiles, all expressed in percentage
points. Quantile violation events occur in approximatively 12% of cases. Summary statistics are
similar for the two estimators and, in fact, the optimal weights are close to uniform. The standard
deviation of the empirical distribution of the two estimators varies in a tight range between 0.9%
and 1.1%. The quantile difference is always above 4%, but is smaller for the optimal WICQF
estimator. As for the forecast error (Table 4), its mean value is always negative for both estimators.
Moreover, the mean forecast error tends to be somewhat smaller (in absolute value) for the optimal
WICQF than for the unweighted ICQF estimator. Overall, the optimal WICQF estimator appears
to behave slightly better, in terms of forecast error, than the unweighted ICQF estimator.

8. Conclusions

In this paper we generalize a class of estimators of the a-level conditional expected short-
fall obtained by integrating the estimated conditional quantile regression function over a possibly
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data-dependent interval. Our general class of estimators assigns different weights to the different
quantiles, thus attaining higher asymptotic efficiency relative to the case when no weighting is
used. We provide asymptotic results that open the way to inference. These results rely on the
critical assumption that the extreme regression quantiles can be ignored. Additional research is
needed to relax this strong assumption.

Our study of the asymptotic efficiency gains associated with the proposed estimators suggests
that these gains are substantial, especially in the case of distributions with heavy tails. Finally, in
our empirical application to daily financial data, the optimal WICQF estimator appears to behave

slightly better, in terms of out-of-sample forecast error, than the unweighted ICQF estimator.
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Table 1: Asymptotic variance AV of the asymptotically efficient WICQF estimator and asymptotic efficiency gain
eff relative to the unweighted ICQF estimator. For each distributional assumption, results are grouped according to
three different specifications of the set of consistent weights: (i) nonparametric without nonnegativity constraints,
(ii) nonparametric with nonnegativity constraint, and (iii) parameterized as a mixture of beta distributions. The
level « is set to 10%.

w(’) | AV eff(%) AV eff(%) AV eff(%)
aN(0,1) + (1 — T)N(z,02)
™ o r = —1.881 r = —2.054 T = —2.326
95 .2 i) 2.147 25.7 2.570 30.1 3.995 57.3
(ii) 20.7 20.1 28.7
(ii) 16.7 15.7 16.7
95 3 i) 2.583 4.3 2.979 5.9 4.313 25.8
(i) 4.2 4.9 12.6
(iif) 3.6 3.2 10.0
t[r]
r=4 r= r=2
i) 17.319 2.7 31.497 6.6 113.249 17.5
(i) 2.5 5.7 13.3
(iii) 2.4 5.3 11.9
P, 1,6)
£=1 £=2 £=.3
(i) 35.943 3 75.817 2.2 164.282 5.8
(ii) 3 1.9 4.9
(i) 3 1.8 45
N(0,1) Logistic(0, 1) Gumbel(0, 1)
() 3.601 1.4 18.997 1 1.608 2.9
(ii) 1.4 1 2.9
(iiii) 1.4 1 2.9
Exponential(1)

(i) 17.474 2

(i) 2

(iif) 2
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Table 2: Transformations and summary statistics of the composite indexes and the covariates. The transformed data
range from January 3, 1995 to December 27, 2007, and values are expressed in percentage points. The total number
of observations is 2,646.

Variable [ Description [ Mean [ SD [ Qo9 — Qo1
DAX Xetra Dax 30 return 2.6-10"2 1.4 7.8
CAC40 CAC 40 return 3.5-102 1.3 7.4
MIB30 S&P MIB 30 return 3.5-102 1.3 6.8
IBEX35 IBEX 35return 5.8-1072 1.3 6.9
AEX AEX return 1.9-1072 1.3 7.6
STOXX50 | DJ Euro Stoxx 50 return | 3.0-10~2 1.3 7.4
ECOMM Commodity price log diff | 2.3-10~2 0.7 3.4
EDY Dividend yield 79 27 101
EFX EUR/USD log diff —-0.5-10"2 | 0.6 3.1
EOIL Oil price log diff 7.5-1072 2.2 11.0
ERSP Risk spread 115 45 191
ESP Term Spread 146 90 375
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Table 3: Summary statistics of the empirical distribution over 2,147 rolling windows of the one-step ahead predicted
shortfall (expressed in percentage points) for the unweighted ICQF estimator 7o and the unconstrained asymptotically
efficient WOQF estimator #* = #(W ). The level « is equal to .10.

Estimator [ Mean SD  Q.99-Q.01 [ Mean SD  Q.99-Q.01
Xetra Dax 30 CAC 40

7o -2.365 1.079 4.864 -2.157 0.896 4.178

7* -2.359 1.072 4.833 -2.164 0.899 4.189
S&P MIB 30 IBEX 35

70 -2.090 1.081 4.653 -2.078 1.019 4.613

T* -2.090 1.082 4.666 -2.082 1.021 4.596

AEX DJ Euro Stoxx
7o -2.135 1.001 5.057 -2.125 0.934 4.468
T* -2.136 1.000 5.043 -2.128 0.936 4.474

Table 4: Summary statistics of the empirical distribution over 2,147 rolling windows of the one-step ahead forecast
error (expressed in percentage points) in quantile violation cases for the unweighted ICQF estimator 7o and the
unconstrained asymptotically efficient WCQF estimator 7* = %(W*). The level « is equal to .10.

Estimator | Mean SD  Q.99-Q.o1 | Mean SD  Q.99-Q.01
Xetra Dax 30 CAC 40

7o -0.067 0.753 3.460 -0.052 0.721 3.409

7* -0.072 0.754 3.479 -0.045 0.722 3.444
S&P MIB 30 IBEX 35

70 -0.072 0.706 4.147 -0.058 0.783 4.330

T -0.071 0.706 4.219 -0.052 0.783 4.323

AEX DJ Euro Stoxx
) -0.166 0.769 3.898 -0.099 0.692 3.387
7* -0.163 0.769 3.956 -0.093 0.695 3.416
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Figure 1: Asymptotic variance of the unweighted ICQF and the unconstrained asymptotically efficient WICQF
estimator for a = .10, different values of I and different choices of the conditional distribution of Y; given X;.
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Figure 2: Efficiency gain (in percentage points) of the unconstrained asymptotically efficient WICQF estimator
relative to the unweighted ICQF estimator for a = .10, different values of I and different choices of the conditional

distribution of Y; given X;.
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Figure 3: The optimal constrained w* and unconstrained weights W™

and different choices of the conditional distribution of Y; given X.
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Appendix A.

Proof of Theorem 2

Under the assumptions (i)—(iv), we have consistency and asymptotic normality of the quantile

regression estimator (see Koenker [16]) More precisely,

(IOVTBW) — ) ISVTIA(s) - B(3))) 5 (2(p), Z(5)) (A1)

where J(p) = E [ f(B(p) " X¢|X;)X: X, | is positive definite for all p € (0,1) and Z(p) is a zero mean
Gaussian random variable with cov(Z(p;), Z(p;)) = Zi;.

Now let f(a) = Zle w;B(p;) be a linear combination of the I estimates 3(p1)...0B(p;) of
the true population quantile coefficients B(py)...B3(ps). The weights vector w = (wy,...wy) "
is deterministic. Therefore, as matrix J(p) is positive definite for any p € (0,1), from (A.1) we
have that the vector {vT(Q(p;) — Q(p:)), i = 1,...,1} is asymptotically normal with covariance

function given by V (p;,p;) = A | i 1E,~7ij_1z and the result immediately follows.
Proof of Theorem 3

Using (4.1), we have that

vT iwi(Qi(w)—Qi(x))] :ﬁU:w(p)é?(p\x)dp—/aaw(p)Q(p!x)dp]

0 0

+WZ( " Qe <>dp—Qi(””>+Qi—1(x>wi>

pi_ 2
Then, in view of the weak convergence assumptions, it is enough to prove that the second term
goes to zero.
We first consider the unweighted version: w; = (p; — pi—1)/(ov — ap) = 1/1. In this case, the
discrete approximation Zle(Qi(x) + Qi—1(x))/2I is obtained by integrating the spline function:

Qlp|x) = Qi—1(x) + I(p — pi—1)(Qi(z) — Qi—1(x)),

for p € (pi—1,pi]-

Then, we perform a Taylor expansion for Q(p|xz) around p;—; up to the second term:

/ " 10W12) - Qi (@) + I — pi1)(Qu(x) — Qi (2)]dp

i—1

/p’ 41 | 2)(p— pior) + O((p = pi1)?) — I(p — pio1)(Qu() — Qi1 ()] dp

i—1

<Q(pi—1 ’:L’) - (Ql(x) - Qll(x))> (pi _pi71)2 + 0(173) — 0(173)'

1/1 2
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Then, under the assumption |w(p)| < oo for all (0, o],

I

pi Qi(x) + Qi—1(x)
> ( - Q(p| z)w(p)dp — i wi>

=1
! i (o () [P
> ( - Q(p|z)w(p)dp — Al HQQH( )/ w(p)dp

VT

VT

i=1

pE(ao,a]

<VT sup |w(p i
<VT sup |w(p)|O :(
pE(ao,q
Proof of Theorem 4
The Lagrangian function is
LE=wVw+ N1 -—w2)+ X(r—w' Q).

One obtains the result (5.3), by solving the system of linear equations:
w0
K =0 i=1,2.

The fact that V' is positive semidefinite ensures that 7(W*) is the minimum over W;.

Proof of Theorem 5

(ai) Let M: W — RT equal to M = AV (#(w)) and My = AV (F(w)).

Let also w* = arg min;, M. We immediately have that

W —wi| < [[w* — w7 4 [|w" — w]].

(A.2)

(A.3)

The limit (5.6) then follows if both the terms in the right hand side of (A.3) tend to zero in

probability.

For the first term, we consider the fact that, by definition, M(w*) > M(w) and Mp(w*

) >

My (w) for all w in W. Moreover, from the consistency of the estimator AV (7(w)) for all w

(Corollary 1), it follows that My (w) — M(w)| — 0 in probability. We need to prove that the

above convergence is true uniformly in W U W. In fact, let

le{w: w > 0, WTZ:1},
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so that W; 2 WU W. The family W, is univocally determined by the family of monotone

non-decreasing step-functions:

Wi e (W : W)= Zwi, pj < <pjt1, W(x) >W(y), a>z>y>0,. (A4)

1<j
;From Theorem 2.7.5 in [22] we have that log N[ (¢, W1, L2(R)) < K /e, for every probability
measure R and for some constant K independent on €. This implies that for every € > 0
we can find m(e) < eX'/¢

that fr <W < ij and HfJL —f]U||2 < e. As a consequence, setting fJL = (ij(pl), cee ij(pI))

couples of bounded step functions {( jL, f]U),j =1,...,m(e)} such

My (w) — M(w)

IN

My (£7) — M(£f) + M(f]") — M(w)

IN

Mr(£f) — M(f}) — Ce?

where the constant C depends on the elements of V' only. Letting ¢ — 0, and repeating the

argument changing the sign and using f]U one obtains:

sup |Myp(w) — M(w)| = op(1).
wew
Now that we have proved ||[Mzy —M]|| = op(1), a slight modification of Corollary 3.2.3 of [22]

yields |[W* — w*| = op(1).

It now remains to prove that also ||W* — w*|| = op(1). It is easy to show that, from

VT —consistency of 7(w) and 7y,
W~ {w cwle=1,w>0, |7(w) — 79| <717+ O(c- T71/2)} (A.5)

with ¢ # 0. The right-had-side of (A.5) describes a monotonically decreasing sequence of
subsets of W7, whose limit in probability is, because of (5.5), equal to W. Then,

M(w*) = ig%M(w) < V&Igl}f;vM(W) +op(1) ~ M(w")

and by continuity of M with respect to w,
M( lim w*) = lim M(%") = lim inf M(w) = i]l/lvf M(w) = M(w™),

T—o00 T—o0 T—00 weWw

that, together with the uniqueness of w*, implies |[W* — w*|| = op(1).
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(ii) Let A be a countable dense subset of the interval [—rp, rr]. Then, for very 6 € A, let

ﬁéz {W:WTzzl,f'(w):ﬁ)—i—é}.

— =6
Then we have W 2O Usca VW . We can limit ourselves at considering the sets indexed by A.

For every fixed § € A, it follows from Theorem 4 that

%
< Vs > = arg min My = C;lf'(s
As ﬁé
where C = };T 70R ) , R = (z, Q), Q the I—dimensional vector of estimates for Q,
and where #§ = (0,...,0,—1,—(7 — 4)). ;From the block matrix inversion formula,

¥ =VIRR'VIR) 7 and w,=V RR'V 'R) !5
where 7{ = (=1, (7 + ) and 7" = (=1, 7).
Then, for every 6 € A,

Iw; -l = [V'RERTVIR) -V RRTVOR) |

VIRRTV R) (- 7|

IN

+ H (V'RRTV R - VIRRTVIR) ) TH . (A.6)

The first term satisfies

12 a1 —1/2
RV 'R

~

|4

IN

[VTRRTV TR (- 1)

Op (5+T—1/2)

= 0p (84T72) = op(1).

The quantity |V'| is the algebraic norm of a m x n—dimensional matrix V', defined as

v
V] = max{ Vele o cgn gz 0}
]2
and, if V' is a square positive semidefinite matrix, ||V || = Amax(V'), the maximum eigenvalue

of V.
For the second term of (A.6), we have
H (v—lmfﬂvgﬁyl +VIRRTV 'R - V’lR(RTV’lR)’1> fH

<[J@&mv R | VT R - vR[ e v R [ RTY R /TR
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Then, we need to show that the right hand side of the above inequality is op(1).

It is enough to show that ’)‘V_lf{ - V_lRW = op(1) and also H’(IA{TV_IR)*l - (RTV_lR)*l‘H =
op(1), because the other terms, for fixed a and I, are Op(1).

First of all,

1

77y 9w a5

It is easy to see that, under the assumptions, ‘HR— Rm = Op(T~/?) because Qz(x) is

consistent for Q;(x), i =1,...,I. Moreover,

[V =vr < iv il |fr- vorev v = op (A7)

(see for instance the Proof of Proposition 4 in Broniatowski and Leorato). For the other

)

where a = Y, V= (ij), b = ¥, Qi(0) X, V(i) ¢ = X0, V™ (i./)Qi()Q;(x) and

V= (i,7) is the (,7)th element of the matrix V1. Moreover, &, b and ¢ are the empiri-

term, we observe that

O

RV IR = < ; *C) ) RV R = <

o> W
o>

cal counerparts.

Therefore,
vt (5 0) w5 )
and
H RV 'R (RTV*lR)*l‘H — Amax ((RW”R)*l - (RTV*1R)*1> . (AS9)

In order to compute the maximum eigenvalue in (A.8), we consider
det ((RTV‘lﬂ)*l ~(RTV IR - /\I> ~0

that gives

1
A==
2

where for the determinant it holds

2 .
A:a+c_é+§:}_4[b _ bA]<[
A LCbQ (ae-b") ac-b”  ac—b’)| ~




Thus, the maximum eigenvalue is

atc atc a+tc at+c b b
Amax < 2 ~2 2 |+ 2 2 ~2
ac—b (4¢—b) ac—b (3¢—b) ac—b (46 —b)
2 max{ac — b?,a¢ — b’} [|a - a|+)5— b‘+\é—c|]
< -
(ac — b%)(ac — b’)
2 [|é—a|+‘5—b‘+\é—c|]
min {det (RTV'R) ,det (RTV 'R}
The term in the denominator is strictly positive. The term ||b — b|| = op(1) because of the

v T—consistency of Ql(a:), foralli =1...,I and because of the consistency of V for V, that
also implies ||a — a|| = op(1). Finally,

le—cl <3, |Qi@)Qi(@) - Q@)@ @) V(i)
+ %0, (@)@ @) [V (0.5) = V7 (0.5)| = op(1).

So far, we have proved that, for every § € A, HWZ - W*H = Op(d)+op(1) where the op term

is independent on . Then, in view of W = arg minge A My (WS) it immediately follows that

W*H < Op(rr) +op(1).

J<TAN

31



