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Abstract

This paper provides first and second-order approximation methods for the solu-
tion of non-linear dynamic stochastic models in which the exogenous state variables
follow conditionally-linear stochastic processes displaying time-varying risk. The
first-order approximation is consistent with a conditionally-linear model in which
risk is still time-varying but has no distinct role — separated from the primitive
stochastic disturbances — in influencing the endogenous variables. The second-order
approximation of the solution, instead, is sufficient to get this role. Moreover, risk
premia, evaluated using only a first-order approximation of the solution, will be also

time varying.

*Financial support from and ERC Starting Independent Grant is gratefully acknowledged.



1 Introduction

In the last decade, there has been an increasing interest among researchers and policymak-
ers in developing dynamic general equilibrium models to study business cycle properties of
macroeconomic variables and to conduct policy analysis. This research agenda has been
accompanied by parallel developments in solution methods and estimation techniques
aimed at handling different challenges that richer models pose to economists. For exam-
ple, second-order approximation techniques have been proposed by Schmitt-Grohé and
Uribe (2004) and Benigno and Woodford (2008) to address welfare comparisons across
policy regimes while Bayesian analysis has been developed for estimating dynamic general
equilibrium models (An and Schorfeide, 2007).

In this work, we propose a solution method for non-linear dynamic stochastic models
in which the exogenous stochastic processes display time-varying risk. While the use of
models with time-varying risk is quite popular in finance, only recently there has been
considerable attention on the role and the effects that risk or uncertainty and their vari-
ations over time have on macroeconomic variables.! Our solution method is based on
appropriately-defined first and second-order approximations of the solution which can be
effective in studying how time-variation in the exogenous risk influences the equilibrium al-
location in standard macroeconomic models. This is in contrast with other solution meth-
ods, recently proposed, relying on third-order approximations as in Fernandez-Villaverde
et al. (2009).2

We consider a class of non-linear dynamic stochastic models in which the exogenous
state variables follow conditionally-linear stochastic processes where either variances or
standard deviations of the primitive shocks are modelled through stochastic linear pro-
cesses. We show that a first-order approximation of the solution can be consistent with
a conditionally-linear model in which the process for the exogenous state variables is not
approximated and still displays time-varying volatility. Indeed, whether the exogenous

state process is approximated or not does not affect the other coefficients of the linear

!Bloom (2009) examines the effects of an increase in uncertainty on investment and hiring decisions
by firms, Bloom, Floetotto and Jaimovich (2009) extend a canonical real business cycle model to study
the impact of change in the variance to productivity innovation on economic activity while Fernandez-
Villaverde, Guerron-Quintana, Rubio-Ramirez and Uribe (2009) show how changes in the volatility of the
foreign real interest rate are an important mechanism in explaining the behavior of output, consumption
and investment in emerging market economies.

2Bloom et al. (2009), following Krussell and Smith (1998), use instead a value function iteration ap-
proach which is more computationally demanding and difficult to implement even in small scale dynamic
general equilibrium models.



approximation nor the dimension of the relevant endogenous state variables.?

There are three clear advantages of following a conditionally-linear approximation in-
stead of a fully-linear approximation. First, the approximated linear solution would still
display a role for time-varying risk in affecting the evolution of the endogenous variables
of the model.* However, this is not a “distinct and direct” role, as risk and primitive
shocks are not disjoint arguments: if shocks are zero, risk does not influence directly the
endogenous variables. Second, the fact that stochastic volatility enters the first-order ap-
proximation, although not disjointly, has important implications also for higher-order ap-
proximations. In particular, we show that a second-order approximation of the policy rules
is sufficient to imply a “distinct and direct” role for time-varying volatility in affecting the
endogenous variables, whereas with other approaches a more computationally-demanding
third-order approximation is needed. Third, a conditionally-linear approximation, where
volatility is still time-varying, can be sufficient to characterize time variation in covari-
ances and therefore in risk premia, whereas a standard linear approximation would only
deliver constant risk premia.

Our paper is related to Justiniano and Primiceri (2008) since their partially-nonlinear
approximation, as a first-order approximation of the solution, agrees with our proposed
conditionally-linear approximation when the exogenous state variables follow conditionally-
linear processes. We also provide a second-order approximation of the solution to charac-
terize a distinct role for exogenous risk in affecting the endogenous variables. In particular
we consider two models of time-varying volatility, one with a stochastic linear process for
the standard deviation of the primitive shocks, as in Justiniano and Primiceri (2008), and

5 The latter model is indeed also more

another with a linear process for the variance.
parsimonious in the second-order approximation.

Our contribution can also be read as a generalization of the second-order approxima-
tion methods of Schmitt-Grohé and Uribe (2004), Kim et al. (2008) and Gomme and
Klein (2008) to the case in which the exogenous state variables follow heteroskedastic
processes. Recent works by Fernandez-Villaverde et al. (2009, 2010) have provided ap-

proximation methods for exactly the same model as ours in which the standard-deviation

3We follow here the insights of Justiniano and Primiceri (2008) which indeed define a partially-
nonlinear approximation.

4This role has been particular relevant for Justiniano and Primiceri (2008) to deliver a model that
can be estimated parsimoniously in order to investigate which sources of risk have contributed the most
to the fall in macroeconomic volatility associated with the US Great Moderation.

5Justiniano and Primiceri (2008), however, model the log of the standard deviation as a stochastic
linear process.



of the primitive shocks is time-varying. However, they consider a fully-linear approx-
imation in which even the process for the exogenous state variable is linearized.® By
doing this, time-varying volatility is lost in the first-order approximation and, to get a
distinct role for risk in affecting the endogenous variables, a third-order approximation
is needed. Amisano and Tristani (2009) analyze models where volatility is subject to
discrete switching-regime changes and show that the time-varying volatility can affect the
second-order approximation. Finally, there are other contributions which have been inter-
ested in characterizing how time-varying risk affects endogenous variables. But in these
cases, as in Rudebush and Swanson (2008), exogenous state variables follow homoskedas-
tic processes as in Schmitt-Grohé and Uribe (2004) and time-varying endogenous (not
exogenous) risk affects the endogenous variables only in a third-order approximation.
The structure of this work is the following. Section 2 presents first and second-order
approximations in a model in which the exogenous state variables have time-varying
linear process for the conditional standard deviation. Section 3 considers the case in
which time-varying risk is modelled using a linear process for the conditional variance of
the primitive shocks. Section 4 applies our methods to the benchmark neoclassical growth

model. Section 5 concludes.

2 A model with time-varying standard deviations

We consider the following general model which encompasses a wide variety of dynamic

stochastic models:
E, {f(yt-i—la Ti4+1, Yt mt)}‘ =0, (1)

where E;{-} denotes the mathematical expectations operator conditional on the informa-
tion available at date ¢ and f(-) is a vector, of size n, of functions. The vector y;, of
non-predetermined variables, is of size n, x 1 while the vector z; of state variables is of
size ng x 1, with n, 4+ n, = n. In particular, the vector x; can be partitioned into a vector

of endogenous state variables k; and a vector of exogenous predetermined variables z; of

ki
Ty = .
2t

6This is because they do not necessarily assume a conditionally-linear process for the exogenous state
variables.

size n, x 1, as follows:




The vector z; follows the exogenous stochastic process given by
Ziv1 = Moz + Z&10 (2)

where Z and A, are matrices of order n, x n,. The vector & is also of dimension n, x 1
and is given by

§er1 = Uiz (3)

where €,,41 is a n, x 1 vector of innovations, which are assumed to have a bounded
support and to be independently and identically distributed with mean zero and vari-
ance/covariance matrix I,, where I, is an identity matrix of dimension n, X n,; U, is a
diagonal matrix of dimension n, X n., whose elements on the diagonal are collected into
vector u;, of dimension n, x 1. In particular u, follows the exogenous stochastic linear
process given by

U1 = Uz(jz — Au)’L_L + Auut + O'UV€U¢+1 (4)

where V' and A, are matrices of order n, X n,, €,441 is a n, X 1 vector of innovations
which are assumed to have a bounded support and to be independently and identically
distributed with mean zero and variance/covariance matrix I,; @ is a vector of dimension
n, x 1 while o, and o, are scalars with o,,0, > 0.7 We also assume that the initial
condition on the process for u; is such that w, 1 = o,u.®

Given equations (3) and (4), the model generalizes the framework of Schmitt-Grohé
and Uribe (2004) to a case in which the volatility is time varying and stochastic. In
particular, the process for the exogenous state variable (2) is conditionally linear where
each element of the vector u; captures the conditional standard deviation of each element
of the stochastic disturbance &;,1; such standard deviations are allowed to vary over
time in a stochastic way following the autoregressive process described by equation (4).
The model boils down to the framework of Schmitt-Grohé and Uribe (2004) under the

assumptions o, = 0 and u; = 1 for all © = 1, ..., n,, since in this case

§i41 = 02E24+1-

"Fernandez-Villaverde et al. (2009, 2010) and Justiniano and Primiceri (2008) model a linear process
for the log of the standard deviations to assure that variances remain always positive. This is not necessary
in our case since we are assuming a bounded support for the shock €, ; which is needed anyway, for the
goodness of the approximation.

8Notice that in (3), there is no need to add another scalar of the type o¢ as a perturbation parameter
since the variables on the diagonal matrix U; are already subject themselves to perturbation. Indeed,
this is why we add the perturbation parameters o, and o, in (4) and assume an initial condition for u,
of the form u;,—1 = o, u.



We make three important remarks on the above structure which are important to define
the class of models which we are interested in. First, equation (4) is not part of the
equilibrium conditions (1). Second, the vector w; is not a distinct argument of the set
of equilibrium conditions with respect to what is already captured by the state vector
x¢. Third, the vector of exogenous state variables z; follows a conditionally-linear process
given by (2). We are not interested in characterizing approximations of more general

models in which the exogenous state variables follow instead non-linear models.

2.1 Solution

Given the above defined model and structure of the stochastic processes, a solution of (1)

takes the form

Ut :g(xtaut5027av> (5)
Ty1 = h(zy, up,0,,0,) + B££t+1 (6)

for generic functions g(-) and h(-) where hg is a known n, x n, matrix of the form

0
A

th

We are interested in a second-order approximation of (5) and (6) around a deterministic
steady state in which o, = 0, = 0 and u; = o,u = 0. In this deterministic steady state

r; =T and y; = y satisfy

y = 9(2,0,0,0)

z = h(z,0,0,0)
or, equivalently

fy,z,y,z) = 0.

2.2 First-order approximation

First, we characterize a first-order approximation of (5) and (6). We guess and verify that

this approximation takes the form
Ut = July (7)

Tpqy1 = hos + B§§t+1 (8)



where 4, =y, — ¥y, T = xy— and g, and h, are the Jacobian matrices of the functions g(+)
and h(-) with respect to z, of size n, X n, and n, x n,, respectively, and evaluated at the

steady state. To verify this guess, we take a first-order approximation of (1), obtaining
Dfy- Edjsr+ Dfs - Bitpyr + Dfy - G+ Dfe - =0 (9)

where D fg, Df:, D fy, and Df, are matrices containing the respective gradients of the
vector of functions f(-) taken with respect to the arguments of the function and evaluated
at the above-defined steady state. In particular hats denote the gradient with respect to
time t 4+ 1 vectors, y stands for 3,1 and & for x;,4.

To verify our guess, we plug (7) and (8) into (9) noting that E;&y1 = 0. It follows

that the matrices g, and h, have to satisfy the following set of n x n, conditions.
D f39:ha + D fygs + D fihe + Df. = 0. (10)

The above set of conditions can be solved using standard algorithms. Indeed, it corre-
sponds to that of Schmitt-Grohé and Uribe (2004) in the case in which the volatility is
non stochastic: the matrices g, and h, are the same as in their framework. However,
the overall solution given by (7) and (8) does not correspond to their solution since the
driving stochastic disturbance is still a non-linear process, which is described by (3). In
particular, (7), (8) together with (3) and (4) represent the best conditionally-linear so-
lution of (9) given that the exogenous state variables follow (2)-(4) and given that the
vector u; does not enter the set of equations (1) nor their arguments. Notice first that
(9) just imposes restrictions on the linear approximations of the functions g(-) and h(-)
of (5) and (6). Since E:&1 = 0, the approximations (7) and (8) are conditionally linear.
Moreover since fzg is known, the best approximation of the term 715&“, in equation (6),
is just the term itself which is what appears in (8).
Fernandez-Villaverde et al. (2009, 2010) assume that

§t+1 = Qt+10,z€z,t+1 (11)

where )11 is a diagonal matrix whose diagonal contains the vector of standard deviations

wyy1; the log of the standard deviations follow
logwii1 = logw + Ay logwy + 0, Ve 141 (12)

given appropriately defined matrices A, and V,,, given the vector logw and stochastic

disturbances €,,44+1 where o, and o, are scalars with 0,0, > 0. If ¢,,,41 and €, are

6



statistically independent, the process for the exogenous state variables is also conditionally
9 In this framework, Fernandez-Villaverde et al. (2009, 2010) look for a fully

linear approximation in which (11) is also linearized. However, an appropriate linear

linear.

approximation of (11) — also with respect to the scalar o, — would be zero and therefore the
overall first-order approximation of the solution would no longer be stochastic. However,
an alternative linear approximation would be to approximate &, as a linear function of
0.€,441 In a way that also (8) becomes linear in the stochastic disturbances o.¢,41. In

their case a linear approximation of the exogenous state variables takes the form
Tri1 = he¥y + heQoe. 411, (13)

in which ( is the diagonal matrix containing the vector @ on its diagonal. Applying this
approximation to our context requires to set o, = 0 in (4) to obtain a linear approximation

of the exogenous state variables of the form
Tro1 = hodiy + heUo,e, 441, (14)

in which U is the diagonal matrix containing the vector u on its diagonal. Solution (14)
is now in the form of a linear multivariate autoregressive process, but it is not the best
conditionally-linear approximation of (6). In our approximation (7) and (8) together with
(3) and the linear process (4) are all that is needed to characterize the conditionally-linear
approximation. In Fernandez-Villaverde et al. (2009, 2010), it suffices instead to consider
(7), (8) and (14) where time-varying volatility ceases to play a role. However, there is no
restriction in our and their approximation methods that should require to linearize also
&41. This is not even a requirement for analytical tractability since conditionally linear
heteroskedastic models are commonly used and most recently in macro models.!°
Indeed, we will show that there are actually several advantages of our conditionally-
linear approximation. A first one is that in our case, first-order approximations will
retain a role for stochastic volatility, as in Justiniano and Primiceri (2008), although not
a distinct role, since risk enters only jointly with the structural shock. In Fernandez-
Villaverde et al. (2009, 2010), on the contrary, first-order approximations will lose any
role for time-varying risk. Such difference between our and their linear approximations

will also be importantly reflected in the second-order approximation and especially in

9Fernandez-Villaverde et al. (2009, 2010) do not assume explicitly conditional linearity and, perhaps,
they are looking at the broader class of non-linear processes for the exogenous state variables.

10See Justiniano and Primiceri (2008) for further arguments to justify what they call a “partially
nonlinear” approximation in the same model of Fernandez-Villaverde et al. (2009, 2010). This would be
a conditionally-linear approximation when ¢, ;11 and €, ;41 are statistically independent.

7



the role that time-varying volatility plays in it. A further advantage of our approach,
indeed, is that time-varying volatility will play a “distinct and direct” role already in a
second-order approximation whereas in Fernandez-Villaverde et al. (2009, 2010) at least
a third-order approximation is needed. With “distinct and direct” role, we mean that
the impulse response functions of the variables of interest with respect to the primitive
volatility shock €,,11 can be in general different from zero.!' As a consequence, a very
appealing implication of our method is that risk premia evaluated using first-order ap-
proximations will be time-varying, in contrast to the constant risk premia implied by
the framework of Fernandez-Villaverde et al. (2009, 2010). In their context, indeed,
higher-order approximations will be needed to characterize time-varying risk premia.
We conclude this section by noting that a complete linear approximation to (5) and

(6) can be represented as
gt = gx«%t + gutt + 9.0, + GuOy

i't—‘rl = }_ijt + Buut + Bzgz + Bvav + B§§t+1~

However, plugging the above equations into (9) shows that G, G-, v, hu, h=, hy are all

zero matrices.

2.3 Second-order approximation

In this section, we characterize a second-order approximation of the solutions (5) and (6).

We guess and verify that it takes the form

1 1 1 1
Ut = guTy + §(Iy ® @)gmjt + §<]y ® ui)Quuut + 5@%0'12; + 59%03 + Jzu0:Ut (15)

. 1 s . 1- 1- - _
xt-{—l - hmxt"f_§(Ix®lé)hmcxt+§(Ix®u:j)huuut+Ehvvag_}_§hzzag+hzu0zut+h§€t+l (16)

where I, and I, are identity matrices of order n, x n, and n, x n,, respectively, ® denotes

the Kronecker product and Guz, Guu, G225 Govs Gous Doz, Puw, ez oy, ey are conformable
matrices, corresponding to the Magnus-Neudecker Hessian matrices of functions g and h

with respect to the arguments in the indexes.!? Specifically, §,, is defined as

— . 829(%“702701)
oz = Ox0x’

1 Accordingly, since in our first-order approximation there is no distinct role for volatility in affecting
the endogenous variables, the impulse response of any variable with respect to a volatility shock is always
Zero.

12Gee Magnus and Neudecker (1999).

— D,vec [(ng(:z, 0,0, 0))’} :




evaluated at the steady state, and consists of n, vertically stacked symmetric n, X n, ma-
trices (g, is therefore of size n,-n, x n,). All remaining matrices are defined analogously.

To evaluate this guess, we take a second-order approximation of (1), to get
0= Et{DJFé i1+ Dfi - Ter + DSy i+ Dfy - @

e g~ = Fi ~ Fio
+ Ui Dy - e + Ty - Dfgs - Gen + 95 - Dy Gea

2

= Fi 1. Fi A ~ Fio s

+ I - ng;,; "Y1+ §$;+1 Dfis - Tepr + 7, ij;y " T41

~ o~ 1 B~ o~ 1. o~
+$:§Dfix$t+1+§y£nyyyt+x;nyxyt+§x2Df:cxxt}7 (17)

for each i = 1,...,n and where f? denotes the i-component of the vector f.

The second-order approximation of (1) can be cast in a more compact form as

;

/

\

Uil I, ® Y Uiyl
0=£5!DF Tg1 n 1| In® T o (18)
—E, . - ) -
Yt 2| I, @ Yt
Tt I, ® Ty
\ Vs

where Df = [ny Df; ny Dfx} denotes the n x 2n Jacobian matrix of function f,
and H f the corresponding 2n? x 2n Magnus-Neudecker Hessian matrix, evaluated at the

steady state:
Hf = Dvec[(Df)].

We use equations (7) and (8) into (18) to evaluate the second-order terms and (15)
and (16) to evaluate the first-order terms, taking into account the restrictions (10).

Making use of F;£;11 = 0, we obtain:
1 _ _ _ _ _ _
0 :§Et{D.fz] |:(gx ® j;) h:c:r:-%t + (gac ® u;) huuut + gxhzzo_g + grhvvag + nghzuazut
+ (]y ® u;-i-l) guuut—f—l + [Iy ® (;Lacjt + }_ngt-&—l)/} gac;r(}_l:c‘%t + B{gt-l—l) + gzzgg + gvvo-?;
+ 29zuazut+1:| + D]E:i |:(ICC ® 53:5) Bmcxt + (Ix ® U;) Buuut + Bzzo—z + vaag + 2hzu0zut:|
+ ny [([y ® j;) g:m:xt + (Iy ® U;) guuut + gzzag + gvvag + 2gzu02ut:|
+ [In ® (Goha@s + Gohe&esn)'] Hfy - Wi + |1 @ (holiy + heler)'] Hf5 - Wi

+([n®£2§;) ny'wt+1+([n®i‘2)Hfm'wt+l}a (19)



where W1 = [§1,1 @421 U, @) isa 2n x 1 vector and Hfy, Hf;, Hf,, and Hf, are
the Magnus-Neudecker Hessian matrices of the vector of functions f(-) taken with respect
to the arguments of the function and evaluated at the above-defined steady state, such
that -
Hf
Hf;
Hf,
Hf,
Specifically, H fy is defined as
H fy = Dvec[(D f;)],
and analogously for the other terms. Moreover, equations (7) and (8) imply

Wiy = M, % + Mffﬂrl, (20)

where M, and M, are matrices of order 2n x n, and 2n x n,, respectively, defined by

. Ry _ h
My=| M = ¢ (21)
(085 O(nyxnz)
Ix O(nxxnz)

From equation (19), and using (20), we can collect the quadratic terms in the vector

T, to obtain

1 _ _ _ _ _ _ _
+ (Dfy ® &) Goae + (1, @ Tyhlg,) H fy - My@y + (1, @ Zh,) H f3 - M,y

(@ H) HE, - M+ (I @ &) HT, M} (22)

Following Gomme and Klein (2008), given a generic n - m X m matrix A consisting of
n square matrices A; stacked vertically, with i = 1,...,n, we define trm(A) as the n x 1

vector of traces of the n matrices A;:

trm(A) = [tr(A;) tr(4s) ... tr(4,)].

10



We can use the above operator to show that moment condition (22) implies the following

set of n - n, X n, equations:

+ (In@g,) Hfy - My + Hfy - My, (23)

which can be solved for the unknown matrices g,, and Ry, given ha, Gz, D f and H f )

We can then collect the remaining terms and obtain
1 7l N7 -7 2, =7 2 _ 7 / =
0 - §Et Df;L) (g:r & ut) huuut + gxhzzaz + gxhvvav + 2g:z:hzuo—zut + (Iy ® ut+1) GuuUi+1
+ (Iy 2 éngrll_?‘If) g:rxi’ffﬂrl + gzzo'g + gvag + 2gzu0zut+11
+D5B@®@angmﬁ+mmpanM}
+ ny [(Iy ® u:t) Juut + gzzag + Qwag + 2§zu0zut}
+ (In ® 51/5-1-1}_1,5.@;) Hfy M€ + (]n ® 5£+1B/5) Hfs- Mgftﬂ} (24)

Given a generic square matrix A, of order m, we define diagm(A) as the diagonal
matrix whose main diagonal is that of matrix A. Moreover, given a generic n - m X m
matrix B consisting of n square matrices B; stacked vertically, with ¢ = 1, ..., n, we define
dgm(B) as the n - m x m matrix that stacks vertically the m x m diagonal matrices
diagm(B;):

dgm(B) = [diagm(B;) diagm(By) ... diagm(B,)]".

We can use the above operator to show, for generic and conformable matrices A and B:

E{(I®& A) BAG .} = B {trm [(I ® §,,A) BAG ]} =
trm [(I @ A') BAE, {&+1&4, )] = trm [(I ® A') BAU,U}],

where “trm” is the matrix trace operator defined earlier, and in the last equality we used
Ey(&11&1) = UU], as implied by equation (3). Moreover, since U, is a diagonal matrix

whose vector on the main diagonal is u,, the following also holds:

trm [(I @ A") BAUU/] = trm {dgm [(I ® A") BA] - wyu;},

11



from which we can conclude:
E{(I®&, 1 A) BAG 1} = trm {dgm [(I ® A") BA] - wu;} . (25)
Recall the definition of the process for the standard deviations:
g1 = 0.(L — Ay)u+ Ay + 0, Ve 141

We can use the above definition to write the quadratic term in u;;; in equation (24) as:

E{(Dfy ® 1) Gustiens | = E{0? [Df; @ (L — )] Guul L = A

+ (ny ® ugA;) GuulNutiy + 02 (ny ® €;7t+1V’) GuuV Ev 11
+ 20, [ny Qu' (I, — Au)/] guuAuut}' (26)

Using the above to collect all second-order terms in u; from equation (24), considering
equation (25) and exploiting the operators “trm” and “dgm”, we obtain the following

system of n - n, X n, equations
+ dgm[(Dﬁ; ® hg) Guohe + (1, @ hegl) Hfy - Me + (I, @ h) Hf; - Mg} , (27)

which can be solved for matrices Gy, and Ay, given hy, G, Pows Guz, Df and H f. Notice
that Ay, and Guu Will therefore consist of n, and n,, respectively, vertically stacked matrices
of dimensions n, x n, which will be diagonal matrices.

We can further collect terms in o,u; from equation (24), considering equation (26) and

using the trm operator, to obtain a set of n X n, equations:
0= (ny "0z T Dfi)ﬁzu + Df@ ’ gzuAu + ny “Gou T [ny ® a/(Iz - Au)/} guuAm (28>

which can be solved for the unknown matrices g., and s, given g, Guu, and D f .

Similarly, we can collect the terms in 2 obtaining a set of n x 1 equations
+2Dfy Gou( L. — A)u+ [Dfy @ W(L — AY)'] Guu(L: — Au)u, (29)

which can be solved for g,. and h.., given G, G.u, Guu, and Df.

Finally, we can collect the terms in o2 obtaining a set of n x 1 equations
0= (Dfy - gu+ Dfs)hos+ (Dfy + DJ)gon + trm | (Df; © VgV ], (30)
which deliver g,, and R, given g, Guu, and D f_ )

12



3 A model with time-varying variances

In this section we discuss a more parsimonious model with time-varying volatility in
which the volatility is modeled through an autoregressive linear process for conditional
variances rather than for conditional standard deviations, as in the previous section. The
only difference with respect to the previous model is in equation (4) which we now replace
with

up g = o (I, — N@®) + Ayui +02Vey 1. (31)

Each element of u? is the corresponding squared value of each element of u;, which still
corresponds to the diagonal of matrix U; as in (3); @ is a vector of dimension n, X 1 with u?
being a vector of the same dimension whose elements are each the square of the respective
element of u; V' and A, are matrices of order n, X n,, €,+41 is a vector of innovation of
dimension n, X 1 which are assumed to have a bounded support and to be independently
and identically distributed with mean zero and variance/covariance matrix I,; o, and o,
are scalars with o,,0, > 0.

Differently from the previous model, it is now the conditional variance of each element
of the stochastic disturbances &, which is modeled as a linear process, (31). As a
consequence, the scale factors o, and o, have been appropriately squared.

It is straightforward to show that a first-order approximation of this alternative model
is identical to that of the previous section except that now (4) replaces (31).

Instead, a second order approximation will be of the form

- . 1 L 1 1

Yt = Gy + é(Iy ® T}) Juals + §guuu? + §gzz037 (32)
~ 7~ 1 ~I\NT ~ 1 - 2 ]_ — 2 —
Tiy1 — h,Z: + 5([33 & Qit)hle’t + §huuut + §hZZO'Z + hgfprl, (33)

where the sizes of matrices g, Gzz, J-., and hy, hyw, h.,, are the same as in the previous

section. Instead gy, and h,, are matrices of order ny X n, and ng X n;, respectively.!3
We now evaluate the second-order expansion (18), using equations (7) and (8) for the

second-order terms, taking into account (31), and the second-order guess solutions (32)

and (33) for the first-order terms, taking into account the restrictions implied by (10).

13Notice that the expansion with respect to o2 is zero up to second-order terms.
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We obtain:
0 :%Et{ng {(gw ® 7)) huay + Guhuutiy + Goho.0? + G..0°
+ [Iy ® (Bxi’t + Bgftﬂ)l] gm(}_lzi’t + B£§t+1> + Ugguu(fz - Au)?_f + Quu/\uuﬂ
L Df, [gm & ) hanitr + Frugt? + l_zzzag} + DJ, [(zy & &) Gaut + Gunti? + gzzag}
+ [ ® (Gohat + Gohelin)'] H g - Wea + [In @ (hay + hebin)'] H fz - Wi
+«h®f@@ﬂﬁ~@H+«M®fnﬂﬁ-mﬂ}, (34)

From the above equations it is clear that matrices g,, and h,, are equivalent to those of
the previous model and satisfy equation (23).

We can collect the remaining terms:
0 = Et{Df_gj lgxﬁuuug + §lez0§ + szﬂg + (Iy ® ££+1]_1/5) §mﬁgft+1
+wﬁww—Ag#+meﬂ+DﬁFwﬁ+@ﬁ4

+ (I, ® 51/5-1-1}_1,5.@;) Hfy M€+ (I, ® 5£+1B/5) Hfs- Mgftﬂ} (35)

Given a generic n-m xm matrix A consisting of n square matrices A; stacked vertically,
with i = 1,...,n, we define dgv(A) as the m x n matrix that stacks horizontally the main

diagonals of each of the m x m matrices A;:
dgv(A) = [diagv(A;) diagv(A4y) ... diagv(A4,)],

where diagv(A;) is an m x 1 vector collecting the elements on the main diagonal of A;.
We can use the above operator, together with the matrix trace operator defined in the

previous section, to show, for generic and conformable matrices A and B:

E{(I®& . A)BAG} = B {trm [(I ® &, A) BAG ]} =
trm [(I ® A') BAE, {&41&,1}] = trm [(I ® A') BAUU,| = dgv [(I ® A") BA] v},

Using the above to express the quadratic terms in & in equation (35) in terms of u?,

we collect the latter to obtain the following system of n x n, conditions:

+dav | (DF; © ) guhe + (1@ Tigl) By Mg + (L@ ) H: - M), (36)
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which can be solved for matrices hy, and ..
Finally, we can collect the terms in o2 from equation (35), to show that matrices h.,

and g, solve the following system of n x 1 equations:

4 Application: the neoclassical growth model

To apply our method to a simple example, we consider the standard neoclassical growth
model as it is also done in Schmitt-Grohé and Uribe (2004). We denote with C} consump-
tion and with K, the capital stock at the beginning of period t. The parameters 3, d, vy and
« represent (respectively) the subjective discount factor, the depreciation rate of capital,
relative risk aversion and the return to scale of capital in the production function. The

equilibrium conditions of the model are given by:

Kt+1 — eatha — (1 - 5)Kt + Ct =0 (38)
a a—1 Ot-l—l - _
E$ B [ae® K25 + (1 —0)] a —1=0 (39)
t
Arr1 = Pa + WiEa i1 (40)

vVt > 0, given Ky and ag = 0; where a; denotes the log of the productivity shock. In
particular, the innovation £,:41 to the log-productivity process (40) is identically and
independently distributed process with mean zero and unitary variance; u; captures the
time-varying conditional standard deviation of a,,; and p is a parameter, with 0 < p < 1.
We model the square of uy, i.e. the conditional variance of a;,, as an exogenous stochastic
linear process

Uiy = (1= N)og@® + Xuf + 05y 141 (41)

with initial condition u3 = ¢2u? where A is a coefficient such that 0 < X\ < 1, while o,
and o, are non-negative scalars; « is a positive parameter and the innovation e,4 is
identically and independently distributed process with mean zero and unitary variance.
Notice that since E; (utg,:11) = 0, the log-productivity process (40) is a conditionally
linear stochastic process.

We can cast this model in the general notation of Section 2. Defining ¢; = InCy,
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ky = In K, we can write y; = [¢;] and x; = [k, a;] and therefore

B [aeat+1+(a*1)kt+1 + (1 _ 5)} e~ et _ ot
E{f(Yer1 s Ter1, 20) } = By ehrrr — eartake (1 — §)ekt 4 et =0. (42)

1 — Py

According to (5) and (6), a solution to (42) takes the form
G = g(khatautaaaaUU) (43)
kipr = h(ke, ar, ug,04,0,) (44)

g1 = Pag + §41

with &4+1 = uiga441 and where the square of u; follows (41).
In the non-stochastic steady-state, in which o, = 0, = 0 and f(y,y,z,z) = 0, the

following system is used to solve for K and C
K — K- C =0,

BlaKe " +(1-8)] =1.

Using the calibration of Schmitt-Grohé and Uribe (2004), i.e. 8 =0.95,0 = 1, a = 0.3,
p =10,y =2, we obtain:

K =0.1664, C = 0.4175.
According to (7) and (8), a first-order approximation of (43) and (44) takes the form

= gkift + Galit (45)

l;'t-i-l = hkjft + haat (46)

where we have defined ¢, = InC, — InC, k=ln K, —In K and the coefficients gi, ga, hs
and h, coincide with those of Schmitt-Grohé and Uribe (2004):

gr = 0.2525, g, = 0.8417
hiy = 04191, h, = 1.3970.

However, there is an important difference between our approximation and that of
Schmitt-Grohé and Uribe (2004). In our case, a; follows the conditionally-linear and

heteroskedastic process (40), in which the conditional variance is modelled as in (41). In
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their framework, instead, shocks are homoskedastic and a; follows the following linear
process:

a1 = PGy + O-aﬂga,t-i-l' (47)

In Fernandez-Villaverde et al. (2009, 2010) the original stochastic process for the exoge-
nous state variables is heteroskedastic as in (11) and (12), but a linear approximation of
this process would be consistent with (47) in which risk is no longer time-varying. Instead,
in our first-order approximation stochastic volatility still matters and will be particularly
relevant when estimating the model, as it is done in Justiniano and Primiceri (2008).
However, as mentioned in section 2.2, in our first-order approximation risk does not
play a “distinct and direct” role. To see this point, we discuss the impulse response
functions. Defining the impulse response of a generic variable z; at time ¢+ j with respect

to the shock ¢; as
8(Et$t+j - Et71$t+j)

05,5 ’

we obtain that the impulse response with respect to the shock ¢, is given by

]($t+j|5t) =

I(C14jlear) = gkj(];t+j‘5a,t) + 9ol (ar4jl€at)

[(]%t+j+1’5a,t> = hk[(];’t+j|5a,t) + hol(asyjl€a)

for each j > 0 with I(k|e,,) = 0 where

I(arsj1lear) = pl(arsjlea)

for each 7 > 0 and

I(at|€a,t) = Uafl,.

The impulse response with respect to the shock ¢, will not be affected by the fact that
shocks are heteroskedastic or not and therefore will coincide with those of Schmitt-Grohé
and Uribe (2004). However, even if we compute the impulse response with respect to
risk, i.e. with respect to the shock ¢,;, this will be zero at all times: (¢ ;le,+) = 0 and
I (/~ct+j|8v,t) = 0 for each j > 0. Therefore risk will not play a distinct and separate role in
affecting the variables of interest even in our first-order approximation. To get this role,
we need to go to a second-order approximation.
Following (32) and (33), the second-order approximation will be of the form

. ~ 1 s 1 =5 1 9 = 1 9

Ct = gk + Gatt + 5 Guutly + 5 kkky + 5900t + Gratiht + 590004
1 1
2 2

~ 1 ~
hkkktz -+ §haaaf + hkaatkt +

1

];tJrl = hk];t + haat + huuuf + 2}7«70(72
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where again a; follows (40) and u? follows (41). To compute the numerical values for
the remaining coefficients, we consider the calibration adopted by Schmitt-Grohé and
Uribe (2004) for the structural parameters, and o, = 0, = 4 = 1 and A = 0.5 for the
parameters entering equation (41) and governing the dynamics of stochastic volatility.

This calibration implies:

Guw = —0.1444, g, = —0.0051,  gua = —0.0569, gra = —0.0171, goy = —0.0478,
Buw = 0.3622,  hye = —0.0070,  hoq = —0.0778, e = —0.0233, h,o = 0.1199.

It is also clear that second-order-approximation impulse response function with respect to
the shock e, will not be affected by the fact that shocks are heteroskedastic or not and
therefore will correspond to those of Schmitt-Grohé and Uribe (2004). Instead, now there
is a distinct role for risk to affect the variables of interest. Indeed, the impulse responses

with respect to the shock ¢, will be of the form
[(6t+j‘€v,t) = gk[(];t+j‘5v,t) + guu[(uiw ’&;,t)

I(kijalens) = b (kijlens) + huad (ufjle01)

for each j > 0 with I(k|e, ;) = 0 where
](U§+1+j|5v,t) = )‘I(u?+j|€v,t>

for each 7 > 0 and

I(u}le, ) = o2
Obviously, in Schmitt-Grohé and Uribe (2004) there is no role at all for time-varying
volatility while in Fernandez-Villaverde et al. (2009, 2010) there will not be a distinct
role and therefore impulse responses with respect to ,, will be zero. To get this role,
they have to go to higher-order approximations.

In Figure 1 we show the impulse response of consumption and capital to 1% change in
risk to productivity shock. The impact response of consumption and investment depends
on the relative strength of two opposite forces. On the one hand, higher volatility tends
to increase the supply of saving for future production and therefore for precautionary
reasons.'* On the other hand, higher volatility increases the expected excess return on
capital reducing its appeal as an asset to accumulate. Under our parametrization, in par-

ticular with 6 = 1, the precautionary-saving effect dominates and on impact consumption

14This channel is stronger when the depreciation is larger, and is clearly dominant with full depreciation.
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Figure 1: Dynamic response of consumption and capital to a 1% innovation to the variance of produc-
tivity shocks. Percentage points.

decreases while investment rises.!® In the following periods because of capital accumu-
lation, production and consumption increase above their steady state levels as long as
agents still accumulate capital above steady state.

As we have already discussed, another important advantage of our approach with
respect to Schmitt-Grohé and Uribe (2004) and Fernandez-Villaverde et al. (2009, 2010)
is that risk-premia evaluated using first-order approximation will be time-varying. To see
this, let r,41 be the risk-free real rate, and define 7,41 as the return on capital from

period t to period t + 1:

Thitl = qettritleDkir 4 (1—=9).

Using the above, we can show that in a second-order approximation the expected excess

return of capital is given by

~ ~ 1 _ _ .
Ei(Tkpe1 — Te1) + §vart(rk,t+1) = ycov(Tg t+1, ACry)

where 7, .11 and 7,41 denote the log deviation from steady state of the real return on capital

and the risk-free rate, respectively. The right-hand side measures the risk premium and

15When v = § = 1, saving is always a constant fraction of income and therefore risk does not have a
distinct role.
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this will be time-varying because

cov(Frisr, Aéry1) = dcovy(arsy + (@ — Dkr, gekisr + Garsr)

= ¢{Et [gaa,?ﬂ + (o = 1)ga + g ks + (o — 1)9k’~ft2+1]

—FE; [at+1 + (a — 1)];3t+1i| E, [gk]%tJrl + gaat+1} }
= ¢gau;

which will indeed depend on the time-variation of the variance u?, where ¢ = 1— 3(1—9).
In Schmitt-Grohé and Uribe (2004) and Fernandez-Villaverde et al. (2009, 2010), this

risk premium, computed using a first-order approximation, will be constant.

5 Conclusion

Recent models used in macroeconomics examine the role of stochastic volatility for the
equilibrium allocation. To solve these models, researchers have appealed to global solu-
tions or high-order approximation techniques. Global-solution techniques suffer from the
‘curse of dimensionality’, since the number of state variables limits their computational
efficiency. Commonly used approximation techniques require third-order expansion of the
equilibrium conditions in order to display a distinct role for stochastic volatility.

Here we propose a first and second-order approximation method to study the role
of time-varying exogenous risk in discrete-time dynamic stochastic models which en-
compass standard dynamic general equilibrium models with rational expectations. In
our framework, an important assumption is that the exogenous state variables follow a
conditionally-linear stochastic process in which either the variance or the standard devi-
ation of the primitive shocks are modelled through a stochastic linear process. In this
way, we generalize the framework and the method developed by Schmitt-Grohé and Uribe
(2004), Kim et al. (2008) and Gomme and Klein (2008) to the case in which the exogenous
state variables follow an heteroskedastic process.

The main contribution of our paper is to show that first and second-order approxi-
mations of the solution are sufficient to capture most of the relevant elements needed to
study the impact of uncertainty in standard macroeconomic models. There are three main
advantages following our method. First, a first-order approximation falls in the broader
class of conditionally-linear approximations displaying a role for time-varying volatility,

although not a distinct one. Second, given that a first-order approximation retains a role
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for stochastic volatility, the second-order approximation of the solution implies that the
time-varying volatility of primitive shocks can directly affect the endogenous variables.
Third, it follows from the previous results that risk-premia evaluated using first-order
approximations will be time-varying. All these advantages translate into a more parsimo-
nious model, more easily tractable for estimation purposes.

In addition to characterizing the second-order approximation of the solution when
shocks are conditionally linear, the paper offers a set of MATLAB codes designed to
compute the coefficients of the first and second-order approximations and provides a
simple example to illustrate the applicability of the method.!® In general, indeed, our
method can be applied easily to several macroeconomic models ranging from real business
cycle models, to monetary models and also to asset-pricing or finance models. In Benigno
et al. (2010), we employ this method to analyze how risk and monetary policy interact to

determine prices, exchange rates and asset prices in an open-economy model.

16The set of codes is available under the webpage of the authors.
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