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Abstract

Speed matters: we show that an investor’s optimal trading strategy is signifi-
cantly different when he observes news faster than others versus when he does not,
holding the precision of his signals constant. When the investor has fast access to
news, his trades are much more sensitive to news, account for a much bigger frac-
tion of trading volume, and forecasts short run price changes. Moreover, in this
case, an increase in news informativeness increases liquidity, volume, and the fast
investor’s share of trading volume. Last, price changes are more correlated with
news and trades contribute more to volatility when the investor has fast access to

news.
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Authorities are exploring potential holes in the system, including new algorithms
referred to as “news aggregation” that search the internet, news sites and social
media for selected keywords, and fire off orders in milliseconds. The trades are
so quick, often before the information is widely disseminated, that authorities are

debating whether they violate insider trading rules.

“FBI joins SEC in Computer Trading Probe,” The Financial Times, March 6, 2013.

1 Introduction

In an efficient market, prices should immediately reflect public information. Yet, recent
empirical evidence show that information in news is not immediately impounded into
prices, so that trading on news is profitable.! There are two possible, non-exclusive,
explanations for these findings. First, news traders could filter out more precise signals
from news because they process information more efficiently. Second, news traders might
react faster to news. Existing models of informed trading focus on the first explanation.?
Does this matter? Does fast access to news significantly alter an investor’s behavior
relative to the case in which he processes news more efficiently?

These questions are of broad interest. First, understanding the respective effects of
speed and accuracy on news traders’ optimal behavior is required to empirically assess
the source of their profits. Moreover, some market participants now trade on news at
the very high frequency using highly computerized trading strategies.® Their profits
derive both from an efficient processing of and a fast access to the virtually continuous

flow of messages generated by the trading process (quote updates, trades, cancellations

1See, for instance, Busse and Green (2002), Tetlock, Saar-Tsechansky, and Macskassy (2008), En-
gelberg (2008), Tetlock (2010), and Engelberg, Reed, Ringgenberg (2012).

2For instance, Kim and Verrecchia (1994) assume that when news about the payoff of an asset is
released, some traders (“skilled information processors”) are better able to interpret their informational
content and therefore form more accurate forecasts than dealers. However, in Kim and Verrecchia (1994)
all traders receive news at the same time.

3See the opening quotation and “Computers that trade on the news,” the New York Times, May
22, 2012.



etc.).* Models incorporating both advantages are therefore needed to understand high
frequency news trading and its effects. Last, such models can also shed light on the
process by which news gets impounded in prices, a question of interest for various areas
of finance.?

In order to study news trading, we consider a dynamic model similar to Kyle (1985),
but in which new information about the payoff of a risky security arrives before each
trading round.® One investor (“the speculator”) and dealers observe signals (“news”)
about this information. In the baseline model, the speculator processes news more
efficiently (i.e., his signal is more precise) but he receives news at the same time as
dealers do. We then consider the case in which dealers receive news with a lag of one
period relative to the speculator. Our central finding is that the speculator’s optimal
trading strategy is very different in each case.

In the absence of a speed advantage, the speculator’s optimal trade in each period is
proportional to dealers’ forecast “error” (that is, the difference between the speculator’s
and dealers’ forecast of the asset payoff), as in Kyle (1985). Thus, the news affects the
speculator’s trading strategy only insofar as it affects his forecast of the asset payoft.
In contrast, when the speculator has a speed advantage, the news affects his trading
strategy over and above this forecast effect. That is, the news becomes a distinct
determinant of his strategy.

The intuition is as follows. Suppose that the speculator just received good news.

4For instance, Brogaard, Hendershott, and Riordan (2012) find that high frequency traders react
to information contained in limit order book updates, market-wide returns, and macroeconomic an-
nouncements. Jovanovic and Menkveld (2012) or Zhang (2012) show that high frequency traders also
use index futures price information as a source of information to establish positions in underlying stocks.
In order to secure fast access to information, high frequency traders position their computers close to
trading platforms’ servers (a practice called co-location), or buy direct access to exchanges datafeed.

°For instance, it is important to understand the sources of volatility in financial markets (see, e.g.,
French and Roll (1986)).

6Thus, the news arrival rate in our model is commensurate with the trading frequency. This is
a reasonable assumption for high frequency news traders. For instance, Hendershott (2011) writes:
“At an HET firm there is a near infinite amount of financial market data arriving continuously.” One
reason is that each order submitted to the market or quote update is a signal. Hendershott (2011)
estimates the number of orders for U.S. equity markets alone at about 100,000 per second.



His forecast of the asset payoff increases, which commands buying shares of the asset
whether the speculator gets news faster or not. However, if he gets news faster, the
speculator also expects dealers to soon mark up the price of the asset, when receiving
the news. To exploit this foreknowledge of the short run quote dynamics, the speculator
optimally buys more shares than he would in the absence of a speed advantage. That is,
the investor’s optimal trading strategy is more responsive to news when he reacts faster
to news.

In the continuous time version of the model, these effects lead to a particularly simple
characterization for the stochastic process followed by the speculator’s optimal position
in the risky asset. The drift of this process is proportional to dealers’ forecast error and
its volatility is proportional to news. However, this volatility is zero if the speculator
does not react faster to news, even if he processes news more efficiently than the dealer.”
In contrast, it is strictly positive when the speculator gets news faster than the dealer.
Moreover, in this case, the drift of the speculator’s position is less sensitive to dealers’
forecast error. Thus, fast access to news significantly alters the speculator’s trading
strategy: (i) he trades much more aggressively on news, so that his risky position is an
order of magnitude more volatile; and (ii) he trades less aggressively on dealers’ forecast
error.

For this reason, the speculator’s trades leave very different “footprints” on market
data (volume, price changes, trades) when he has a speed advantage. First, the specu-
lator’s share of trading volume is much higher when he reacts faster to news because his
optimal trading strategy then calls for much larger adjustments in his portfolio holdings
at each point in time, as Figure 1 shows.

Second, fast access to news considerably strengthens the correlation between the
speculator’s trade at a given point in time and subsequent cumulative price changes,

especially when price changes are measured over a short time interval right after the

"This finding is standard; see Back (1992), Back and Pedersen (1998), Back, Cao, and Willard
(2000) or Chau and Vayanos (2008).



Figure 1: Speculator’s trading strategy at 1-second frequency. The figure plots
the evolution of the speculator’s position (left graph) and the change in this position—
the speculator’s trade—(right graph), when he has a speed advantage (plain line) and
when he has no speed advantage (dot-dashed line), using the characterization of his
optimal trading strategy in each case in the continuous time model (derived in Section
3), and aggregated over 1-second intervals. The simulation considers one particular path
for news in the model and parameters used for the simulation are o, = 0, = 0, = ¥y =1
(see Theorem 1). The liquidation date ¢ = 1 corresponds to 1 month.
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investor’s transaction. The reason is that the speculator’s trade anticipates on dealers’
quote updates when he reacts fast to news while it does not otherwise.

Last, changes in the speculator’s holding of the risky asset are less positively auto-
correlated when he reacts fast to news. Indeed, in this case, these changes over short
time intervals are predominantly determined by news. As the news is uncorrelated, it
does not generate serial correlation in the speculator’s trades. In contrast, when the
speculator has no speed advantage, changes in his holdings are mainly determined by
changes in dealers’ forecast error about the asset payoff. As this error is persistent,
changes in the speculator’s position are also persistent (as in Kyle (1985)).

These footprints of the speculator when he reacts faster to news match well styl-
ized facts about high frequency traders: (a) their trades account for a large fraction

of the trading volume (Hendershott, Jones, and Menkveld (2011), Brogaard, Hender-



shott, and Riordan (2012) or Chaboud, Chiquoine, Hjalmarsson, and Vega (2013)), (b)
their aggressive orders (i.e., marketable orders) anticipate very short run price changes
(Kirilenko, Kyle, Samadi, and Tuzun (2011) or Brogaard, Hendershott, and Riordan
(2012)), and (c) they have a relatively low positive autocorrelation (Hirschey (2013)).

When the speculator reacts to news faster, the model also predicts that an im-
provement in news informativeness for dealers should trigger a joint increase in trading
volume, the speculator’s contribution to volume, and liquidity. Indeed, dealers’ quote
updates are more sensitive to news when this is more precise. Hence, with fast access to
news, the speculator can better forecast short run dealers’ quote updates when dealers’
news is more informative, which induces the speculator to trade even more aggressively
on news. As a result, the volatility of his position in the risky asset increases, which
means that both trading volume and the fraction of this volume due to the speculator
increase with dealers’ news informativeness. However, as dealers receive more informa-
tive news, they also better forecast the asset payoff, which alleviates their exposure to
informed trading. Accordingly, in equilibrium, liquidity improves when dealers’ news is
more informative, even though informed trading intensifies in this case.®

In contrast, when the speculator does not react faster to news, an increase in news
informativeness for dealers induces the speculator to trade less aggressively on his private
information. Hence, an improvement in news informativeness strengthens liquidity while
reducing the speculator’s share of trading volume and trading volume. These conflicting
implications regarding the effects of news informativeness for dealers on liquidity and
volume offer one way to test whether speed plays a role or not in news traders’ strategies.

The nature of price discovery also depends on whether the speculator has a faster
access to news or not. In the latter case, short-run price changes are more strongly

positively correlated with news and less correlated with dealers’ forecast error than in

80mne polar case of the model is when dealers and the (faster) speculator observe the same news.
The speculator’s responsiveness to news and therefore the volatility of his position in the risky asset
are then maximal—yet still finite.



the former. The first effect strengthens informational efficiency while the second weakens
it. In equilibrium, they exactly cancel out so that, at any point in time, informational
efficiency—measured as the expected squared difference between the transaction price
and the speculator’s estimate of the asset payoff—is the same whether the speculator
has a speed advantage or not.

The speculator’s speed advantage also affects the relative contributions of trades and
news to short run volatility. Trades move prices more when the speculator has a speed
advantage because they are more informative: they contain information on the asset
payoff and impending news. Hence, upon receiving news, dealers update their quotes
by a smaller amount when the speculator has a speed advantage. These two effects
exactly offset each other so that volatility is unaffected by whether the speculator gets
faster access to news or not. Thus, the model implies that the fraction of volatility due
to news is smaller when the speculator is faster. This is another empirical implication
of the model that one could test using the methodology of Hasbrouck (1991) to measure
the relative contributions of trades and public information to volatility.

Our model builds upon the dynamic version of Kyle (1985). In contrast to Kyle
(1985), we allow for news arrival in each trading round, as in Back and Pedersen (1998)
(BP(1998)), Chau and Vayanos (2008) (CV(2008)), and Martinez and Rosu (2013)
(MR(2013)). In BP(1998) and MR(2013), only the informed investor receives news.
This is a special case of our model in which dealers’ news are uninformative. In this
polar case, as in BP(1998), the investor never aggressively trades on news, whether fast
or not. In contrast, in MR(2013), informed investors aggressively trade on news be-
cause they have ambiguity aversion about the asset payoff while the speculator is risk
neutral in our model. In CV(2008), dealers and the informed investor receive news at
the same time. The instantaneous variance of the informed investor’s position is zero
in their model, as we obtain when the speculator has no speed advantage. In Foster

and Viswanathan (1990) (FV(1990)), dealers observe news with a lag as in our model.



However, between news arrivals, the informed investor can trade continuously so that
the news arrival rate relative to the trading rate is zero in FV(1990). As a result, and in
contrast to our model, in FV(1990) the instantaneous variance of the informed investor’s
position is nil, just as it is in BP(1998) and CV(2008).

In order to obtain a closed-form solution for the equilibrium, we focus on the contin-
uous time version of the model. The possibility for the speculator to trade continuously
is not key for our findings, however. In the Internet Appendix, we show that results
are unchanged when news and trades occur at discrete points in time. Our results just
require at least two trading rounds, since otherwise dealers’ lagged observation of news
cannot play a role.

Finally, our paper is related to the growing theoretical literature on high frequency
trading since, as mentioned previously, some high frequency trading firms trade on
news.® Relative to this literature, our main contribution is to offer an equilibrium
characterization of the dynamic trading strategy for a speculator who can both react
faster to news and process news more efficiently. As explained previously, this is likely
to be the case for investors trading on news at the high frequency.'®

The paper is organized as follows. Section 2 describes the model. In Section 3, we
show that the speculator trades significantly more aggressively on news when he gets
advanced access to news. Section 4 derives implications for volume, price changes, and
trade autocorrelation; and Section 5 studies the effects of a change in dealers’ news
informativeness. Finally, in Section 6, we study how the speed at which the speculator

reacts to news affects price discovery and volatility. Section 7 concludes. The appendix

9For theories of high frequency trading, see Jovanovic and Menkveld (2012), Biais, Foucault, and
Moinas (2012), Pagnotta and Philippon (2012), Cartea and Penalva (2012), or Hoffmann (2013).

0High frequency traders’ strategies are heterogeneous (see SEC (2010)). In particular, some HFTs
follow market making strategies (see Brogaard, Hendershott, and Riordan (2012) or Menkveld (2013)).
This type of strategy is not captured by our model, in which the speculator only submits market
orders, as in Kyle (1985). Ours seems to be a reasonable assumption to model high frequency traders
exploiting private information since Brogaard, Hendershott, and Riordan (2012) show empirically that
only market orders submitted by high frequency traders are a source of adverse selection. Moreover,
some HFTs mainly use market orders (see Baron, Brogaard, and Kirilenko (2012) or Hagstrémer and
Norden (2013)).



contains the proofs for the continuous time version of the model. The Internet Appendix

shows the robustness of our findings in the discrete time version.

2 Model

Trading for a risky asset takes place at T" trading rounds during the time interval [0, 1],

with time between trades At = % The liquidation value of the asset is

T
Ur = Uy + ZAvt, (1)
t=1

with all variables normally distributed: vy ~ N (0,%), with ¥y > 0, and Av, =
v — U1 & N(0,02A¢). The risk-free rate is assumed to be zero.

In each trading round ¢, one risk neutral informed speculator (“he”) and noise traders
submit market orders to a risk neutral competitive dealer (“she”), who sets the price
at which trades take place.!’ We denote by Az, and Au, the market orders of the
speculator and noise traders, respectively, with Au, i (0,02At). The speculator

chooses his trade optimally given his information, as explained in more detail below.

Thus, in trading round ¢t = 1, ..., T, the order flow executed by the dealer is
Ayt = Aut + AIt. (2)

New information regarding the liquidation value of the asset arrives at the beginning

of each trading round ¢ (see Figure 2). Specifically, at ¢, the speculator observes a signal

ASt = Avt + Af‘:t, (3)

1 For tractability, we focus on the case in which there is a single speculator. Extending the model to
the case with multiple speculators is not straightforward (see, for instance, Holden and Subrahmanyam
(1992) or Back, Cao, and Willard (2000) for treatment without news). It is therefore left for future
work.



where Ae;, "% N (0,02At). At the same time, the dealer observes a signal
Aziy = Asp_y+ Aeyy, (4)

where ¢ = 1 or £ = 0 (see below) and Ae; S N (0,02At). We refer to As; and Az
as the news observed by the speculator and the dealer, respectively. At date 0 only the
speculator observes vy, and subsequently receives more precise news than the dealer if
o. > 0. These assumptions reflect the speculator’s ability to better process information
than the dealer.

When ¢ = 0, the dealer receives information on innovations in the asset value, Auy,
without delay relative to the speculator. In contrast, when ¢ = 1, the dealer always
receives information on innovations in the asset value with a lag of one period relative to
the speculator. That is, the dealer is slower in getting access to news than the speculator,
and ¢ measures the latency with which he obtains information. More specifically, when
¢ = 0, the dealer’s information set before observing the order flow in trading round t is
It(zzo) = {Az},<t U{Ay,},<;—1. In contrast, when ¢ = 1, the dealer’s information set
is 7Y = {Az b U{Ay frc1 = L0\ {A% )

We refer to the case in which ¢ = 0 as the benchmark model, and to the case in
which ¢ = 1 as the fast model. In the latter case, the speculator observes news faster
than the dealer, but otherwise the two models are identical. Hence, by contrasting the
properties of the two models, we can isolate the effects of speed of access to information
while holding the precision of information constant.

Our findings depend on the informativeness of news for the dealer relative to the
informativeness of news for the speculator, i.e., on 0., rather than on the absolute level
of o.. Hence, to simplify notations, we set o. = 0, i.e., the speculator observes perfectly
the innovation in the asset value. When o, = 0, the speculator and the dealer observe

the same news but not necessarily at the same speed. For technical reasons, >y must be

10



Figure 2: Timing of events during trading round ¢
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strictly positive'?; however, this parameter can be very close to zero. In this case, when
in addition o, = 0, the fast model can be interpreted as a model in which the speculator
has short-lived information, that is, information that will be observed perfectly by dealers
at the beginning of the next trading round, as in Admati and Pfleiderer (1988). This case
is rather special, however, since a long-lived information advantage for the speculator
only requires o, > 0, no matter how small o, in fact is.

We denote by ¢; the dealer’s expectation of the asset liquidation value just before
she observes the aggregate order flow Ay;, and by p; the transaction price in trading
round t. As the dealer is competitive and risk neutral, she executes the order flow
at a price equal to her expectation of the asset liquidation value conditional on her
information, including that contained in the order flow in trading round ¢, as in Kyle
(1985). Thus,

@ = E(vr |It(£)) and p; = E(vr | ¥ U Ay,), (5)

where It(z), the information set of the dealer just before trading at ¢, was defined above.

In each trading round, before choosing his trade, the speculator receives news Auw,
and observes the dealer’s quote ¢;. Hence, the speculator’s information set at date ¢ is
j;m = It(e) U {v;}-<i.® A trading strategy for the speculator is a vector of functions

x = (x1,%9,...,x7) so that x; is measurable with respect to jt(z), where z; specifies

12Gee the discussion at the end of Section 3.
13Here we assume that the speculator can perfectly infer the dealer’s signal from the quote. This is
true in equilibrium, since, as shown in Section 3, the dealer’s quote depends linearly on the signal.

11



the speculator’s position at the end of trading round ¢. The speculator’s trade at t is
therefore Az, = x; — x;_1. For a given trading strategy, the speculator’s expected profit

at date t is

m = E (Z(UT — pr) Az, jt(z)> : (6)

7=0

As in Kyle (1985), we focus on sequential equilibria. A sequential equilibrium is
such that, at each date: (i) the dealer’s pricing policy is given by equation (5) and (ii)
the speculator’s trading strategy maximizes his expected trading profit (6) given the
dealer’s pricing policy. Furthermore, as in Kyle (1985), we restrict our attention to
linear equilibria.

Let the index B refer to the Benchmark model (with ¢ = 0), and F refer to the Fast

model (with ¢ = 1). For instance, denote the dealer’s information set by
7P = 717V and I} = 77V, (7)

In a linear equilibrium, the transaction price in each trading round is a linear function

of the unanticipated part of the order flow
Pe = Gt )\?<Ayt - E(Ayt‘IfD for k € {B, F'}. (8)
In the benchmark model, the dealer’s quote is of the form

@G = pi—1+ M,?Azt, 9)

12



while in the fast model it is of the form

G = pio1+ (Azt—l - E(Azt—1|ItF)>- (10)

The speculator’s optimal trade is a linear function of his past and current news
and past and current dealer quotes. In the Internet Appendix, we show that, in a linear

equilibrium, the speculator’s optimal trading strategy necessarily has the following form:

Az, = BF(v,—q)At  +  AFAwy for k € {B, F'}. (11)
N——— ——
Forecast Error News Trading
Component Component

Thus, the speculator’s optimal trade at date t is a function of the dealer’s forecast error,
vy — q;, and of the news received by the speculator, Av;, at this date. Intuitively, the
speculator should buy (sell) the asset when the dealer underestimates (overestimates) the
liquidation value, that is, when the forecast error is positive (negative). This intuition
is captured by the first component of the speculator’s strategy, and we refer to this
component as the forecast error component. It is standard in models of trading with
asymmetric information such as Kyle (1985), Back and Pedersen (1998), Back, Cao, and
Willard (2000), etc.

The forecast error component implicitly depends on his current news Awv;, since
vy = vg + Ztr:1 Av,. However, news affects this component only through its effect on
vs, the speculator’s forecast of the asset liquidation value. If, in addition, 7% # 0, news
received at date t affects the investor’s trading strategy above and beyond its effect on
the forecast. Thus, we refer to the second component of the investor’s trading strategy

as the news trading component, and we say that there is news trading when ~F # 0.

141n the benchmark case, the dealer cannot forecast news from the past trading history since the news
is uncorrelated and the speculator observes news at the same time as the dealer. Thus, E(Az|Zf) =0
in the benchmark case. In contrast, E(Azt,1|If) # 0 in the fast model because the order flow Ay,_1,
which is part of Z}, might be correlated with Az;_;, the dealer’s (lagged) news received at ¢. This will
be the case in equilibrium.

13



Actually, the direction and size of news directly affects the informed investor’s behavior
in this case.’® In the next section, we show that news trading arises if and only if the
speculator has a speed advantage, i.e., 72 = 0 whereas v/ > 0.

In the rest of the paper, we focus on the continuous time version of the model.
Indeed, as in Kyle (1985), the coefficients that characterize the speculator’s optimal
trading strategy (e.g., ¥ and v¥) and the dealer’s pricing policy (e.g., A¥) do not have a
closed-form expression in the discrete time version. Moreover, the equilibrium obtained
in continuous time is more directly comparable to other related extensions of the Kyle
(1985) model, e.g., Back and Pedersen (1998) or Chau and Vayanos (2008), as these are
set in continuous time. Our findings however are not specific to continuous time trading
since, as shown in the Internet Appendix, the qualitative conclusions are identical in
the discrete time version of the model.

For completeness, in Appendix A we formally define the continuous time equivalent
of the model laid out in this section. Intuitively, one can think of the continuous time
version as the case in which At, the interval of time between two trading rounds, becomes

infinitesimal and is denoted by d¢.16

3 Optimal News Trading

In this section, we derive the equilibrium of the benchmark model and the fast model
when news and trades take place in continuous time. In this case, dp; and dg; denote
the increments of the processes followed by the transaction price and the dealer’s quote,

while dz; denotes the change in the speculator’s position. The next theorem provides

15For instance, suppose that at date ¢, ¢; = 100 and that, after receiving news, the investor forecasts
the asset liquidation value to be v; = 105. If v¥ = 0, the investor will buy the asset at date ¢, whether
he just received good or bad news at this date. In contrast, if 4 > 0, the direction and size of the
investor’s trade at date t will depend on both the direction and size of the news. In particular, the
investor may eventually sell the asset at date ¢ if the news at this date is sufficiently bad, even though
V¢ > Q.-

160ne must use extra care in describing the continuous time analog of equations (8)—(10), since t —d¢t
is not well defined in continuous time.

14



a characterization of the equilibrium coefficients 8, ¥ AF ¥ in both the benchmark
and the fast models, i.e., when k& € {B, F'}. In particular, it shows that there is no
news trading in the benchmark case (77 = 0), while there is news trading when the
speculator reacts faster to news (y/ > 0). This difference implies that the speculator’s

trades have very different properties when he is fast and when he is not (see Section 4).

Theorem 1. In the benchmark model there is a unique linear equilibrium, of the form!'”

de, = BP(v; — po)dt + 7P duy, (12)
dpt = /LBdZt + )\det, (13)
with coefficients given by
1 o o202 1/2
B u v-e
= — — |14+ =—"F"°— 14
? = thaE (1t arts) "
v =0, (15)
21/2 2 9 1/2
)\B = 0 —+ TvTe , (16)
Oy Yo(o2 4 02)
2
B Oy
= —v 17
a o2+ o? (17)

In the fast model there is a unique linear equilibrium, of the form:

dz; = BF(v — q)dt +~+Fduy, (18)

dgg = Mdy, + uF(dzt — deyt), (19)

I"In the benchmark model we express the forecast error component as a multiple of vy — p, rather
than of v; — q¢, as in the discrete time version. We do this because in the continuous time benchmark
model ¢; is not a well defined It6 process (see Footnote 29 in Appendix A). Nevertheless, replacing g;
with p; has no effect on the trading strategy dz; in continuous time, since (p; — ¢;) dt = Ay dy; dt = 0.

15



with coefficients given by

o2

1 1 1—g)o2l+ 35+ 259
@F - Uuz 1/2 2 \1/2 1+ : 0, az aé . (20)
1—t(20+0’v) <1+%g) >0 2+0_§_{_U_§g
02 \1/2
Ou Ou (1 + 0_39) (1+9)
,-}/F = —_ g1/2 = 2 1/2 - 2 2 Y (21>
o (X0 +03) 2+ % + %g
D 211/2 1
)\F — ( 0";0—1)) 17 ’ (22)
u (1+%9) "(1+g)
1+yg
S BT % (23)
2+ 5+ 559
o2 N\1/2
o o g2 o2 (1+ U%g) (24)

o ltg  ou(So+02)? 24 % 4oy
and g 1is the unique root in (0,1) of the cubic equation

(14391492 g2 (25)
TT e dge AT

In both models, when o, — 0, the equilibrium converges to the unique linear equilibrium

in the continuous time version of Kyle (1985).

We first discuss the properties of the process followed by the speculator’s optimal
position, z;. In equilibrium, the drift of this process is given by the forecast error
component, and its volatility is given by the news trading component. Theorem 1 yields

the following corollary.

Corollary 1. If the speculator reacts faster to news, and if . < +o0 and o, > 0, then
there is news trading, i.e., v¥ > 0. Otherwise, there is no news trading. In particular,

vB =0 for all parameter values.

The speculator’s optimal trading strategy is therefore significantly different when he
gets access to news faster versus when he does not. In the former case, this strategy

consists of repeated small trades in the same direction for a relatively long period of
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time since the dealer’s forecast error, v; — q;, changes slowly over time. This is still the
case on average when the speculator reacts faster to news, but then his optimal position
becomes much more volatile since ¥ > 0. Thus, over a short time interval, he trades
much more and in larger sizes than when he does not react faster to news (see the next
section for a formal statement). To an external observer, the speculator’s holdings would
appear as only being driven by incoming news when he has a speed advantage, since
changes in a stochastic process over a short period of time are predominantly determined
by the volatility component of this process, and not by its drift component.

This difference between the fast model and the benchmark model is crucial for all
our remaining findings. The intuition for this key result is as follows. Suppose that
the speculator receives good news, i.e., dv; > 0. He then marks up his forecast v; of
the long run value of the asset relative to the dealer’s forecast. This leads the investor
to buy shares of the asset whether he is slow or fast but at a very slow rate to avoid
dissipating his informational advantage. This effect of good news on the investor’s trade
is captured by the forecast error component of his trading strategy. However, when the
dealer receives news with a lag, there is a second effect: the investor expects the dealer to
soon receive good news, since dz; = dv;+de;, which will induce her to mark up her quote
(see equations (10) and (19)). The speculator optimally exploits this foreknowledge of
the short-run quote dynamics by buying shares in addition to those bought based on
his update of the long-run value of the asset. This extra motive for buying shares after
good news is captured by the news trading component of his strategy, which explains
why 7% > 0. In contrast, when the dealer reacts to news with no lag, she updates her
quote to reflect news before the speculator can exploit his forecast of this update. For
this reason, in the benchmark model v = 0, even when the dealer’s news is less precise
(i.e., oo > 0).

There are two limit cases in which there is no news trading even when the speculator

gets news faster than the dealer. First, there is obviously no news trading when there is
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no news, that is, when o, = 0. Second, and more interestingly, there is no news trading
when o, becomes infinite. In this case, the dealer’s quote updates become insensitive
to news, because the news is completely uninformative for the dealer when o, tends
to infinity. As a result, the speculator cannot use his news to forecast short-run quote

updates, and he stops trading on news, i.e., ¥ tends to zero when o, becomes infinite.
Corollary 2. For all parameter values and at each date, Bf < BE.

This result shows that the two components of the speculator’s trading strategy are
interdependent. Indeed, the speculator compensates his increased aggressiveness on
news in the fast model by optimally trading less aggressively on the dealer’s forecast
error. Thus, he partially substitutes profits derived from trading on his forecast of the
“long run” value of the asset by profits from trading on his foreknowledge of short run
quote dynamics. As explained in Section 6, this substitution effect has an impact on
the nature of price discovery.'8

We now turn our attention to the dealer’s pricing policy. As in Kyle (1985), we

measure market illiquidity by A, the immediate price impact of a trade.

Corollary 3. Illiquidity is higher when the speculator has a speed advantage, i.e., \' >

AB.

When the speculator reacts faster to news, trades move prices more because they
contain more information since the speculator trades on news more aggressively. Fur-
thermore, in this case, the dealer can forecast news from past trades since these trades
depend on news. Formally, in the fast model, E(dz|dy;) = p''dy;, where p’ is defined
in equation (24). Thus, in the fast model, the dealer’s quote update depends on the

innovation in news, i.e., dz; — pf'dy;, (see equation (19)), rather than the news itself,

181t can also be shown that 3P and S} are increasing in o, and o,,. When o, increases, uncertainty
on the final payoff of the asset is larger for the dealer, other things equal. This is also the case when
o, increases, because the order flow becomes noisier. In either case, the speculator optimally reacts
by trading more aggressively on the dealer’s forecast error. As these effects are standard, we omit the
proof of these results for brevity. The effects of o, on 3F and 7" are analyzed in Section 5.
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dz;. Moreover, as news can be anticipated from past trades, the dealer’s quote updates

are less sensitive to news in the fast model, as claimed in the next corollary.

Corollary 4. Quote updates are less sensitive to news when the speculator has a speed

advantage, i.e., pt' < p®P.

In Section 6, we show that this finding has important implications for the relative
contributions of news and trades to volatility.

Theorem 1 holds for all parameter values, except Xg = 0. As Xy approaches zero, the
dealer’s forecast error becomes very small, at least at date t = 0. However, the forecast
error component of the speculator’s trading strategy remains finite, which implies that
B approaches infinity when Yy goes to zero. This precludes the existence of a linear
equilibrium when 3y = 0. However, Theorem 1 and all our results (which are all
implications of the theorem) remain unchanged even when ¥, is very close to zero.
When this is the case and in addition . = 0, the speculator has almost no long-lived
information advantage. In particular, when he is fast, the speculator anticipates that
the dealer will receive the same news as he observes with a lag. Thus, the speculator
cannot trade on news for long. Yet, the news trading component of his strategy remains

finite and is in fact maximal (see Corollary 8 in Section 5).'

4 Detecting News Trading

In the previous section, we have shown that the speculator’s optimal trading strategy
contains a news trading component when the investor is fast but not otherwise. We
now show that this feature implies that the speculator’s “footprints” (the effects of his
trades on volume and prices) depend on whether he trades on news or not. Identifying

these footprints is useful to assess the extent to which speculators who trade on news

0’3 +23
72

( 0‘12) +23%

YWhen o, = 0, one can show that v = Z—Z ( + 3 )2 — 1) using the expression for

7F in Theorem 1, and solving for g in equation (25).
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exploit a speed advantage or are only better at processing news.

4.1 News Trading and Volume

As explained in the previous section and shown in Figure 1, the speculator’s position
is much more volatile when he reacts faster to news than when he does not. Thus, the
fraction of total trading volume due to the speculator’s trades is much higher when he
has a speed advantage. To see this formally, let the Informed Participation Rate (IPRy)

be the instantaneous contribution of the speculator’s trade to total trading volume:

Var(dz,) Var(dx;)

IPR; = ——= =
! Var(dy,) Var(du,) + Var(dz;)

(26)

Corollary 5. The Informed Participation Rate is higher when the speculator trades on

news (i.e., reacts faster to news). Specifically:

IPR® = 0, IPRY = = > 0, (27)
1+g

where g € (0,1) is defined in Theorem 1.

In the benchmark model, the speculator optimally chooses to trade in very small
sizes relative to noise traders in order to avoid dissipating his long-run informational
advantage too quickly, as in Kyle (1985). Hence, over short time intervals, the specu-
lator’s order flow is negligible relative to noise traders’ order flow. In contrast, in the
fast model, the speculator’s order flow over a short time interval is of the same order of
magnitude as noise traders’ flows because the speculator optimally trades much more
aggressively on news.

The expressions for the informed participation rate in Corollary 5 are obtained when
the speculator’s order flow and trading volume are measured over an infinitesimal time
interval. In Appendix B, we show that the Informed Participation Rate remains higher

when the speculator reacts faster to news even when trades are aggregated over time
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Figure 3: Informed participation rate at various sampling frequencies. The
figure plots the fraction of the trading volume due to the speculator when data are
sampled over time intervals of various lengths (1072 seconds, 10~! seconds, 1 second,
1 minute, 1 hour) in (a) the benchmark model, marked with “x”; and (b) the fast model,
marked with “o”. The parameters used for the simulation are o, = 0, = 0. = ¥y =1
(see Theorem 1). The liquidation date ¢ = 1 corresponds to 1 month.
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intervals of arbitrary length. However, in this case, the Informed Participation Rate in
the benchmark model is not zero and increases with the length of the time interval over
which trades and volume are measured, as shown in Figure 3.

High Frequency Traders (HFTs) have been shown to account for a large fraction of
the total trading volume in various financial markets around the world. For instance,
Brogaard, Hendershott, and Riordan (2012) find that market orders by HF T's account for
about 41% of the trading volume for the Nasdaq stocks in their sample. There are several
possible explanations for HFT's” large share of trading volume. For instance, HFTs may
have crowded out slow traders (as implied by Biais, Foucault, and Moinas (2013)),
or they might intermediate many transactions as market makers. Our model suggests
another, non exclusive, explanation: optimal trading on news at the high frequency (that
is, on frequent signals) can require frequent and large adjustments in portfolio holdings
when speculators have access to news slightly faster than other market participants,

despite the higher impact costs associated with this strategy. Furthermore, as our model
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shows, this strategy can be optimal even when the speculator’s informational advantage

is long-lived (that is, even if o, > 0).

4.2 News Trading and Trade Autocorrelation

In both the fast and the benchmark model, i.e., for both &k € {B, F}, the dealer’s
forecast error component, 3F(v; — ¢;) dt, changes slowly over time because the speculator
wishes to preserve his informational advantage, and does not trade aggressively on the
forecast error. As a result, the drift component of the speculator’s position changes very
slowly, which means that the average direction of the speculator’s trade is relatively
stable. This feature is a source of positive autocorrelation in the speculator’s trades.
However, when the speculator reacts faster to information, over a short time interval his
trades are mainly driven by news. As the news is uncorrelated, they are not a source
of autocorrelation in the speculator’s trades. For this reason, the autocorrelation of
the speculator’s order flow is smaller in the fast model. In fact, over very short time

intervals, this autocorrelation is zero, as the next corollary shows.

Corollary 6. The autocorrelation of the speculator’s trades over short time intervals is
lower when he reacts faster to news. More specifically, for T € (0,1 —t),
BpB_ 1
1—t—r\V %2
Corr(dzy,dz? ) = <—> > 0,

1—1t (28)

Corr(dz; ,dzy,.) = 0.

In Appendix B, we show that the autocorrelation of the speculator’s trades remains
smaller in the fast model even when his trades are aggregated over non infinitesimal time
intervals, but that it increases when the interval of time over which trades are aggregated
gets larger. Actually, over longer time intervals, the net change in the speculator’s
portfolio holding becomes increasingly determined by the forecast error component of

his trading strategy, which as explained before is a source of autocorrelation in the
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speculator’s trades.

Brogaard (2011) and Hirschey (2013) find a positive but small autocorrelation in
HFTs’ aggregate order flow on Nasdaq. This finding is consistent both with the bench-
mark and the fast models. Some papers (Menkveld (2013) or Kirilenko, Kyle, Samadi,
and Tuzun (2011)) find evidence of mean reverting inventories for HF'Ts. Mean-reverting
positions should induce a negative autocorrelation in HFTs’ trades. This may stem
from inventory constraints, which are absent from our model. Accounting for these con-
straints in the speculator’s optimization problem is beyond the scope of this paper, but
they would naturally lead to mean reversion in the speculator’s position. Alternatively,
mean reversion in inventories might be characteristic of high frequency market-making,

a strategy which is not captured by our model.?°

4.3 News Trading and Price Changes

As explained in Section 3, the speculator trades more aggressively on news in the fast
model because, in this case, news are informative on the short-run dynamics of quotes,
in addition to the long-run liquidation value of the asset. For instance, he aggressively
buys when receiving good news as he expects the dealer to soon mark up her quote.
Intuitively, this behavior implies a positive relationship between the speculator’s trade
and subsequent price changes. To formalize this relationship, let CPI; be the covariance
between the speculator’s trade per unit of time and the subsequent cumulative price

change over the time interval [t,¢ + 7| for 7 > 0:

d
CP]t(T) = Cov (%;ptﬂ —pt) . (29)

This covariance can be seen as a measure of the Cumulative Price Impact (CPI) of the

speculator’s trade at a given point in time. Thus, it is a measure of trade informativeness.

20For instance, Menkveld (2013) shows that the high frequency trader in his dataset behaves very
much as a market maker rather than as an informed investor.
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Corollary 7. In the benchmark model, the cumulative price impact is

- (1- 1;)»;55] , (30)

CPIP(t) = CP

while in the fast model it is

CPI{(t) = C§ +Cf

N G
1—(1- 31
(-5 , (31)

where CL', CB and CT are positive coefficients given in the proof of this corollary.

Figure 4 illustrates the corollary for specific values of the parameters. As expected,
the covariance between the speculator’s trade and the subsequent cumulative price
change is positive, and at short horizons (small 7), it is much larger when the spec-
ulator reacts faster to news. This difference shrinks as one measure price changes over
longer horizons. Actually, as explained in Section 4.2, the average direction of the spec-
ulator’s trades is relatively stable over time, in both the fast and the benchmark models.
Thus, a speculator’s buy (sell) order is followed by additional buy (sell) orders on av-
erage, which implies that the immediate price change associated with a trade by the
speculator is followed by additional price changes in the same direction, whether he is
fast or not.

As Figure 4 shows, measuring CPI for various values of 7 could be useful empiri-
cally to assess the relative importance of news trading in a speculator’s trading strategy.
Indeed, a large value of CPI over short horizons (a positive “intercept”) is indicative
of news trading, since CPIT (1) ~ CL > 0, while CPI?(7) ~ 0 for 7 small. In con-
trast, the rate at which CPI increases with 7 (the “slope”) indicates the magnitude of
the forecast error component, i.e., the rate at which the speculator slowly exploits the

dealer’s forecast error. We are not aware of empirical papers on HFTs reporting CPI.2!

2In their Figure 1, Brogaard, Hendershott, and Riordan (2012) plot the correlation coefficients
between aggressive order imbalances of HFTs in their sample and subsequent returns over a 1 second
interval. However, they do not show the correlation coefficients between HFTSs’ order imbalances and
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Figure 4: Cumulative Price Impact at Different Horizons. The figure plots the
cumulative price impact at t = 0, Cov(%,pT — pg) against the horizon 7 € (0,1] in
(a) the benchmark model, with a dotted line; and (b) the fast model, with a solid line.
The parameters used are o, = 0, = 0, = ¥y = 1 (see Theorem 1). The liquidation date

t = 1 corresponds to 1 month.
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However, Brogaard, Hendershott, and Riordan (2012) and Kirilenko, Kyle, Samadi, and
Tuzun (2011) find that aggressive orders (that is, marketable orders) by HFTs have a
positive correlation with subsequent returns over a wvery short horizon. They interpret
this finding as reflecting HF T's” ability to anticipate short-term price movements, which
is indeed the source of the correlation between the speculator’s trade and short-term

price changes in the fast model.

5 News Informativeness, Volume, and Liquidity

We measure the informativeness of news for the dealer by v = aie, since a smaller
o. means that the news received by the dealer provides a more precise signal about
innovations in the asset value. News vendors (Reuters, Bloomberg, or Dow Jones) now
report firm-specific news in real time, assigning a direction and a relevance score to each

news (see, for instance, Gross-Klussmann and Hautsch (2011)). One could take as a

subsequent cumulative returns.
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proxy for v the average news relevance score provided by these vendors for a firm or
a portfolio of firms. Indeed, firms with more relevant news should be firms for which

dealers receive more informative signals.??

More generally, recent advances in textual
analysis offer ways to measure newswires informativeness (see, for instance, Boudoukh,

Feldman, Kogan, and Richardson (2013)).

Corollary 8. When the speculator reacts faster to news, the rate v at which he trades
on news increases with the news informativeness, i.e., 887—; > 0. In contrast, in both the
benchmark and the fast models, the speculator trades less aggressively on the dealer’s
forecast error when the news informativeness increases, i.e., aa—ﬁ: <0 fork e {F, B}. If

the dealer receives uninformative news (v = 0), then there is no news trading (yv* =0),

and ¥ = 5.

In the fast model, an increase in news informativeness for the dealer strengthens the
speculator’s incentive to trade on news for two reasons. First, the speculator can better
forecast the dealer’s news (since Var(dz|dv;) = 02). Second, the dealer’s quote update
becomes more sensitive to news, other things equal, i.e., u* increases with v. Thus, an
increase in news informativeness for the dealer enables the speculator to better forecast
short-run quote updates, so that he trades more aggressively on this knowledge in the
fast model. This complementarity between the informed investor’s trading intensity and
the precision of signals received by less informed agents is absent from standard models
of informed trading.

In contrast, the speculator trades less aggressively on the dealer’s forecast error
when the dealer receives more informative news. Actually, as explained previously, the
speculator substitutes part of his profits from trading on the dealer’s forecast error with
profits from trading on news. Moreover, as the dealer receives more informative news,

she corrects more rapidly her forecast error, inducing the speculator to trade even less

22High frequency trading firms are less likely to rely on relevance scores provided by data vendors,
as these are provided with a delay relative to the source news.
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aggressively on this error. The first effect operates only when the speculator trade on
news, that is, in the fast model. The second effect is standard in models of informed
trading, and operates even in the benchmark case, which explains why 3% also declines
with v.

In the limit when the dealer’s news is uninformative (0, = +00), the model is
formally equivalent to the case in which the dealer never receives news, as in Back and
Pedersen (1998). In this case, the equilibrium is the same in the benchmark and the
fast models, and is identical to that derived in Back and Pedersen (1998). In particular,
even if the speculator receives news faster than the dealer, there is no news trading, i.e.,

~F converges to zero when o, approaches +oo.

Corollary 9. In the fast model, an increase in the dealer’s news informativeness triggers

dIPRY
ov

an increase in (i) the speculator’s participation rate > 0), (1) trading volume

(V) . 0), and (iii) liquidity %\—F <0).

ov v

When news informativeness for the dealer increases, the speculator trades more ag-
gressively on news, as shown by Corollary 8. As a result, trading volume increases and
the speculator accounts for a larger share of this trading volume. Usually, increased
informed trading leads to a less liquid market. This is not the case here. Indeed, as the
dealer gets more precise news, she can better forecast the asset payoff and she is there-
fore less exposed to adverse selection. Hence, in equilibrium, when news informativeness
for the dealer increases, the model implies a joint increase in both informed trading and
liquidity:.

These testable implications of the fast model are in sharp contrast with other mod-
els analyzing the effects of public information. These models usually imply that an
increase in the precision of public signals for dealers is associated with a lower trading
volume, as informed investors trade less, and greater market liquidity, as dealers are
less exposed to adverse selection (see, for instance, Propositions 1 and 2 in Kim and

Verrechia (1994)). The first implication holds in the benchmark model, but not in the
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fast model.?3. Corollary 9 also implies that controlling for the precision of dealer’s news
is important to analyze the effect of news trading on liquidity. Indeed, in our model,
variations in the precision of news lead to a positive association between liquidity and
news trading. However, this correlation does not mean that news trading causes the
market to be more liquid. Instead, as Corollary 3 shows, the opposite is true.
Interestingly, Kelley and Tetlock (2013) find that trading volume and liquidity for a
stock are substantially larger on days with Dow Jones news for this stock than on days
without DJ news (see their Table IT). This fact is consistent with our prediction if one
interprets days without DJ news as days in which news for a stock are less precise than
on days with DJ news. The model also predicts that the fraction of trading volume due
to informed trading should be higher on days with news. These predictions regarding
the effects of news informativeness cannot be easily obtained in models with short-lived
information such as Admati and Pfleiderer (1988) since these models assume that news
are observed perfectly by dealers after one period, that is, they implicitly focus on the

case 0, = 0.%4

6 Price Discovery and Volatility

As explained in the introduction, technological advances have enabled some investors
to react faster to news in recent years. In this section, we use our model to study how

this evolution could affect price discovery and the sources of price volatility. As in Kyle

ZIn the benchmark case, a decrease in o, (increase in v) generates a decrease in 35 and AP (see
equations (14) and (16)). A decrease in B2 implies that the speculator trades less over a given time
interval. Thus, in the benchmark case, an increase in news informativeness generates an increase in
liquidity, but a decrease in volume.

24Variations in liquidity trading between days with and without news may explain why volume and
liquidity are higher on days with news. Specifically, if liquidity traders trade more on days with news
then liquidity and volume might be higher on these days, as implied by Admati and Pfleiderer (1988).
In contrast, our predictions do not rely on systematic variations in liquidity trading according to news
informativeness.
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(1985), we measure price discovery by the average squared pricing error at t, i.e.,

21}: - E(<Ut_p1]£€)2)7 kE{BvF}a (32)

where p? = p; in the benchmark model and pI" = ¢; in the fast model.? The smaller is
Y%, the higher is informational efficiency at date t. If ¥ = 0, the market is strong-form
efficient at date t: the price at this date is just equal to the speculator’s forecast of the
asset payoff. The next result shows that informational efficiency is identical in both the

fast and the benchmark models, but the nature of price discovery is not.

Corollary 10. For k € {B, F}, the change in X is given by

d¥F = —2Cov(dp¥, v, — pF) — 2 Cov(dpF, dv,) + (202 + ¢)dt. (33)

When the speculator reacts faster to mews, short run changes in prices are more corre-
lated with innovations in the asset value (i.e., Cov(dpf,dv;) is higher when k = F ), but
less correlated with the dealer’s forecast error (i.e., Cov(dp¥ v, — pF) is smaller when

k=F). Overall, dXF is identical whether or not the speculator has a speed advantage.

According to equation (33), prices become more quickly strong-form efficient when
(i) prices impound the speculator’s news more swiftly (Cov(dpf,dv;) increases), and
(ii) the dealer reduces her forecast error more rapidly (Cov(dpF,v; — p;) increases).
Corollary 10 shows that news trading affects these two determinants of price discov-
ery in opposite ways. On the one hand, the speculator trades more aggressively on news
when he reacts faster to news, so that the news is more quickly reflected into prices. On
the other hand, due to the substitution effect, he trades less aggressively on the dealer’s

forecast error (Bf" < 8B), as shown in Corollary 2.

%5This definition guarantees that p¥ is a well defined It6 process in both the benchmark and the
fast model; see Footnote 29 in Appendix A. This is useful for calculations, but innocuous since in both
models the difference p; — ¢; is infinitesimal.
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In equilibrium, these two effects exactly offset each other, so that the rate at which
the market eventually becomes strong-form efficient is the same whether or not the
speculator reacts faster to news. As Y = 3, the last part of Corollary 10 implies
that informational efficiency is the same in both the benchmark and the fast models,
ie., B8 = ¥F at all dates t. Hence, news trading does not affect the speed of price
discovery. However, in the fast model, price changes are more correlated with news, and
less with the dealer’s forecast error. Thus, the model predicts that short-term returns
(dp¥) should become more correlated with news dv; after shocks enabling some investors
to get access to news faster than other investors. As explained in Section 5, techniques
from textual analysis could be used to develop a proxy for news (dv;) and test this
prediction.

There is another way in which the nature of price discovery is affected: fast access to
news alters the relative contributions of trades and quotes to the overall price variance.
To show this, we decompose price variance into two components: (i) the “trade com-
ponent” that captures the effect of trades on the dealer’s forecast of the asset payoff,
and (i) the “news component” that captures the effect of dealer’s news on this fore-
cast. Specifically, let o, be the instantaneous volatility of the price process pf, where,

as explained previously, p? = p; and p!" = ¢;. We have:

U]%dt = Var<dp1’5€) = Var(dpltgrades,» + Var<dp(lzg1u0tes,t)7 (34)
Trade C?)?nponent News nglponent

Where Var<dp§rades,t) = Var()‘kdyt>’ Var(dpc?uotes,t) = Var(/'LBdZt)ﬂ and Var(dpguotes,t) =

Var(uF(dzt - PFd?Jt))-

Corollary 11. Whether the speculator has a speed advantage or not, the instantaneous

volatility of prices is constant, and equal to

o = 012} + . (35>
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Howewver, trades contribute to a larger fraction of this volatility when the speculator reacts

faster to news.

The volatility of price changes is independent of whether the speculator has a speed
advantage or not in getting access to news. However, this speed advantage alters the
relative contributions of trades and quote updates to volatility. In the fast model, trades
contribute more to volatility since trades are more informative than in the benchmark
case (see Section 4.3). The flip side is that the dealer’s quote is less sensitive to news,
as explained in Section 3 (see Corollary 4). Thus, the contribution of quote revisions to
return volatility is lower in the fast model.

Hasbrouck (1991) shows how to estimate the relative contributions of trades and
public information to the volatility of the random walk component of prices. Using this
approach, one could test Corollary 11 by using exogenous shocks to the speed at which
speculators can get access to news. For instance, one could use the first availability of
co-location facilities in a country as an instrument for the speed of access to information,
as in Boehmer, Fong, and Wu (2012). Corollaries 10 and 11 imply that price changes
should be more correlated with news after the introduction of co-location and that
trades should contribute relatively more to volatility after this introduction. That is,
the introduction of co-location should strengthen the role of trades in impounding news

into prices.

7 Conclusion

In this paper, we have compared the optimal trading strategy of an informed investor
(the speculator) when he observes news either at the same speed as the dealers or faster
than the dealers, holding constant the precision of the signals conveyed by the news.
Our main result is that the speculator’s optimal trading strategy is very different in each

case.
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When the investor gets news at the same speed as dealers, his trades are completely
determined by the difference between his estimate of the asset payoff and dealers’ esti-
mate of this payoff (“dealers’ forecast error”), as is typical in models of informed trading.
News does not affect the speculator’s trade over and above its effect on dealers’ forecast
error, even if the speculator extracts more precise signals from news than dealers. In
contrast, news becomes a distinct determinant of the investor’s trading strategy and the
speculator’s trades are much more sensitive to news when the speculator gets advanced
access to news. For instance, in this case, the investor may optimally sell the asset
after bad news, even though his forecast of the asset payoff after receiving the news still
exceeds the dealers’ forecast.

We have shown that the behavior of the speculator when he has advanced access
to news matches well some stylized facts about high frequency traders. Moreover, the
model yields several testable implications that one could use to test whether speed is
a determinant of news traders’ profitability. First, an increase in news informativeness
should lead to a joint increase in liquidity, volume, and the contribution of informed
trading to volume when some investors get faster access to news. Second, differential
speed of access to news should strengthen (a) the correlation between price changes
and news, and (b) the contribution of trades to volatility. Recent advances in textual
analysis, combined with richer news data and technological changes in the dissemination

of news, offer opportunities to test these predictions.

A Proofs of Results

Before proving Theorem 1, we define the information sets of the market participants.
In the benchmark model, define Zj/ = {z; },<; U {y, } r<; the dealer’s information set just
before trading at ¢; Z = {z; }r<; U{y, }-<: the dealer’s information set just after trading

at t; and J! = Z}) U {v; } .<; the speculator’s information set just before trading at ¢.
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In the fast model, define Z} = {z,},-; U {y, },<¢ the dealer’s information set just
before trading at ¢; Z} = {z; } < U{y, }r<; the dealer’s information set just after trading
at t; and J = Zj U {v, },<; the speculator’s information set just before trading at ¢.

In both models, the dealer sets the quote ¢; and the trading price p; as follows:

¢ = E(ulZ/ ),

pe = E(un|Z}).

(A.1)

Then, g; represents the quote just before the dealer receives the order flow dy, = dx; +

duy, and p,,q; is the price at which this order flow is executed.?®

A.1 Proof of Theorem 1

Benchmark model: First, we compute the optimal trading strategy of the speculator
from the set of strategies of the form dz, = 8Z(v, — p;) dr +~vZ dv,, 7 > t, while taking

as given the dealer’s pricing rule dp, = A2dy, + uBdz,. For t € [0,1), the speculator’s

1
Ty = E (/ (Ul _pT+dT) de
t

For convenience, we now omit the superscript B for the coefficients 3, v, u, A. To

expected profit is

7). (A2)

simplify the formula for the speculator’s expected profit, for 7 > ¢ denote by?*’
‘/T == E((”T _p7)2 ’ -7tq) (AB)

By the law of iterated expectations, we can replace vy in (A.2) by v,y 4r = v, + dv,.

Also, pryar = pr + pr(dv, + dey) + A (dz, + du,), and dx, = B, (v, — p,) d7 + 7, do.,

26Note that, compared to the discrete time model in Section 2, the index of ¢, is shifted by the time
increment dt. This is done to ensure that ¢; is a well defined Itd process in the fast model.
2"This can be written Vi + to indicate dependence on ¢, but for simplicity we only write V.
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hence:

1
T = E(/ (UT—pT b (1—p)do, — AdeT> dz,
t

jtq) (A.4)

= /tl(ﬁTVT + (L= pr — AT%)%03> dr.

V, can be computed recursively:

‘/7-+d7- = E((UT+dT _pT+d7)2 | ‘7tq)
= E((v, + dv, — p, — iy do, — i dey — Ay dar — A, duy)? | TF) (A.5)

= Vot (1= pir = Aey;)00 d7 + pido? d7 + Mo dr — 20,3, V; dr.

therefore V. satisfies the first-order linear ODE:

V= =208 Ve + (1 — pr — )‘T'VT)203 + Niag + )‘3‘73’ (A.6)
ival _ Vi —pr—Aryr)?od o+ A o : T
or equivalently 3,V, = e . Substitute this into (A.4), and

integrate by parts:

Vi |V, ! < 1 )’
= — 4+ — — ) d
i 2)\1+2)\t+/t Vrilon ) &7
1 (1—p _/\7)2024_'“202_’_)\202 (A7)
+/ < T T T2>\v TV e T u _'_(1_”7_—)\7_’}/7_)’}/7.0'12))) dT-
t T

This is essentially the method of Kyle (1985): we have eliminated the choice variable
B, and replaced it by V,. Since V, > 0 can be arbitrarily chosen, in order to get an

optimum we must have (ﬁ), = 0, which is equivalent to

A, = constant = A. (A.8)
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For a maximum, the transversality condition
Vi=20 (A.9)

must be also satisfied.
We now turn to the choice of ;. The first order condition with respect to 7, in (A.7)
is

—(I=pr = Ay)+ 1=y = Xy) = Ay, =0 =~ = 0. (A.10)

Thus, there is no news trading in the benchmark model. Note also that the second order
condition is A, > 0.2
Next, we derive the pricing rules from the dealer’s zero profit conditions. From (A.1),

equations p; = E(v1|Z}) and ¢; = E(v1|Z/},4,) = E(v1|Z}, d2;) imply ¢ = py+pe d2y, where

Cov(vy, dz | Z7)  Cov(wg + fol dv,, dvy + de; | IF) o?

e = Var(dz | IF) Var(dv; + dey | ZF) B o2+ o2 -
(A.11)

Also, equations ¢ = E(v|Z}, 4,) and pyrar = E(v1|Z}, 4, dye) imply that pear = g+ Nedyy,

and also dp; = pPdz; + ABdy,, which proves (13). Furthermore, since \; = ) is constant,

Cov(vy, dy | Ig+dt) _ Cov(vy, B(vy — pr) dt + duy | Ig-ydt) _ B2y
Var(dy; | If+dt) Var(8; (v — p;) dt + duy | If+dt) o2’

(A.12)

where 3, = E((v; — p)?|Z) = E((ve — pr)?). As in the derivation of (A.6), it is straight-

forward to check that X, satisfies the first-order linear ODE:

N = =285 + (1= p)’ol + pPol + Mo, (A.13)

This is the same ODE as (A.6), except in that case 7 € [¢, 1] and the initial condition is

28The condition A, > 0 is also a second order condition with respect to the choice of 8. To see
this, suppose A; < 0. Then if 8, > 0 is chosen very large, equation (A.6) shows that V. is very large
as well, and thus 5,;V, can be made arbitrarily large. Thus, there would be no maximum.
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Vi = (v — py)?; instead, equation (A.13) is defined for ¢ € [0, 1] and has initial condition
Yo. By solving explicitly (A.6) and (A.13), one sees that the transversality condition
Vi = 0 is equivalent to ftl B, dT = 400, and in turn this is equivalent to »; = 0.

Since ) is constant, equation (A.12) implies that 3;3; = Ao? is constant. Equa-
tion (A.13) then implies that 3 is constant. From ¥; = 0, we get ¥; = (1 — )%, and
B, = £2. Then, (A.13) becomes —EO = —2X%02 + (1 — p)?o? + u202 + A%02. Since

which implies (16). Then, 5y = 2% and By = 5 *

LL—(,QM,WegeM2 r=Yo+ 2

2+ 27

imply (14).

Fast model: As for the benchmark model, we compute the optimal trading strategy of
the speculator, while taking as given the dealer’s pricing rules dg¢, = A'dy, + uf (dz, —
pEdy,) and p;y4r = ¢ + Ady,. The speculator has the same objective function as
n (A.2), but his trading strategy uses the quote ¢, as a state variable, i.e., he chooses
among strategies of the form dz, = B85 (v, — ¢;) d7 + % dv,.?

For convenience, we now omit the superscript F' for the coefficients 3, v, u, A, p, [.

Denote by
Vi = E((UT — ¢ ~7tq)- (A.14)

As in the case of the benchmark model, we replace v; by v,y 4, = v, + dv,. Also,

Pridr = ¢r + Ar(dz; + du,), and dz, = B, (v, — ¢,) d7 + 7, dv,. Hence:

1
m = E(/ (w—qf + dv, — Afde) de, jﬂ)
t (A.15)

= / 1(67‘/ + (1= A3 )3,02) dr.

By comparing the first equation in (A.15) with the first equation in (A.4), we observe
a key difference between the benchmark and the fast model. Indeed, in the benchmark

model, an extra (p,dv,)dz, is subtracted from the speculator’s objective function. This

2This is because p, is not a well defined It6 process. Indeed, dp, = p,+ ar — pr = ¢» — pr + A dy,,
and ¢, — pr depends on the lagged signal dz,_ 4,, which is not a well defined It6 increment.
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term comes from the dealer’s quote adjustment by (the unpredictable part of) p,dz,,
which in the benchmark model is included in the price paid by the speculator. This
lowers the benefit of news trading in the benchmark model compared to the fast model.
Since, as we have already proved, the optimal news trading is zero in the benchmark,
it is reasonable to expect that there is positive news trading in the fast model. Indeed,
we will prove that, in the fast model, v, > 0.

To obtain the equation for V., we proceed as in the benchmark model, except that

we replace A\, by [,

V:,.+d7- = E((UTerT - q7'+d7')2 ’ ‘-7tq)

(A.16)
= Vo + (1 —pr — Ly 202 dr + plo? dr + 202 dr — 21,3,V dT,
hence V., satisfies the first-order linear ODE:

VT/ = 2.5 V; + (1 - Hr — leYT)QO-g + Miag + ZEUZ, (A'17)
or equivalently 3.V, = _VT,+(1_“T_5”222”3+“303+l3”5. Substitute this into (A.15), and
integrate by parts:

ViV, Loy
=gt Vg @
1 t t T (A18)

o 1 ((1 — 1y — 2?0 + 202 + B
t

_ 2
oL + (1 )\7’77)77-0'1})) dr.

Since V. > 0 can be arbitrarily chosen, in order to get an optimum we must have
(%)/ = 0, which is equivalent to [, = constant. For a maximum, the transversality

condition V; = 0 must be also satisfied.

We now turn to the choice of 7. The first order condition with respect to «, in (A.18)
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fir fir
(L= =L+ (L= A) = Ay = 0 = 4, = —~ .
(1= pr = L) +( Vr) = Ay L T e

(A.19)

Thus, we obtain a nonzero news trading component. The second order condition is
Ar + prpr > 0. There is also a second order condition with respect to 3., i.e., [, > 0;
see Footnote 28.

Next, we derive the pricing rules from the dealer’s zero profit conditions. As for
the benchmark model, equation (A.1) implies p;rq: = ¢ + \dyy; it also implies grqr =
E(vi|ZV, qi> d2t) = Pryae + pe(dze — pedye), hence qurar = g+ Medyy + pe (dzy — pedy,), which

proves (19). The coefficients are given by

Covy(v1, dy) Covy(v1, Be(ve — pi) At + 72 doy + duy) B+ Y0,

A= Var,(dy,)  Var(Bi(v, —p,) dt + vy dv, + duy)  Po2 402’
_ Covy(dz, dy) V02
pr = Var,(dy,)  ~Po2+ o2’
= Cove(vr, dzy — py dyy) _ —pBi 2+ (1 = piyi)os .
Var,(dz; — p; dyy) (1 — piyi)202 + pio? + o2
(A.20)

By the same arguments as for the benchmark model, ¥, = (1 —1)%, 5, = %, and 3:%;,
At, P, fy are constant. Also, Y, satisfies the same ODE (A.17) as V., and X} = —3,

hence

—Yo = 2B+ (1 — pr — L) ?0b + plo? + Lo (A.21)

We now define the following constants:

o2 ol 2o
a = §7 b = "o c = §7
: . . (A.22)
7 s - B -
9= " A=Ay, p=p, 1/)—7% I = ly.

u
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With these notations, equations (A.19)—(A.21) become

5 o3 +9 g 11—
)\ - ]_ - ; )\ = —y = —, = -
w(t =) 1+¢ " T 1vg P T 110y
) 2 (A.23)
c = —w—(l—ﬂ—Z)Q JT —
g g
Substitute A, 7, ¢ in A = p(1 — p) and solve for v:
1—(14+0b)g— bg? 1
b = (1+b)g—bg* _ 9, (A.24)
24+b+bg 24+b+bg
The other equations, together with [=)\— (P, imply
~ 1 . g 1+g ~ 1—g
A= —, = —, = — @ | = — A.25
21b+bg C T 119 M T 2vbrbg 2+ b+ bg (4.25)
(1+bg)(1+g)*
14c¢c = . A.26
g(2+ b+ bg)? ( )
From (A.22), we get
1/21/2 ‘73 a a'/? A 97
’Y—Clgaﬁo—zw —aw—wiﬂ- (A.27)
_ 1+ _ g(2+b+bg) ((1+9)%(14+bg)  (1+g)(1+bg)\ _
From (A.24) and (A.26), we get ¢ = srbibg 9 = (!1}+9)(1+gg)( g(2ﬂ-b+bg)g - 2-!‘,]-b+bgg ) =
(2+b+bg) (14+9)(1+bg)\ _  g(2+b+bg) (14+b+bg) _
(!1}+g)(1+gg) (c+1- T bThy ) = (f+g)(1+ig)( + (1 = 9) 555 ). We compute fy =
%(1 + l;cg%). Using again (A.26), we get
al/? 1—gl+b+bg
= 1 . A28
fo (14 ) /2(1 + bg)1/? ( c 2+b+bg> ( )

Now substitute a, b, ¢ from (A.22) in equations (A.25)—(A.28) to obtain equations (20)—
(25). Moreover, the second order conditions A 4+ up > 0 and [ > 0 are equivalent to
g€ (—1,1).

Finally, we show that the equation 1 + ¢ = (+bg)(1+9)

S@b10)? has a unique solution g €
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(—1,1), which in fact lies in (0, 1). This can be shown by noting that

(1+bx)(1+x)?
r(2+b+bx)?

Fy(g) = 1+¢, with Fy(z) = (A.29)

One verifies F)(x) = (w+1g)cgsz2—jl);(+2;§j3b’”), so Fy(x) decreases on (0,1). Since Fy(0) = +00

and F,(1) = 1+rb < 1, there is a unique g € (0,1) so that Fy(g) =1+ ¢.*°

For future use, we derive from (A.25) the following formulas:

1 1 1 g 1+g
A P T S W S - - 9 - _-*9
7 g v 2+0b+bg P vy1+4+g 24+ b+ 0bg (A.30)
| = 1 1-g | Iy = b+ bg '
Y24+ b+bg’ b = S bt by

A.2 Useful Comparative Statics

To compare the fast and benchmark models, and to do some comparative statics for the

coefficients involved in Theorem 1, we prove the following result.

Lemma A.1. With the notations in Theorem 1, the following inequalities are true:

T S D L I e (A.31)

Proof. Recall that in the proof of Theorem 1, we have denoted

o? o? 20
a = ;, b = o c = ; (A32)
We start by showing that
1+g 1
F B
= < = . A.33
BT o ey S8 T 1w (A.33)

By computation, this is equivalent to g < 1, which is true since g € (0, 1).

300ne can check that F,(z) = 1+ ¢ has no solution on (—1,0): When b < 1, F,(x) < 0 on (—1,0).

When b > 1, F,(z) attains its maximum on (—1,0) at z* = —2E2_ for which F(z*) = % <1
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We show that

1 1/2 1 1/2 b 1/2
) a8 = S (12 ) . (A34)
a2 (14 bg)'2(1+ g) al/? c(b+1)
After squaring the two sides, and using 1 + ¢ = —(;g’fzgé ?%2, we need to prove that
1 1 : 1 (1+bg)(149)* 1 _ 2+b+g+2bg+bg?
JaThig > T 1 — 45, or equivalently 7 > g(2ﬁb+bgf)72 — ST = (2—€b+b§)2 g

This reduces to proving 1 + b+ (1 — g)(1 + bg) > 0, which is true, since b > 0 and

g9 €(0,1).
2+b+b 1+b+b
In the proof of Theorem 1, we have ) = QJ:b;fbg —g= %(C—i—(l -9) (2ibibz)) >
0. But Hlb;fbg > ¢ implies bg < %. We now show that
1/2 1+ 1/2 b 1/2
F a 9 B a
BO 691/2 <2+b—|—bg g) ﬁo c (C+ 1—|—b) ( )

where we use (A.24) and (A.27) for 8L, and (14) for 8. Using (A.26), the desired

(1—g—bg—bg?)? <c41-—-L = (14bg)(1+9)? 1 L

(2+b+bg)? T+b - or 1.3

inequality is equivalent to é T eathite? et

4+3b+bg(2é?;ﬁi;§§+2b)7b2g3. After some algebra, this is equivalent to bg?(1 + ¢g)? + bg(1 +

4g+g*) < 3+2b. We use bg < }jr—g (proved above) to show that bg?(1+g)* < g(1—g?)

and bg(1 + 49 + ¢*) < (1 — g)% < (1 =g)(1 4 3g). Then, it is sufficient to prove

that g(1 — ¢?) + (1 — g)(1 +3g) < 3+ 2b, or 1 + 3g — 39> — ¢> < 3+ 2b. For this, it is
sufficient to prove 1+ 3g — 3¢g® < 3+ 2b. But 1 + 3g — 3¢? attains its maximum value

of1+%atg:%,and1+%<3+2b. n

A.3 Proof of Corollary 1

In the last part of the proof of Theorem 1, we have shown that, when o, < 0o, equa-

1/2

tion (25) has a unique solution g € (0, 1]. Thus, since v/ = 2=g'/?, there is news trading

when the speculator reacts faster to news. Moreover, when o, approaches 400, or equiva-

(14b9)(1+9)? 1

lently when b = Z—; approaches 400, it is straightforward to show that g = Brbtig)? The

converges to zero. Thus, if the dealer receives no news, there is no news trading.
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A.4 Proof of Corollary 2

From Theorem 1, we have 8P/8F = gF/BL. Now, Lemma A.1 implies 32/8L > 1,

which yields the result.

A.5 Proof of Corollaries 3 and 4

See Lemma A.1.

A.6 Proof of Corollary 5

In the benchmark model, equation (12) and v2 = 0 imply that Var(dx;) = (8F)*3:dt? =
0, since dt? = 0. Also, Var(du,) = o2dt. Thus, IPRP = % =0

In the fast model, equation (18) implies Var(dz;) = (7¥)?c2dt, and equation (21)
implies (y7)%02 = 02g. Thus, IPR" = % = g%. From Theorem 1, we know

that g € (0,1). Hence, IPR" > 0.

A.7 Proof of Corollary 6

For k € {B, I}, if p? = p; and pl" = ¢;, we write the equilibrium equations

dz, = By (v — pf)dt + +*doy,
(A.36)

dp, = pF(dz — pfdy,) + Ndy, = pFdz, + (Fdy,.
We first prove the following useful result.

Lemma A.2. In both the benchmark and the fast models, i.e., if k € {B, F}, and for

all s <t e (0,1),

1\

COV(Us_pl;aUt_pf) = ES(l—S) )
» (A.37)

iCov(dv vy — pF) = (l—lkvk—,uk)UQ(l_t) 0
ds i ! “\l-s ’
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where IF = \¥ — p¥pk.

Proof. To simplify notation, we omit the superscript k for p¥. Fix s € (0,1). Denote by
X; = Cov(vs—ps,vi—py). Fort > s, dX; = Cov(vs—ps, dv,—dp;) = — Cov(vs—ps, dpy) =
—IFpEXdt = —lklﬁ—iXtdt. Then, dIn(X;) = *8F dIn(1 —t). Also, at t = s, we have
X, = X, Thus, we have a first order differential equation, with solution given by the
first equation in (A.37).

Denote by Y; = iCov(dvs,vt —p). Fort > s dY; = éCov(dvs,dvt —dp) =
—+ Cov(dv,, dp) = —IFBY,dt = —lk%Kdt. Then, dIn(Y;) = (*85 dIn(1 —¢). At
t = s+ ds, we have Y, 45 = é Cov(dvs, vs — ps + dvs — dps) = i Cov(dug, dvg) —
+ Cov(du,, I*dy, + pFdz) = (1 — IFy% — p*)o?. Thus, we have a first order differential

equation, with solution given by the second equation in (A.37).

]

We now prove Corollary 6. For the benchmark model, denote by [? = AZ. Then,

using the notations from Lemma A.2, we get

Cov(vs = Pi, Vigr — Prar) 5 ()
C d B,d B _ t ty UVt 47 _ 1-t A.38
orr( Ty iUt+T) Cov(vt _ Pt)1/2 COV(UtJrT _ thrT)1/2 Ztl/zztlﬁ ( )

: . B 3,B 1-t—r\ NP3 31
Since ¥, = Xo(1 — s), we obtain Corr(dzf,dzf,,) = (FF55)" ™ 2.3
In the fast model, we use both equations in (A.37) to show that the autocovariance
of the informed order flow, Cov(dxz",dzf, ), is of order d¢*. But the informed order flow

variance is of order dt, therefore the autocorrelation is of order d¢, which as a number

equals zero in continuous time.

A.8 Proof of Corollary 7

If & € {B,F}, consider the following notations similar to those from the proof of

. _ k k _ 1 k
Lemma A.2: Xy, . = Cov(vy — pf, Vpyr — Dfyr), and Yir = 5 Cov(dvy, vegr — piy,).

3INote that APF =1+ Eo"i > 1.

(03+02)
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Denote by I¥ = \¥ — pFp¥, and o

k gk
(M)l P Then, the corollary is proved if we

1-t

show that CPI}(7) = C§ 4+ CF(1 — o), where

C8 =0, and CP = g%,
(A.39)
CF = (W' +179")7F a2, and O = BESy+ (1 p — 1FyF)yF a2,

v

For convenience, drop the superscript k. Denote by n = 1 —pu—1y. We write CPI,(7) =
Cov(%,pHT — pt). Since dzy = Bi(vy — py) dt + 7y dvy, we obtain CPI(7) = (; Cov (vt —
Dty Pty _pt) + 4; Cov (dvt, Ditr _pt) = f3; Cov (Ut — Dty Vt4r —Pt) + 4 Cov (dUt, Vpgr _pt) -
BeXitir — 4 Yirr But Cov(vt — D¢y Vpir — pt) = 3, and Cov(dvt,vHT — pt) = o2 dt.
Hence, using Lemma A.2 to compute X1, and Y; 1., we get CPI(7) = 5:2:(1 — ) +
v02(1 — na). Theorem 1 implies that 3;%; is constant, hence 3;%; = ByXy. We get
CPI(1) = Cy + C1(1 — ), where Cy = v62(1 —n) and C; = o2y + yo2n. One can
now verify directly, for both k € {B, F'}, that C§¥ and CF are as in equation (A.39).

Finally, we note that n' > 0. Indeed, denote by b = Z—ez, and by g € (0,1) as in

F _FF _ btbg o

Theorem 1. Then, according to equation (A.30), nf' =1 — p V= 3erhg

A.9 Proof of Corollary 8

Remember that, by definition, a = Z—z‘, b= Z—z and ¢ = % For the benchmark model,
as in Theorem 1 and Lemma A.1, we have
2.2 \ 1/2 1/2 1/2
B oy 007 a b
- —“ (1 = - ) A.40
W= () - () 40

. B : . . . _ 0'2 B : . . _ 1
From the second equality, 35 is increasing in b = pg hence 5y is decreasing in v = _-.

Since 3P is proportional to 3, it follows that 87 is decreasing in v.

As in the proof of Theorem 1, let F(b, z) = %, with %—5 = —%

and %£ = —(l_wigl(;rfl))f;gjgbz). Since g € (0,1) is the solution of F(b, g(b,c)) = 1+ ¢,

by differentiating with respect to b and ¢, respectively, we get %—5 + g—i % = 0, and
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oF dg

% 5. = 1. We compute

99 _ g(l+9)2+bg+bs*) dg _ g2+ b+ bg)? (A1)
b (1—9g)(2+b+3bg) ~ Oc (1-9)(1+9)(2+0b+3bg) '

Thus, g is decreasing in b, hence g is increasing in v. As v = g—“gl/Q, it follows that ~*
is increasing with v as well.

From the proof of Theorem 1, we also have

1/2 1
F a +g
= —q. A .42
& cgl/? (2+b—l—bg g) ( )

. oBF _ a/?gY2(1+9)2(2+3b+3bg+b%g+b%g?)
ZF0 —
Using (A.41), we compute —5; 2¢(1=g)(2+b+bg) (2+b+3bg)

. Thus, A is increas-
ing in b, hence B! is decreasing in v.

Finally, when v = 0, 0. = 400 and b = 4+00. Then, as in the proof of Corollary 1, we
get g = 0 and v = 0. Moreover, equation (A.40) implies that, in the benchmark model,

al/ ) ) ) al/
BB = ;(c-l— 1)1/2. In the fast model, equation (A.42) implies that B = ;m,

since ¢ = 0. But equation (A.26) implies that (1 + ¢)¥/? = %. Since g = 0

and b = +o00, by considering only the dominant terms, we show that bg = 0, hence

B = LC/Q(c—i- 1)!/2. Thus, when v = 0, ¥ = 5.

A.10 Proof of Corollary 9
In the fast model, denote by TV* = Var(dy,) the trading volume, and IPRY = %
the informed participation rate. Then, by Corollary 5, TV = ¢2(1 + ¢), and IPRY =

ﬁ, hence TVY and IPR" have the same dependence on o, as g. From (A.41), g is

decreasing in b, hence also in o.. Thus, both TV and IPRY are decreasing in o, i.e.,

are increasing in v = 1.
g,

e

As in equation (A.34), we have (A\)? = %CW. Using the formula for %
2
in (A.41), we compute 3((1%%# = —%@Hbg) < 0. Therefore, A" is increasing

in b, hence in o,. Thus, higher precision of the public signal (lower o) implies higher
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liquidity (lower price impact coefficient A\I').

A.11 Proof of Corollary 10

We compute dXF = 2 Cov(dv;—dpf, v;—pF)+Cov(dv,—dpF, dv,—dpf). Since the news dv;
is orthogonal to v; — p¥ in both models, dXF = —2 Cov(dp¥, v; — pf) — 2 Cov(dpF, dv;) +
Var(dv;) + Var(dpf). But 4 Var(dw,) = o2; and by Corollary 11, o2 = £ Var(dp}) =
02 + Y. We have just proved (33).

Equation (13) implies that in the benchmark model dp; = pPdz + A\Bdy;. Since

dy, = dzy + duy, with dz, = O(dt),
Cov(dpy, dvy) = pPo?dt. (A.43)

Equation (19) implies that in the fast model dg; = A'dy; + uf(dz; — p¥'dy;). Since

da; = ¥ dvy + O(dt), we obtain
Cov(dpy, dvy) = <7F()\F — pFpf) + uF> oldt. (A.44)

Next, we prove that vF'( A" — pfpf") + put” > pP. Using (A.30) and (A.33), we need to

2 1
show that SThis > Tb

Finally, from the proof of Theorem 1, in both models ¥F = (1 — ).

which is equivalent to 1 > g. But this is true, since g € (0, 1).

A.12 Proof of Corollary 11

Denote Var(dp¥) = Uf,dt the variance of the instantaneous price changes, and we use

Theorem 1 to compute the two components of this variance. In the benchmark model,

Var (dpf es.) = (A\P)?02dt = <Eo+ oLz )dt. Also, Var(dpB s ;) = (1) (02+02)dt =

2 2
oitog
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7y
2 2
Ty +Ue

dt. We obtain the volatility decomposition in the benchmark model,

Var(dp;) olo? ol

2 vre v 2

= —— "7 — [+ + = Yo+ o°. A 45
Ty dt 0 o2+ o2 o2+ o2 0T % ( )

Similarly, in the fast model, Var(dpf,ae:) = (A")?((77)%07 + 02)dt, and using

equation (A.30) we compute Var(dpf;ades’t) = 9(2;{)%03 dt. Also, Var(dpfies:) =

(1) (1=pf' ) 202402+ (p")202)dt = Wcﬁdt. According to (A.26), Yo+02 =

o2(1+c¢) = aﬁ%—ﬁié@g), hence we have

Var(dg:) l+g (14 g)(1+b+ bg)
;= = " 2 — Yy 4ol (A4
7r dt g@+b+bg2” T T @tbrogE O oto,.  (Ad6)

We now show that the volatility component coming from quote updates is larger

2

in the benchmark, i.e., 72— = 1%1; >
v e

(149)(14+b+bg)
(2+b+bg)?

. The difference is proportional to
3—g+20+bg—bg>=2(1+0b)+ (1 —g)(1+0bg)> 0. Since the total volatility is the
same, it also implies that the volatility component coming from the trades is larger in

the fast model.

B Sampling at Lower Frequencies than the Trading
Frequency

In this section, we show that Corollaries 5 and 6 in Section 4 generalize when trades
are aggregated over intervals of an arbitrary length A7. Suppose trading takes place in
continuous time, but trades are aggregated over 1" > 0 time intervals of equal length
% = A7. Then, data are indexed by ¢t € {1,2,...,T}, which corresponds to calendar

time 7 = tA7 € [0, 1]. Denote by Ax; = 2y — x4 = ftAT

(t—1)Ar dx, the aggregate informed

order flow over the ¢t-th time interval.??

32This is related, but not equivalent, to the order flow at the ¢-th trading round in the discrete model
of Section 2. In the limit when A7 approaches zero, it is reasonable to expect that the two notions
are equivalent. This depends on whether the coefficients of the discrete time model (as described in
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The empirical counterpart of the Informed Participation Rate and the autocorrela-
tion of the speculator’s order flow when data are aggregated every At periods of time

are, respectively,

Var(Ax,)
Var(Ax;) + Var(Aw)’ (B.1)

[PRt -

COfr(A[Z’t’ Axt+s> .

Proposition 1. When the sampling interval At is small, the empirical informed par-

ticipation rate in the benchmark increases with A1 and is always below its level in the

fast model:
B\2
IPRF = MAT + o(AT),
u (B.2)
t (vF)2 02 + o2 AT

The informed order flow autocorrelation in the fast model increases with the sampling

interval At and is always below its level in the benchmark:

_ APBF =5
Corr(Az/, Az ) = (M) + o(A7)

1 —tAT AT
Bl ( f2t+7F(1—1F7F—uF)02)

F F _ s v B.3
Corr(Az, , Axy,,) = (7)o (B.3)
1—(t+s)Ar\" %

X (%) AT+O(AT).

Proof. The aggregate trade over the ¢-th interval is Ax; = f(iAI) Ay Br(Vr —pr)dT vy dv,.
When A7 is small, 3, is approximately constant over the interval [(t —1)A7, tA7]. Thus,
in the benchmark model we have Az? = BP(v; — p;) AT + o(AT), since 4? = 0. This
implies Var(Az?) = (8F)?S,(AT)? + o((A7)?). Also, Var(Au,) = o2A7, which yields

the informed participation rate in (B.2). Using Lemma A.2 in Appendix A, we obtain

the Internet Appendix) converge to the corresponding coefficients of the continuous time version. We
suspect this is true, as in Kyle (1985), although we have not formally proved it.
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B B B nB 1—(t+s)AT APBY
COV(AZL’t 7A:L‘t+s> = ﬁt—&—s/gt Et ( 1—tAT )

(AT)? + o((A7)?), which proves the first
equation in (B.3).

In the fast model, Azl = BF(v; — p) AT + vFAvy + o(A7). Then, Var(Azl) =
(v¥)202AT + o(AT), which implies the informed participation rate in (B.2). Using

lFBF
Lemma A.2, Cov(Azf, Azf ) = 8L, <BtFEt+'yF(1—lF'yF—uF)02> (%) ’(AT)24

o((AT)?), where I = X" — u'pt". which proves the second equation in (B.3).
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Internet Appendix for “News Trading and Speed” —
Not for publication

In this Appendix, we present the discrete time version of the fast and benchmark models

in subsections 1.1 and 1.2.

I.1 Discrete Time Fast Model

We use the notations from Section 2. Denote by Z} = {Az, },<;-1 U {Ay, },<i1 the
dealer’s information set just before trading at ¢, and by Z} = {Az; }r<i-1 U{Ay; }r<t =
77 U{Ay,} the information set just after trading at t. The zero profit condition for the

competitive dealer translates into the formulas
@ = E(wi|Z), p = E(l|L}). (14)

We also denote

Qt = Var(vt |.,Z:£)), Et = Var(vt |Itq> (I5)

Definition 1. A pricing rule p; is called linear if it is of the form p; = q; + \iQyy, for

allt=1,...,T.3

The next result shows that if the pricing rule is linear, then the speculator’s strategy

is also linear, and furthermore it can be decomposed into a forecast error component,

ol it
)\t—oztlf

Bi(vy — q1)At, and a news trading component, 3;Av;, where 5, = v, — B, At =
(see (1.9)).

33We could defined more generally, a pricing rule to be linear in the whole history {Ay, },<, but as
Kyle (1985) shows, this is equivalent to the pricing rule being linear only in Agy;.



Theorem 2. Any equilibrium with a linear pricing rule must be of the form

Azy = Bi(vie1 — @) At + 1Ay,
D = G + MAy, (1.6)

Qi1 = pr+ pa(Dz — piAyy),
fort=1,....T, where By, V¢, M, I, pt, Q, and Xy are constants that satisfy

_ BrXi—1 + %012,
BiYi 1At +Afok + ol
(03 + 7% 1 At — 5t%2t—1)03
(BPEea At +7foy + 03) 02 + (L1 At + 07) 07
B2 1(02 + %) + vi020?
BN At +fop + 03) 02 + (Bi5i1 At + 07) oF
_ 1, (17)
BiYi 1At +Afol + o
5323—1 + 2&%&_103 + %2‘73
BiYi 1At + 7ok + o}

At

Ht =

li = N — pepry = (

At,

Qt = Zt_l—i-U?)At—

Et = Et—l —’—O'gAt

BN (00 + 02) + BiN 1 Aloy + 0400 + 770,07 + 28050

2
© At.
(B2E1 1At + 7202 + 02) 02 + (BESi 1At + 02) 02

The value function of the speculator is quadratic for allt =1,...,T:

T o= a1 (v — @) o (Av)? + ol (Vi1 — @) Avy + 6y (L.8)



The coefficients of the optimal trading strateqy and the value function satisfy

1— 2CYtlt
2(>\t — Oétl?) ’
1-— 2atlt(1 — [Lt)

= = BAt
e 2()\,5 — O{tl%> ﬁt +

At =

el g
At — Oétl?7

o1 = /BtAt(]_ — )\tﬁtAt) + Oét(]. — ltBtAt)27

(1.9)
oy = (1 — e — b)) 4+ (1 — Aeve),
o1 = Bt + (1 = 2N B At) 4 204 (1 — LB AL) (1 — e — L),
61 = ay(lfol + pjol) At + ajos At + 6.
The terminal conditions are
ar = ap = ap = o = 0. (1.10)
The second order condition is

Given Yo, conditions (1.7)-(1.11) are necessary and sufficient for the ezistence of a

linear equilibrium.

Proof. First, we show that equations (I.7) are equivalent to the zero profit conditions of
the dealer. Second, we show that equations (1.9)—(I.11) are equivalent to the specula-
tor’s strategy in (1.6) being optimal. These two steps prove that equations (1.6)—(1.11)
describe an equilibrium. Conversely, all equilibria with a linear pricing rule must sat-
isfy these equations since the trading strategy in (I1.6) is the best-response to the linear

pricing rule.

Zero profit of dealer: Start with with the dealer’s update due to the order flow at

t=1,...,T. Conditional on Z}}, the variables v;_; — ¢; and Av; have a bivariate normal



distribution:

Vi1 — ¢ 0 Y1 O
-1 — Gt T~ N 7 t—1 ‘ (112)
Avt 0 0 0'2

The aggregate order flow at t is of the form

Ay, = Bi(vi1 — @) At + 1 Av, + Ay (1.13)
Denote by
Vi1 —q B
o, =Cov|| " T aw] =TT A (1.14)
A Yoo

Then, conditional on Z! = Z} U { Ay, }, the distribution of v;_; — ¢; and Aw, is bivariate

normal:
2
I 1 o pPO109
SR IVl I L I R B (115)
Avy j25) poioy O3
where
M1 BeXi—1 1
= CIDtVar(Ayt)_lﬁyt = 2 2 9 D) Ayt: (116)
Lo fyto-?) /Bt Et—lAt + Vi 0y + Oy
and
o poo Vi1 —q
1 102 — Var t—1 t —@tVar(Ayt)’lq);
poi10s O3 Ay
(1.17)
B X1 0 1 BiX? . BrnXioion
- T2 2 2 2
0 oAt | DiEltEaioiton | g s 2 420
We compute
BiXi 1 + Y02
p—q = Eve—q|Z}) = w1 +pe = o SN Ay, (I.18)

BEEe 1At +rfo) + o



which proves equation (I1.7) for A;. Also,

Q; = Var(v, —q | IF) = oF + 03 + 2poi0;

BEYZ | 4 28102 + io, At
BEN 1AL + o2 4 o2 7

(1.19)
= Y1+ 0 At —

which proves the formula for €.
Next, to compute ¢.+1 = E(v; | Z},), we start from the same prior as in (1.12), but

we consider the impact of both the order flow at ¢ and the dealer’s signal at ¢ + 1:

Ay = Bi(vier — @) At + v Ave + Auy,

(1.20)
Azt = A'Ut -+ Aet.
Denote by
U, = Cov Vt—1 — Gt 7 Ay, _ B 0 At,
Ay Az o2 ol
- (I.21)
Ay BN 1At + o2+ 02 y02
V»* = Var t = peet ' t At.
Az Vo 02 + o2

Conditional on Z}, ; = T/ U{Ay;, Az}, the distribution of v,_; — ¢, and Aw, is bivariate

normal:
2
V-1 — Gt H1 01 pPO102
| Tiy ~ N , : (1.22)
A’Ut 2 PO102 O'%
where
BiSi_1(02 4+ 02)Ayy — BryXi—102Az
i Ay, yo2o? Ay, + (BES 1AL + 02)o2 Az
= v, (V) - , (1.23)
s Az (BEXi1 At + 70} + 03)02 + (B7Zi-1 A + 0f) o]



and

2
01 pPO102 Vt—1 — Gt o\ —
= Var —w ()Y
po10y O3 Ay
ﬂfoﬁl((ﬁ) + 0'3) ﬁt’ytzt,lagag (124)
Y1 0 5t%2t—1‘712;02 (61:22t—1At + %2‘73 + 05)03
0 s2ar | BPBeaAt+70R + 02)02 + (BT At + 02)o?

Therefore,

Q1 — @ = M1+ 2

(BiZi-1(0] + 02) + 0202) Ay + (02 4 G5 1AL — BryiSi-1) 000z
(BEEe A +7707 + 07) 0 + (B Ea At + 0F) o

(1.25)

= ltAyt + MtAZt = ()\t—pt,ut)Ayt —+ ,LLtAZt, (126)

which proves equation (1.7) for py, l;, and p;. Also,

Et = U%+U§+2,00'10'2

BEXF (02 4 02) + BESi 1 Atos 4+ otol + yPonol + 2B S 102072

= Y1+ 0 At —
- (B2% -1 + (B; + 70)202 + 02) 02 + (87541 + 02) 02

which proves the formula for ;.

Optimal Strategy of Speculator: At eacht=1,... T, the speculator maximizes
the expected profit: m, = max Zf:t E( (v — pT)A:cT). We prove by backward induction
that the value function is quadratic and of the form given in (I.8): 7, = a1 (vs_1 —q;)*+
o) (Av)? +af (vi—1 — q)Avy + ;1. At the last decision point (¢ = T') the next value

function is zero, i.e., ar = o/, = o/}, = o7 = 0, which are the terminal conditions (I1.10).



This is the transversality condition: no money is left on the table. In the induction step,
ift=1,...,T — 1, we assume that m;,; is of the desired form. The Bellman principle

of intertemporal optimization implies
M = max E((vt — po) Az + T | ZY vy, Avt>. (1.28)

The last two equations in (I1.6) imply that the quote g; evolves by q; 11 = ¢+ Ay + Az,
where [; = A\ — pspt¢. This implies that the speculator’s choice of Ax affects the trading

price and the next quote by

P = ¢+ M(Az + Awy),

(1.29)
Q1 = @+ L(Ax + Awy) + Az,
Substituting these into the Bellman equation, we get
T = max E(Ax(vt,l + Avy — ¢ — MAT — M Awy)
+ Oét('l)tfl + Avt — ¢ — ltA.T — ltA'LLt — ,LLtA'Ut — /,LtAet)2 + af‘,AUt%rl
+ Oég(/l]t,1 + A/Ut — q¢ — ltAf,E — ltAut — /.LtAUt — /LtAet)Ath + 67&)
(1.30)
= max Az(vi_y — ¢ + Avy — MAx)
+ Ozt<(vt_1 —q — LAT + (1 — p)Av)? + (202 + ,ufo?)At) + alo?At
+ 0 + 9.
The first order condition with respect to Az is
1 — 204l 1 —204l(1 —
Az = Yt (ot —q) + aci( M)Avt, (1.31)

2(>\t — Oétl?)( 2()\,5 — O{tltz)

and the second order condition for a maximum is A\; — oyl? > 0, which is (I.11). Thus,

the optimal Az is indeed of the form Az; = fi(vi—1 — q) At + v Avy, where At and



are as in (1.9). We substitute Az, in the formula for m; to obtain

T = <BtAt(1 — MBAL) + ay(1 — ltﬁtAt)2> (Vi1 — @)?
+ <Oét<1 — MUy — lt’yt)Q —+ ’715(1 — >\t’}/t)>AUt2 (132>
+ <5tAt + (1 = 20 B, AL) + 204 (1 — 1, B AL) (1 — piy — lt%)) (Vi1 — q) Ay

+ o (ol + pjo2) At + ool At + 6.

This proves that indeed 7 is of the form m = a1 (vs_1 —q)? + a1 (Av)* +af | (ve_y —

q)Avy + 01, with ay_1, af_;, o | and §;_; as in (L.9). O

We now briefly discuss the existence of a solution for the recursive system given in
Theorem 2. The system of equations (I1.7)—(1.9) can be numerically solved backwards,
starting from the boundary conditions (I.10). We also start with an arbitrary value
of ¥r > 0.3 By backward induction, suppose a; and ¥, are given. One verifies that

equation (I1.7) for ¥; implies

PN (agag +0%(02 + %203)) — 020202 At

(0202 + 02(02 + 7P02) + B} At20202 — 2,8, Ato20?) — S, B7 At (02 + 02)
(1.33)

Y1 =

Then, in equation (1.7) we can rewrite A, i, l; as functions of (3, 3;,v;) instead of
(3¢-1, Bt, 7). Next, we use the formulas for 5, and 7, to express Ay, i, l; as functions of
(A¢, e, Ly g, 5p). This gives a system of polynomial equations, whose solution A, ju, I
depends only on (a4, ;). Numerical simulations show that the solution is unique under
the second order condition (I.11), but the authors have not been able to prove theo-
retically that this is true in all cases. Once the recursive system is computed for all
t =1,...,T, the only condition left to do is to verify that the value obtained for >
is the correct one. However, unlike in Kyle (1985), the recursive equation for ¥; is

not linear, and therefore the parameters cannot be simply rescaled. Instead, one must

34Numerically, it should be of the order of At.



numerically modify the initial choice of X1 until the correct value of ¥ is reached.

I.2 Discrete Time Benchmark Model

We use the notations from Section 2. Denote by Z} = {Az; },<;U{Ay; } ,<;—1 the dealer’s
information set just before trading at ¢, and by Z} = {Az, }, <, U{Ay, }r<: = T/ U{Ay,}
the information set just after trading at ¢. The zero profit condition for the competitive

dealer translates into the formulas
@ = E(v|ZY), p = E(v|Z). (1.34)
We also denote
Et = Var(?}t |Itp), Qt = Var('Ut ‘Ig) (135)

The next result shows that if the pricing rule is linear, the speculator’s strategy is

also linear, and furthermore it only has a forecast error component, [;(v; — g;)At.
Theorem 3. Any linear equilibrium must be of the form
Azy = Bi(ve — q1)At,

P = G+ MDAy, (1.36)

G = Di—1 + p—1A%;,

fort=1,...,T, where by convention po = 0, and B¢, V¢, i, e, S, and Xy are constants



that satisfy

By
M=
_ %
He = 02+ 02’
Yio2
Q = e,
s
Bo1 = Lot ey At - 5t Al
o2 — BPE AL o2+ o2

The value function of the speculator is quadratic for allt =1,...,T:

T o= a1 (v — q)® + 01

The coefficients of the optimal trading strateqy and the value function satisfy

1-— Qat)\t

BtAt - 2)\t(1 — Oét>\t)7

A1 = ﬁtAt(l — )\tBtAt) + Oét(l — )\tBtAt)z,

G- = ap(Nop + pi (o) + 02)) At + 6.

The terminal conditions are

The second order condition is

)\t<1_04t)\t) > 0.

(1.37)

(1.38)

(1.39)

(I.40)

(L41)

Given Yo, conditions (1.37)-(1.41) are necessary and sufficient for the existence of a

linear equilibrium.

Proof. First, we show that equations (1.37) are equivalent to the zero profit conditions

of the dealer. Second, we show that equations (1.39)—(1.41) are equivalent to the specu-

lator’s strategy being optimal.

10



Zero Profit of dealer: Start with with the dealer’s update due to the order flow at
t=1,...,T. Conditional on Z/, v; has a normal distribution, v;|Z} ~ N(q;, ). The

aggregate order flow at ¢ is of the form Ay, = f;(vy — q;) At + Auy. Denote by

q)t = COV(Ut—Qt,Ayt) = /BtQtAt (142)

Then, conditional on Z! = Z} U {Ay, }, v; ~ N (ps, 2¢), with

P = @G+ MNAy,

_ Bk,
= & Var(Ay) ' =
A Var(Ay,) B2Q,AL + 02
QQ2 (143)
¥, = Var(v, —q) — @, Var(Ay,) '@, = Q, — m
. QtO'Z

To obtain the equation for \;, note that the above equations for \; and ¥, imply g—’i = f—;
The equation for € is obtained by solving for ¥; in the last equation of (1.43).
Next, consider the dealer’s update at t = 1,...,T due to the signal Az; = Av;+ Ae;.

From v;_1|ZF ; ~ N (pi—1,3¢-1), we have v;|ZF | ~ N (p;_1, 31 + 02At). Denote by
U, = Cov(v; — pi_1,Az) = o2At. (1.44)
Then, conditional on Z} = 77 | U{Az}, v|Z{ ~ N(q;, ), with

@ = pi—1 + Az,
2

Hy = \Ift Val’(AZt) — 0'12) + 027
| 2 y (1.45)
— B P = -
Oy = Var(vy — pi_1) — Wy Var(Az) "0, = X 1 + 0 At — o At
030¢
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Thus, we prove the equation for y;. Note that equation (I1.45) gives a formula for 3, ; as
a function of €);, and we already proved the formula for 2, as a function of 3, in (1.37).

We therefore get ¥;_; as a function of ¥;, which is the last equation in (1.37).

Optimal Strategy of Speculator: At each t =1,...,T, the speculator maximizes
the expected profit: m; = max Zzzt E((UT — pT)AxT). We prove by backward induction
that the value function is quadratic and of the form given in (I1.38): m; = ay_1(v; —q)* +
d;—1. At the last decision point (¢ = T') the next value function is zero, i.e., ar = o7 = 0,
which are the terminal conditions (I.40). In the induction step, if t = 1,...,7 — 1,
we assume that m,,; is of the desired form. The Bellman principle of intertemporal

optimization implies
M = max E((vt — po) Az + T | ZY vy, Avt>. (1.46)

The last two equations in (1.36) show that the quote ¢; evolves by ¢;41 = ¢ + LAy +
1Az q. This implies that the speculator’s choice of Az affects the trading price and

the next quote by

pe = ¢+ M(Az + Awy),

(1.47)
Gr1 = G+ M(Az + Auy) + 1Az 4.
Substituting these into the Bellman equation, we get
M = max E(Ax(vt — q — MAxr — N Awy)
+ Oét(Ut + AUtJrl — g — )\tASU — )\tAUt — ,LLtAZtJrl)z + 5t> ( )
[.48

= max Az(vy — g — MAT)

+ay ((vt g — MAZ)? + (\202 4 (0 + ag))At) + o,
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The first order condition with respect to Az is

1 — 204\
Az = s )(Ut —q), (1.49)

2>\t(1 — Oét)\t

and the second order condition for a maximum is A\(1 — ayA;) > 0, which is (1.41).
Thus, the optimal Az is indeed of the form Az, = 5i(vy — ¢)At, where B, At satisfies

equation (I1.39). We substitute Az, in the formula for 7, to obtain

T = <BtAt(1 — )\tﬁtAt> + Oét<1 — /\tBtAt)2> (’Ut — %)2 + oy ()\?O’i +,LLt2(O'12) —f—Uz))At + 5t-
(L.50)
This proves that indeed 7 is of the form m; = ay_1(v; — q;)* + 0;_1, with ay_1 and &;_;

as in (1.39). O

Equations (1.37) and (1.39) form a system of equations. As before, it is solved

backwards, starting from the boundary conditions (1.40), and so that ¥, = ¥q at t = 0.
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