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1 Introduction

The estimation procedures for the spatial autoregressive (SAR) models with network data and an exogenous
network structure are now well established (see Lee, 2007; Lee et al., 2010; Liu, 2013b; Liu and Lee, 2010). In
almost all social and economic contexts, however, network is chosen exogenously and behaviors were derived
given this network structure. Network formation and behavior over networks can happen simultaneously. Fail

to account individual characteristics driving both can result serious endogeneity issues.

Despite the problem of endogeneity, estimation methods for network models with selectivity are not widely
available. Hsieh and Lee (2014) and Goldsmith-Pinkham and Imbens (2013) propose a simultaneous estimation
of dyadic network formation and outcome choice using a Bayesian modeling approach. They use MCMC
methods to draw from the posterior distribution due to the complexity of their likelihood function. However,
a behavioral foundation under such a framework is challenging. As networks can form under various rules,
one needs to find conditions that match the properties of equilibrium outcomes for many different games.
Bayesian methods are also unfeasible when the sample size is large. Blume et al. (2014, forthcoming) suggests
using control function approach to address network formation.! They consider the development of the control

function approach to address network formation as an important direction of future research.?

This paper develops this approach. An independent study by Qu and Lee (2015) proposes a control
function method to estimate a SAR model with an endogenous spatial weight matrix. They construct the
spatial weights using distances between units in terms of economic variables (such as GDP or trade volumes).
Endogeneity arises when these weights are correlated with the outcome. They thus employ an OLS estimator
for the selection equation (first stage) and correct the SAR outcome model with the estimated residuals (second
stage). We consider network data, such that the entries of the spatial weights matrix are binary. We modeled a
dyadic network formation mechanism for the selection equation as in Graham (2014).> Graham (2014) presents
a comprehensive tractation of dyadic empirical models of network formation. In particular, he parametrizes
link formation in a logit form and derives the statistical properties of a maximum likelihood estimator.* Due to
the technical complication in estimating a selection correction term at the individual level (i.e. with a dyadic
network formation, as in Graham, 2014), no estimation method has been proposed for this case so far.’

We propose two estimation methods. The first method is a simple two-stage instrumental variable estimator
with a parametric selection procedure (25P_IV).° With explicit distributional assumptions on the disturbances,
we show that the selectivity bias is a multivariate inverse Mills ratio. The asymptotic theory is derived using
asymptotic inference under near-epoch dependence (NED) from Jenish and Prucha (2012). The results are
similar to the ones in Qu and Lee (2015). The second estimator we proposed uses a power series to approximate
selectivity bias term, in the spirit of Newey (2009). This is a two-stage semiparametric instrumental variable
estimator (2SSP_IV). We also derive statistical properties for our estimator that is very easy to implement in
applied work.

The main aim of this paper is to show consistency and asymptotic normality of the 2SSP_IV and the 25P_1V.

Lee (1982) proposes two-stage instrumental variable estimators for selection models with flexible correction

IBlume et al. (2014, forthcoming); Brock and Durlauf (2001a,b) discuss how selection correction mechanisms can be used to
overcome the reflection problem.

2The endogeneity of spatial weights has also been pointed out as an important future direction of spatial econometrics by
Pinkse and Slade (2010). They argue that many of the issues arising from this problem are still waiting for good solutions and
that the endogeneity problem “can admittedly be challenging.”

3This framework can be motivated from the behavior of utility maximization (McFadden et al., 1973).

4A simplified version of the model has been used by Fafchamps and Gubert (2007), Apicella et al. (2012), Attanasio et al.
(2012).

5Horrace et al. (2014, forthcoming) deal with the estimation of network production models where the working team (network)
is chosen by a manager. In their framework, teams are not overlapping and they can employ a polychotomous Heckman-type
selection correction.

6See Heckman and Robb (1985) and Vella (1998) for an overview of models and methods to address selection problems.



terms. The theory presented in this paper allows for the functional form of the selectivity bias term to be
entirely unknown, with the number of approximating functions growing with the sample size to achieve /n—
consistency and asymptotic normality. Our main results show the NED properties of the random variables
and functions involved in the 2SSP_IV estimator.

The rest of the paper is organized as follows. The next section introduces the econometric specification
of a network model with selectivity. We discuss different ways to correct for the selectivity bias. Section
3 proposes parametric and semiparametric estimation methods of our model. Consistency and asymptotic
normality of estimators from these methods are derived in Section 4. We evaluate finite sample performance
of our estimators in Section 5 using Monte Carlo simulations. Section 6 is conclusion. Appendix A contains
some basic properties of NED of random fields and power series. Appendix B includes the proofs of NED

properties of the key statistics of the estimators. Appendix C gives the proof of our main results.

2 A network model with selectivity

We consider n agents indexed by ¢ = 1,...,n. Each agent is endowed with a predetermined location ().
Following Jenish and Prucha (2012) and Qu and Lee (2015), we consider spatial processes located on a
(possibly) unevenly spaced lattice D € R%, dy > 1. From now on, we maintain the following assumption

concerning D.

Assumption 1. The Lattice D C R%, dy > 1, is infinitely countable. The locationl: {1,...,n} = D, C D
is a mapping of agent i to its location I(i) € D,,. All elements in D are located at distances of at least pg > 0

from each other, i.e., for all 1(2),1(j) € D : pij > po; w.l.o.g. we assume py = 1.

Physical distance plays a crucial role in our asymptotic methods. It ensures the growth of the sample size as
the sample regions D,, expand, see e.g. Conley (1999) and Jenish and Prucha (2009, 2012). This means the
asymptotic methods we employed are increasing domain asymptotics.

Agents in the sample regions may be connected. Let g;;, = 1 if agents ¢ and j are connected and zero
otherwise. Connections may be equivalently referred to as a links, friendships, edges or arcs depending on
the context. Self-ties are rulled out so that g;;, = 0 for all . The (4, ) pair is called a dyad. There are
Ny = n(n — 1) dyads in the sample. For a sample size of n agents, we observe the vector of outcomes
Y, = (W1ns -5 Ynn) s the covariate matrix X,, with its element {z; ,,; (i) € Dy, n € N} being bounded in
absolute value for all ¢ and n. G,, = {g;j»} is a binary matrix with zero diagonal.

Let {(vi(i)n» Wi(i)n); (i) € Dy, n € N} be a triangular double array of real random fields defined on a
probability space (2; F; P), where the index set D,, C D is a finite set and D satisfies Assumption 1. For
simplicity, we use the subscript ¢ to indicate [(4), i.e. Vi(i),n becomes v; .

Following Graham (2014), agents ¢ and j form a link if the total surplus from doing so is positive

Gijn = I(Cij,na + deij + a;nn + a_?}if — Vijn > 0)7 (1)

where I(-) denotes the indicator function, {ad"; I(i) € D,, n € N}, with dir € {in, out} ("in” stands for

i
indegree, "out” for outdegree), are two agent-specific unobserved characteristics that capture the propensity of
having a indegree and a outdegree.” The term inside the indicator function corresponds to the net link surplus.
Similar to Leung (2014), link surplus varies with observed dyad attributes {C;; ,; (i) € Dy,l(j) € Dy, n € N},
distances p;;, unobserved agent attributes (a}",,a94), and an idiosyncratic component (v;,). Model (1)

satisfies a no externalities condition. The net surplus associated with a link does not vary with the presence or

7Observe that model (1) is the Graham (2014) network formation model augmented for indegree and outdegree agent level
unobserved heterogeneity. It basically extend the model for a directed graph representation.



absence of other links in the network. For example, the vector (C;;,) does not include the number of friends
i and j have in common, > ,_; Gik.nGjkn-"

We assume that the outcome equation is a SAR model specified as

Y, = ¢G,Y, + X5+ U,, (2)

where U, = (u1 p, ..., Unn) is a vector of disturbances.” In model (2), ¢ represents the level of the endogenous
effect, where an agent’s choice/outcome may depend on those of her peers on the same activity.'® ! 3 is a

k x 1 vector of coefficients.

2.1 The parametric approach

Let C,, = (Cig2, ..., Chn—1)" be the Ny x k matrix of dyad characteristics and A, = (a1, ..., a,)’ the n x 2
vector of unobserved agent characteristics, where a; = [at"; a?"!]. Following Graham (2014), we focus on the

case where v;;,, is independently logistically distributed across dyads. Thus, the conditional probability of

forming a link (¢, j) equals

~exp(aCijn + Bapij + aj, +ag'y)
L+ exp(aCijn + Bapij + ai’y +adst)

Pr(gij,n = 1|CmAn) (3)
Graham (2014) assumed that links form independently conditional on C,, and A,,. This assumption is appro-
priate in settings where no strategic decisions are involved. This is true in some types of friendship networks,
See Graham (2014) for further details.

2.1.1 The selectivity bias

In model (2) endogeneity of G, may arise from the correlation between w;, and v;j,, controlling for a; .
This means the shock on meeting opportunities v;;,, can be correlated with agents’ unobservables in the
outcome equation. The unobserved characteristic a;, captures unobserved attributes of agent i that make
her a good/bad link partner. In a risk-sharing network, for example, trustworthy agents may have high values
for a;, (Fafchamps and Gubert, 2007). Even we control the level of trustworthy in the village, meeting
opportunities (v;;,,) could still correlate with the agent’s unobserved ability (u; ) which affect the probability

of finding josb (y;,). Formally, we make the following assumption.

Assumption 2. The error terms u; and vgm = {wy; }i=i,1£; have a joint distribution (u; v;n) ~ .4.d.(0, Xyy),

2 /
g g . L, . . . . .
where Yy, = “ uy is positive definite, o2 is a scalar variance, ., is a n — 1 vector of covariances
O-'U/U E'U
with constant elements across i and j, and Ly = oyly_1 is an —1x n— 1 matriz. The sup,,, ||[v] ,[|**% and
;

2

€

sup; , [uj,[*T0 eist for some 6. > 0. Furthermore, E(u;n|v},,) = v} ,7 and var(w; ,|vin) = o

8See Jackson and Wolinsky (1996), Jackson and Watts (2002) and Bala and Goyal (2000) for studies of network formation in the
presence of interdependent preferences. See Christakis et al. (2010), Mele (2010), Goldsmith-Pinkham and Imbens (2013), Sheng
(2014) and De Paula et al. (2014) for some recent attempts to study econometric models of network formation with interdependent
preferences.

9We consider here an aggregate model specification (i.e. G which multiplies y in model (2) is not row-normalized. Our
estimation method applies also to an average model (i.e. when G which multiplies y in model (2) is row-normalized) or to other
functions of the outcome of connected agents (like max, min, variance, etc.). Without loss of generality, contextual effects are not
included in equation (2). Contextual effects refer to characteristics of individual i’s peers, i.e the average level of peers’ exogenous
covariates (3 gij/g:-xj). Their inclusion would only make the notation heavier.

10 When the Gy, matrix is predetermined the endogeneous effects is identified under conditions provided by Bramoullé et al.
(2009). See also Calvé-Armengol et al. (2009) and Lee (2007).

11See Ballester et al. (2006) and Calvé-Armengol et al. (2009) for a motivation of the use of the SAR model to study peer
effects.



From the two conditional moments in Assumption 2 we have a n — 1 column vector v = (X, 10,,)" and

2 =02 — 0! Y oy, If oy is zero, the adjacency matrix G,, might be treated as exogenously

the scalar o
given and we can apply conventional methodology for the estimation of SAR models. However, stochastic
dependence between w; , and v;;,, (selection on unobservables) and stochastic dependence between u; , and
¢ijn (selection on observables) may generate a nonzero oy, thus G,, becomes an endogenous adjacency matrix.
Let Vi, = (V1 ,,, - v}, ,,), given Assumption 2 we can decompose the error term in the outcome equation (2) in

the following way

Yn = ¢GnYn + BXn + 'YVn + €n, (4)
———
U”L
where €, = (€1,n, .., En,n), With &;,, independent to v; ,. Formally, the selectivity bias is equal to yV,.

Let us define G; ,, as the it" row of the matrix G,,. Under Assumption 2 we have

"/}Ln = E(vi,n|Ai,n7 Ci,na Gz,n) = (5)
E(v§7n|l<vi2,n Z _aCiQ,n — Qin — a2,n)7 DRI I<vin,n Z _acin,n — Qijn — an,n)a A'ru Cn) =
(E(it ]I (Vizn > —aCiip — @ip — a1,0))s - - - s E(in | L(Vinn > —aCin gy — Qi — ) = (6)

where in equation (6) we use the fact that v;; are considered i.i.d. in the network formation model after
controlling for node-specific heterogeneity. Denote W,, = (¢1 ., ..., ¥, ,,) and &, = Y(vijn — Vi n) +€in- The

selectivity corrected model (4) becomes

Y, = ¢GnYn + X, + ¥, + §n, (7)

where E(& »|Gin, An,Cpn) = 0 and E( 3,L|Gi,n,An,Cn) = 02; and & ,,’s are i.i.d. across i. Our asymptotic
analysis will mainly rely on equation (7), where 1/127,1 are functions to control for the endogeneity of G,,.

/
i,n’

In the parametric case, in order to have a closed form expression for v, ,, we need to characterize the joint

distribution of (u; ,, v}

in)- So far we have assumed that the marginal distribution of v;;,, is logistic. Let us

assume that the marginal distribution of w; is normal. Lee (1982) suggests to transform the error v;; , using a

. . . . . . . . ’
strictly increasing transformation, J. The conditional moments in Assumption 2 become E(u; ,|v},,) = vf .7,
? k) ’

*

where v, = J (vijn). The Lee’s approach provides a way to generate a large class of models with selectivity.

By specifying different transformations, we allow different distributions for v and thus any specific probability
choice model falls into our method of correcting the selectivity bias term. This approach is particularly useful
when the marginal distribution of the outcome error u;, is assumed to be normal and the marginal of v;; .,

*
i\n

bivariate normal and their dependence is captured by the correlation coefficient. The term in (5) becomes

is known but not normal. Thus, the joint distribution of u;, and the transformed error v}, can be set as a

Ui = B} ,|Gin, An, Cr) = (8)
(Girn By n 1 (0], = =T (@Ci1n + @i+ a1,0))) + (1= girn) E(]y [T (vki1n < —J(aCitn + Gin + a1.0)))s - - -,
(gin,TLE(Ufn,n|I(Ufn,n > —J(O&Cimn + Ain + an,n)))/ + (1 - gln,n)E(U:n,n|I(U:<n,n < _J(acinyn + Qin + a’nﬂ)))/'

*

Let f7(-) be the implied density function of v};, which is assumed to exist under the transformation .J.

*

Let us denote the incomplete first moment of the r.v. vf; , evaluated at J(aCijn + ain + a;n) as



J(aCijnt+aintajn)
M:; = /,L+(J(Oécij,n —+ Qin + ajm)) = / U:j,an(U;kj,n) d’U;kj,n7 (9)
J(—00)
J(o0)
M; B u, (J(acij,n + [ + aj,n)) = / U:j,an(v;kj,n) dv:j,n'
J(aCijn+aintajn)

Let F;; = F(aCijn + @in + 6jn) = Pr(vijn < aCijn + ain + ajpn) be the probability that the event g;; = 0
occurs. The selectivity bias term ¢; ,, equals to (Girnptiy /(L= Fn)+ (1= gi )i /Fir -y Ginntty, /(1= Fip) +
(1 = Ginn)ti, / Fin). Conditional on the endogenous adjacency matrix, equation (7) becomes

Y, = ¢GnYn + BX, + Y, + &y, (10)

where v = [(1/04)2 I 10u:] and & = v(v},, — ¥F,,) + €in.

2.2 The semiparametric approach

Model (2)-(1) can be reformulated using a multiple-index/partially-linear model specification. Let L;, =
(Cim,pi), with Cipy = (Citns---»Cinn) and p; = (pi2, ..., pin), and A = (a, Bg, Ay). Let us define m; =
m(A, L; ) as a known function that determines the selection probability. Following Newey (2009), we assume

a standard index sufficiency conditions (see, e.g. Powell, 1994)

Assumption 3. Let

w(mz) = E(Ui,n|Gi,n7 Xn) = E(ui,n|m()\,Li7n), Gi,n)a (11)
P(gijn =1Cin) = m(m(A, Lin)), (12)
Y(m;) = w((man), -, Y(Minn)), (13)

where P(-) and 7(-) are unknown functions and w(-) is known.

Thus, equation (11) means that conditional on selection the mean of the outcome disturbances depend only

on m;.'? Using this assumption, we can rewrite equation (2) as

Yion = ¢Gi,nYn + Bxi,n + ¢(mz> + Ein- (14)

Under Assumption 2, if we characterize the distribution of the errors (u;n,v;,,), the function v (m;) becomes
the multivariate inverse Mills ratio in step 2 of Section 3.1. The term is a generalization of the correction term
considered by Heckman and Robb (1985). In this paper, we allow ¥ (m;) to have an unknown functional form.
Equation (14) is an additive semiparametric regression like that considered by Jenish (2013) and Su (2012),

except that the variable m = m(\, L,,) depends on unknown parameters.

3 Estimation methods

3.1 The two-stage parametric IV estimation

In practice, under Assumption 2 the parametric approach can be implemented as follows.

12This restriction is implied by the assumption of independence between disturbances and regressors.



Step 1: Estimate the dyadic network formation model (1) using Graham (2014) joint maximum likelihood

in  GoUt he the estimated parameters.

estimator, let &, B4 and a;”,,as""

Step 2: Using the estimated parameters from Step 1 to compute
Vi = (9015 /(L = Fn) + (L= gi)fidi /Fin, - -, Gindv /(1 = Fin) + (1 = gin) it/ Fin))s

by assuming J = ®~1(-), where ® is the normal CDF and f;() is a normal density function. We also assume

that (u;,v;*) follows a joint normal distribution.

Step 3: With the estimated ¥,,, we consider the feasible counterpart of equation (10)

where & is a zero mean normally distributed residual. Estimation of v in equation (15) is made feasible
assuming a constant covariance between u; , and v; , across ¢ and 4.13 Thus, we can sum up all the selectivity
correction terms. A weaker version of Assumption 2 is often used in the literature concerned with the estimation
of polychotomous sample selection models (see Dahl, 2002; Schmertmann, 1994). We can relax this assumption,
by allowing a less restrictive covariance structure as long as the number of parameters in 7y is small and do

not grow with n. We rewrite model (15) in a more compact form

Y, = (GnYnana\ijn)ﬁ+€na (16)

where &, = &, + ~(W,, — \ifn) and k = (¢,3,7')". For the estimation of equation (16), with the inclusion of
the control functions in ¥,,, G,, can be treated as exogenous. However, GG,,Y,, remains endogenous and we can
use an IV estimation method in the spirit of Qu and Lee (2015). Let @Q,, be an n X n matrix of IVs, then a
25TV estimator of k (2SP_1V) is

fo= [(GnYn, Xn, 0) Qu(QnQn) ™ (17)
X QG Y, X, U "HG Y, X, 0,
X Qn(Q/nQn)ilQInYn-

As the composite error &;,, = 'y(v; » — Yin) + € is heterosckedastic as its variance matrix is

’
0’2 - var(éin|Gi,n7 Ana C’n) - 'Y[E(U;irﬂl(vil,n 2 _Oécil,n — Qi n — al,n)y ey I(vin,n 2 _acin,n — Qin — a/n,n)y An: Cn)

’
- E(Uznu(vil,n > _acil,n — Qin — al,n)y ey I('Uin,n > _acin,n — Qin — an,'n)7 Anp, Cn)2]'7,

2 / —1
+ Uu+auv2v Ouvs

we may also consider a generalized 2STV (G2SIV). In a SAR model with endogenous weights matrix, Qu and
Lee (2015) propose a G2SIV estimator. In our case its properties are the same as in Qu and Lee (2015).

13In practice, we also assumed that the covariance is constant between Ui, n and v;; n, no matter whether the link is realized or
not (when g;; =1 or g;; =0).



3.2 The two-stage semiparametric IV estimation

The asymptotic properties of the two-step estimator for semiparametric sample selection models have been
derived by Newey (2009). This estimator works as the theoretical basis for ours. A similar kind of models
has been studied also by Su (2012) and Jenish (2013), but in econometric frameworks without selectivity.!*

Following Newey (2009), we can estimate this model in the following two-step procedure.

Step 1: Let (&, 84, A) and 7i; be the semiparametric estimates from the link formation model (1).15

Step 2: The second step consists of a linear regression of Y,, on G,Y,, X, and functions of m that can
approximate 1(m). Let us define 7(m,n) as a strictly monotonic transformation of each entry of the index m,
depending on parameter 7. Let PX(7) = (Pix(7), ..., Pxx (7))’ be a vector of functions with the properties
that for large value of K a linear combination of PX(7) can approximate an unknown function of 7(-). Let
7y = 7(m;, 1) and p; = PX(#;). Let us assume furthermore, that the approximating functions are power series
given by'®

PkK(T) = k-1,

This power series can lead to several different types of selection correction, depending on the transformation
7 one implements. As in Newey (2009), we give three examples of monotonic transformation. A power series
approximates the index m (linear), the inverse Mills ratio %(as in the parametric case), or the normal CDF
®(-). In the last two examples, it may be appropriate to undo a location and scale transformation imposed in
most semiparametric estimators of m(L;, ). Consider the third example of the normal CDF. To this end, let
71 be the coefficient from a probit estimation of GG; on m;. Then, the transformed observation for the third
example is 7;; = ®(7) ;). 1"

Thus, we can write model (14) as

q
Yin = oG Y, + Bxi,n + Z'}/kTik_l + Ein- (18)
k=1
As in the parametric case, however, G, Y, remains endogenous. Let us define Z,, = [G,Y,, X,,, ¥(m)] is a

nx (¢g+1+k) matrix. Let Hg be an n X n matrix of IVs. The feasible 2SIV estimator of u = (¢, 8)’ (2SSP_1V)
for model (14) is

fi=(Z\Ric(I — Qr)RxZ1)) ' Z! Rl (I — Qi )Rk Yo, (19)

where R = H,(H/ H,) "H!, and Z; =[G, Yy, X,.).

4 An additional difference with their models consists in the approximating function, they use kernel-based method. As high-
lighted before, we suggest to use series estimator given their virtue of being easy to implement in our context.

15There are many distribution-free estimators that are available for the selection equation, including those of Manski (1975),
Cosslett (1983), Powell et al. (1989), Ichimura (1993), Klein and Spady (1993), Khan (2013) and Lei (2013) in a SAR model.

16Other approximating functions can be used. The asymptotic properties of 2SSP_IV also hold with regression spline approxi-
mation by slightly changing the growth rate of the number of approximating functions. See, e.g. Newey (2009).

I7Observe that we do not impose normality.



4 Asymptotic Properties

4.1 Key Statistics

The 2SP_IV

For the 2SP_IV estimator &

k— ko = [(GnYn7Xnaq/n)/Qn(Q;Qn)_l (20)
QIn(GnYTH Xna \ijn)]il(Gnan Xna \iln)/

Qn(Q,Qn) ' Q1.

X

X

where the subscript 0 on parameters denotes their true values. From the reduced form of the model (15) we

have

GnYn = Gn(I - (bOGn)_l(BOXn + ’YO\IITL + gn) = Sn(BOXn + ’VO\IITL + gn)a

where S, = G,,(I — ¢oG,)~ ! and S, (¢) = G,.(I — ¢G,,)~ L. For the consistency and asymptotic distribution
of & terms we need to analyze are Q/,Q,, Q. (GpYn, X0, ¥,.), Q. (¢n +7(¥,, — ¥,,)). For the choice of the IV
matrix Q,,, its column vector can be linear combinations of X,, G, X, G2X,, ..., and columns in W,,. If for
example we set the instrument matrix as Q,, = (S, Xn, Xn, \iln, Sn\iln), then terms which need to be analyzed

for consistency via some law of large numbers (LLN) are
1 rQr 1 rQr 1 T
—X,.5,50Xn, =X, Xn, = X,,5, ¥,
n n n
1 s 1,
LX! S S0, — X!,
n n
1a, 2 1.2 s 1.
W, —W S S, W, V! S!S, U,
n n n
1 1

1 1. 1
EX/ S/ \Ijm HX/ S/ Sngna EX;LSngna E\I/fn‘gngna E\I/:LS;Sngna

1 ~ 1 S RPN 1. -
n n n n

For the asymptotic distribution of the estimator, we need to consider the stochastic convergence in distribution

via central limit theorem (CLT) for some of those terms after proper rescaling.
The 2SSP_IV
For the 2SSP_1V estimator [

p—po = [(GnYn, X)) Hy(HyHy) ! (21)
X Hp(I = Q) Hy(Hy Hy) ™t
X H' (GnYn, X)) N (GnYn, X)) Hy(H! H, )
x  H}(I = Qg)H,(H), H,) " H} (e + Uo(m)).



where the subscript 0 on parameters denotes their true values. From the reduced form of the model (15) we

have

Gn}/n = Gn(I - ¢0Gn)71(ﬂ0Xn + \IJO(m) =+ 6) = Sn(ﬂOXn + \IIO(m) =+ 5)7

where S, = G,(I — ¢oG,)~ ! and S, (¢) = Gn(I — ¢G,,)~ . For the consistency and asymptotic distribution
of fi terms we need to analyze are H' H,, H'(G,Yn, X,,), H,P, P'P, H' (¢ + Wy(m)). For the choice of the
IV matrix H,, its column vector can be linear combinations of X,, G, X,,, G*Xp, ..., and columns in P. For

example, if we choose I:In = (GnXn, Xn, ]5), then the terms which be analyzed are
1 Vel 1 Vel 1 el 1 Vel 1 D/
7XnGnSanv *XnGnSn\IJO(m)v 7XnGnSn57 *XnGan; —P Sanu
n n n n n

1. 1. 1. 1 1 1 1
—P'S,Wo(m), =P'Spe, —=P' Xy, =X 8 Xn, — XS, Wo(m), =X Sne, —X! X,
n n n n n n n

1

1 PO PP A 1 1 1
fX;LP, ~P'P, “PX,, fX;LG/nGan, fX;LSn\IIO(m), fX;LSns, fX,/LXn,
n n n n n n n
1 el 1 el 1 i 1 1 1 D/ 1 D/
=X/ Gle, —X.GlUo(m), =X e, =X PUo(m), —P'Ty(m), and —P’e,
n n n n n n

n n-o

for consistency via LLN and some properly rescaled terms for the asymptotic distribution of the estimator via
CLT.

4.2 Assumptions

To analyze terms in the above key statistics, we need more topological structures and additional assumptions.
Most of the assumptions are used to prove the asymptotic properties of both estimators. However, the 2SSP_IV

estimator, given its generality, needs additional assumptions (9-12).
Assumption 4. 1. 25P_IV sup,||Gp||ec = ¢ < 00.

2. 2SSP_IV The elements gijn = O(1/hy), uniformly in all i, j. The ratio %“ — 0, as n goes to infinity.

hy, s a divergent sequence.

Assumption 5. The parameter 0 = (¢, B, 8, A',~) € © which is a compact set in the Euclidean space RF?.
The true parameter 0y is contained in the interior of ©. Furthermore, supgca|d|cy < 1, where ® is the

parameter space for ¢.

Assumption 6. The support of X,, and A is compact subset of RX and R respectively. C, is a bounded
function of X,,.

Assumption 7. Let i = 1,...n index a random sample of agents from a population. (gijmn, Tin, Yin) are

observable.

Assumption 8. If p;; > p., then g;; = 0, where p. =1. — €, and l. = sup p;; with e — 0.
4,J€Dy

The following assumptions are needed to analyze the terms of the key statistics for the 2SSP_IV estimator.

Assumption 9. There exists z(L,G) such that for z; = z(L;,G;), va(A — \) = Zfidl zi/VNa + 0p(1),

E(z;) =0 and E(z;2}) exist and is non-singular.

Assumption 10. Uy(m) is continuously differentiable in m, of orders ¢ > 1.

10



Assumption 11. There is a ny with \/n(i—no) = O,(1), the distribution of T(m(L, o), n0) has an absolutely
continuous component with PDF bounded away from zero on its support, which is compact. Also, the first and
the second partial derivatives of m(L, X) and 7(m,n) are bounded in a neighbourhood of Ao and 1, respectively.

w.l.o.g. the function w is equal to T and additive.

Assumption 12. K = K,, such that /nK~t1 %0 and pk(7) is a power series with ¢ > 5, K" /n — 0 and
K'*2¢/h, = O(1).

Assumptions 4 are standard assumptions in the spatial econometrics literature to limit the spatial corre-
lation of the errors. For the 2SP_IV estimator the condition on the adjacency matrix is the same given in Qu
and Lee (2015). We require the row of the adjacency matrices to be uniformly bounded, which in turn requires
the number of direct links of each node in a network to be bounded. Intuitively, this assumption says, as the
sample size increases, the number of direct links of a node cannot go to infinity.

However, in the case of the 2SSP_IV we need to impose a stronger assumption on the topology of the
adjacency matrix in order to have key statistics that are NED on the input process. In some empirical
applications, it is a practice to have G,, be row-normalized such that G; = (g;1, ..., gm/zyzl gij)- In this
case since g;; is positive and uniformly bounded, if the 2?21 gij = O(hy,) uniformly in ¢, then the resulting
G, will have the property assigned to the Assumption 4 (see, e.g., Lee, 2004).

As in Qu and Lee (2015), the distance plays a crucial role in Assumption 8. In fact agents might be linked
to other agents in wide area, but once the geographic distance between two agents exceeds a threshold, the
two units are not spatially interacted. The second part of the assumption is needed to fit the sparseness
requirement of the SAR outcome equation with the network formation estimation as in Graham (2014).

Assumptions 9-12 are needed for the more general case of the 2SSP_IV estimator. Most of the assumptions
directly follow from Newey (2009). Assumption 9 requires that A be asymptotically equivalent to a sample
average which is a function of L and G. It is satisfied by many semiparametric estimators of binary choice
models that are y/n—consistent (see, e.g. Klein and Spady, 1993). Assumption 10 imposes smoothness condi-
tions on function m() to control the bias of the estimator. Assumption 11 imposes that the density of 7; is
bounded away from zero. This assumption might be restrictive as observed by Newey (2009). Assumption 12
imposes growth rate restrictions for the number of approximating terms.

Our asymptotic analysis of the proposed estimator is based on inference under NED. The following notion
of NED for random field is closely related to Jenish and Prucha (2012).

Definition 1. For any random vector Z, ||Z||, = (E|Z|P)'/? denotes its L,—norm where |-| denotes Eucledean
norm. Denote §; n(s) as a o— field generated by the random vectors ;s located within the ball B;(s), which

is a ball centered at the location (i) with a radius s in a d—dimensional Fuclidean space D.

Definition 2 (NED). LetT = {T; »; I(i) € D, n € N} and { = {(; n; (i) € Dy, n € N} be random fields with
|Tinllp < 00, with p > 1, where D,, C D and its cardinality |D,,| = n, and let d = {d; »; I(i) € Dy, n € N} be
an array of finite positive constants. Then the random field T' is said to be L,—near-epoch dependent on the
random field ¢ if ||T;.n — E(Ti n|Sin(9))|p < dinp(s) for some sequence ¢(s) > 0 such that lims_,o (s) = 0.
@(s) and d; ,, are called respectively, the NED coefficient and the NED scaling factors. T is said to be L,—NED
on ¢ of size —a if p(s) = O(s™H) for some p < a < 0. Furthermore when ¢(s) = O(p), where 0 < p < 1 then
T s called geometrically L,-NED on (. If sup,, supyi)ep, dijn < 00, then T is said to be uniformly L,-NED

on (.

4.2.1 Asymptotic inference of the key statistics

Let ¢/, be a vector valued function of the error term ¢;, = (v;/n,&,n)' and the observed X,., i.e., (¥ =

in

f,;(v;"’,n, §ins Xn,00). As X, is deterministic, ¢, is purely determined by the location I(i), independent of the
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error terms associated with any other places. Let M, = Al B,, where A, and B, are either G™ or S™2,
with my and ms being finite non-negative integers. The NED property of the statistics a’ C;;l M,(:b, for some
constant vectors a and b, and ¢;; = ({3 ,,,---,¢p )" as the basis for the NED is established in Appendix B.
Then based on the asymptotic inference under NED, we have the following LLN.

Proposition 1. Under Assumptions 1,2, 4-8, suppose sup; n |(i*7n|\4 < 00 for the 25P_IV or Assumptions 4-8
hold for the 2SSP_IV then LE|a'¢*' M,,¢*b| = O(1) and 1[a'¢* M,C*b— E(a’'¢* M,,(*b)] = 0,(1), where a and

b are conformable vectors of constants.

Furthermore, with the compactness of the parameter space of €, we have the following ULLN.

Proposition 2. Under Assumptions 1,2, 4-8, suppose sup; n |C1-*7n|\4 < 0o for the 2SP_IV or Assumptions 4-8

hold for the 2SSP_IV , then %a’(*/(Q)Mn(qﬁ)(*(H)b is stochastic equicontinuous and
1 *! * *! *
zugﬁ\af (0) M ()¢ (0)b — E(a¢™ (0)Mn(6)C(0)b)| = 0p(1),
€
where ', (0) = fi(vi*’;l,fiyn,Xn,H) and M, (¢) = A/, B,,, where A,, and B, are either G™ or S™2%(¢), with

my and mo being finite non-negative integers.

Let us denote
m m
Ry =y [ajC" MjuCbj — E(aj¢" MjnCT0)] = Y rin,
j=1 j=1
where each M;, matrix can be expressed as M, = A}, Bj,, where Aj, and By, are either G™ or S™2,
Denote 0% as the variance of R, and r;, = 27:1 ZZ:J%C%MM(Lk)(i,nbj — E(a;-g“i’j;len(i,k‘)(,:ynbj)].
From Qu and Lee (2015) we habe the following CLT for R,,.
Proposition 3. Under Assumptions 1,2, -8, suppose sup; n||C} ,||4+s. < 00, for some . > 0 for the 2SP_IV
or Assumptions 4-8 hold for the 25SP_IV ; and inf, %0'123 >0, then fo & N(0,1).
n O'Rn
As in Qu and Lee (2015) these propositions provide essential tools for asymptotic analysis of the consistency
and asymptotic normality of the 2SP_IV and the 2SSP _IV estimators.

4.2.2 Consistency and asymptotic normality

To show consistency and asymptotic normality of the 251V, we need certain rank conditions on relevant limiting

matrices in addition to the convergence of each separated term.

The 2SP_IV

Assumption 13. Column of Q,, are from M,q,, and M,V , where q, is strictly exogeneous vector and M, =
Al By, in which A, and Byare either G™ or S™2 being finite non-negative integers. X, is a deterministic

uniform bounded variable.'®

Assumption 14. limn_,oo%E( "Qn) exists and is nonsingular; limn_,oo%E[ " (Sn(BoXn +70%n), Xn, Up)]

n

has full column rank.

Let us define A = (o, 8, A).

18This assumption could be replaced by stochastic regressors with certain finite moment condition. It is used in order to simplify
the derivations.
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Theorem 1. Under Assumption 1,2, /-8, 13 and 1/ the 2SIV estimator & is consistent. Furthermore, \/n(k—
Ko) 4 N(0,Xrv) where,

1
Yy = plim,Hooﬁ(J,’LPann)_1J,’qunEPann(J,’quan)_l,

with Jy = (Sn(BoXn+70Yn), Xn, Un), Pyn = Qu(Q@Qn) 7' Q) and with X = I, _y03+(v & Vn)var(A\)( Z V7).

However, the estimator is not feasible because ¢g in S,, is not known. In practice, we may use X,, G, X,,, G2X,,, ...
to have an initial consistent estimate £ by 2SP_IV, and then using Sn((i)Xn and Sn(qg)\i/n to obtain the feasible
best 2SP_IV estimator using Proposition 2. The two estimators has the same limiting distributions. For details
see Qu and Lee (2015).

The 2SSP_IV

Let us denote Q+ =1 — Q..
Assumption 15. E(¢2|m,G,,) is bounded. X,, is a deterministic uniform bounded variable.

Assumption 16. Column of H, are from M,q, and column of W, , where q, is strictly exogeneous vector

and M,, = A!, B, in which A, and B, are either G™ or S™?2 being finite non-negative integers.

Assumption 17. lim, oL E(H,H,) exists and is nonsingular; limy, .o E[H],(Sn(BoXn + ¥o(m)), X,)]

has full column rank, limnﬁm%E(HgQiHn) has full column rank and lim, ..+ E(Q.,Q,) exists and is non-

n
singular.

Theorem 2. Under Assumptions 1-12, and 15 - 17, the 251V estimator i is consistent. Furthermore, \/n(ji—
o) A N(0,Xsprv) where,

: 1 - -
Ssp1v = Plitinsoo— (T3 FicnQ Fionn) ™' Iy FicnQu Ficn S In Ficn Qe Fien ( Fien Qi FicnJn)
with $o = I_102 + (& ¥o)var(\)(Z ¥o)'.

4.3 Comparison of the estimation approaches

In this section, we discuss the pros and cons of each estimation approach. The parametric approach imposes
strong parametric assumptions on the multivariate distributions of the selection and outcome equation dis-
turbances, and it allows the selectivity bias to enter linearly in the outcome equation. The main advantage
of this approach is its efficiency when the parametric assumptions are correct. However, to avoid the curse of
dimensionality, one need to restrict cov(u;, v;;) to be constant across ¢ and j (Assumption 2). Even though this
restriction can be relaxed, it implies the computation of many multidimensional integrals, e.g. the multivariate
inverse Mills ratios in equation (15).

The semiparametric approach allows the functional form of the correction term to be completely unknown.
In order to include this unknown term one can use an approximating function. If the number of approxi-
mating functions grows with the sample size, the estimator is y/n-consistent and asymptotic normal. In our
network model, where the number of terms in the approximating function is embedded in a growing number
of instruments (the spatial lags), the estimator precision may be poor if the sample size is low (see Section
2.2).
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5 Simulation experiments

In order to evaluate the finite sample performance of the proposed estimators, we conduct a Monte Carlo

simulation. The data generating process (DGP) is
Y, = (I - QSGn)il(ﬂXn + Un)v (22)

where X, is an exogenous random variable normally distributed with mean zero and variance equal to o, =1
and 8 = 1. u is generated from a normal distribution with mean equal to zero and variance equal to 8. Links

are formed according with the following rule

gij = 1(g5; > 0) = I(a + y(z; + x5) + t|zi — ] + vy > 0), (23)

where o = —1.5, v = —0.1, and ¢ = —0.3.'9 This DGP implies that we generate a direct graph, i.e. arcs
are not necessarily reciprocal. v;; is a logistically distributed random variable with mean equal to zero and
var(v;j) = 0, = 1. To create endogeneity in the SAR outcome equation, we generate a bivariate normal random

8 Ouv

. , . _ . . .
variable (ui’n,v*m) ~ 1.1.d.(0,X,,), where 3, = , Oup 18 a m — 1 vector of covariances with

Ouv  In—1
constant elements across ¢ and j.

In the simulation, we compare the 2SLS estimator which is commonly used when network exogeneity is
assumed, with our parametric 2SP_IV and semiparametric 2SSP_TV estimators given in (17) and (19). We
refer to these three methods as 2SLS, 2SP_IV, 2SSP_1V in the tables. Our 2SP_IV and 2SSP_IV treat G,
as endogenous, while the conventional 2SLS estimator estimates only the outcome equation and treats G,, as
exogenous.?’ Our aim is to show the magnitude of the bias for the conventional method when links, in fact,
form endogenously. To generate different degree of endogeneity, we set the o, = 0, 0.15 and 0.30. To test the
flexibility of the nonparametric correction terms, we use three different distributions of the bivariate random
variable (w; n, v*g)n), namely student’s T with 1, 3, 5, and 7 degree of freedom, Beta and Weibull distributions.
All the distributions have the same mean and covariance matrix as the bivariate normal case.?! We also allow
the endogenous effects to be different setting ¢ = 0.07, 0.08, 0.09, and 0.1 to investigate how the endogenous
effects parameter affects estimates.

The setup of our simulations is as follows. The population numerosity is 50, 100 and 500 nodes. Each node
is allowed to have endogenous connections. We estimate 1,000 times model (2) with 2SLS, model (4) using
the 2SP_IV and 2SSP_IV estimators. The control variable X,,, the error terms and the network are randomly
generated for each replication.??

Table 1-3 reports the empirical mean (Avg Point Estimation), the empirical standard deviation (Standard
Deviation) and the mean squared errors (MSE) of each estimator. Tables 1-3 are given in Appendix D.

Table 1 reports on the performance of each estimator when we let ¢ and the sample size vary. The degree
of endogeneity is medium and fixed to o,, = 0.30. For each value of ¢, we show the performance of each
estimator in small, medium and large samples (n=>50, 100 and 500, respectively).

Table 2 reports on the performance of each estimator when ¢ and the degree of endogeneity changes. For

each value of ¢ we allow the degree of endogeneity to vary between exogeneity, e.g. o, = 0, weak endogeneity,

19Node specific fixed effects are removed for the sake of simplicity because we focus on the estimation of the SAR outcome
equation in the case of endogenous adgacency matrix.

20Model (23) is estimated using logistic regression when the outcome equation estimator is 2SP_TV. Model (23) is estimated
using the smoothed maximum score in the semiparametric case, see Horowitz (1992) for details.

21Tn order to keep the density of the network stable we changed the value of the constant of the model (23) for the different
bivariate distribution of the errors. See footnote of Table 3.

22Qualitative results are not sensitive to the parameters values held constant in Table 1. For the sake of brevity we do not show
the output of all simulations
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e.g. oy, = 0.15 and medium endogeneity e.g. oy, = 0.30.

Table 3 reports the perfomance of each estimator when we change the bivariate distribution of the errors.
Here, the values of ¢ and n are set to 0.1 and 100, respectively. The degree of endogeneity is medium
(ouww = 0.3).

The simulation results are summarized as follows.

1. For the biases of the parameter estimators, 2SP_IV and 2SSP_IV have very small biases in all cases. The
conventional 2SLS estimator is systematically upward biased. The magnitude of bias slightly decreases
as the value of ¢ increases. The biases of the endogenous effects quS are in general much higher than those
for B

2. The biases of conventional 2SLS estimator vary with the degree of endogeneity. The higher the degree

of endogeneity, i.e., the larger the covariance o, the larger the bias of estimators.

3. Comparing the empirical standard deviations of the estimators, the empirical standard deviation of the
conventional 2SLS is systematically greater than 2SP_IV and 2SSP_IV. It increases as the value of gy,
increases as can be seen from Table 2. The empirical standard deviations of 2SP_IV and 2SSP_IV are

similar.

4. From Table 1 the bias and the standard deviation of those estimators decreases as the sample size

increases.

5. From Table 3 the conventional 2SLS suffers severe upward bias, especially when the bivariate distribution
of the errors is Student’s T with 1 degree of freedom (more far from the normal distribution) or Weibull
or Beta. In the Weibull case the bias of the 2SLS exceeds 100%. 2SP_IV performs slightly better than
conventional 2SLS, however, it still suffers a lot from the parametric assumption. 2SSP_IV estimator
outperforms all others. This result confirms the criticism on the reliance of distributional assumptions

in the selectivity model (see, for example Vella, 1998).

6 Concluding remarks

Many applications of interaction models with network data are based on the assumption that links among
economic agents are exogenous. Recent papers, like Hsieh and Lee (2014) and Goldsmith-Pinkham and Imbens
(2013), propose a Bayesian approach to estimate network models with endogenous interactions. This paper
considers a frequentist approach. Graham (2014) proposed a maximum likelihhod estimator for the link
formation and derived the statistical properties. Building on his work, we consider two sets of equations:
one for the selection model (as in Graham, 2014) and the other for the SAR outcome. Endogeneity arises
when there are unobserved factors driving both link formation and outcome. We propose two estimation
methods: 2SP_IV and 25SP_IV. The consistency and asymptotic normality of these estimators are proved
using the theory of asymptotic inference under near-epoch dependence. We provide Monte Carlo simulations
to investigate finite sample properties of our proposed estimators and compare their performances with those
under the exogenous weight matrix assumption.

The simulation results indicate that the commonly used estimators are upward biased when the network
formation process is endogenous. On the other hand, our estimators have good finite sample properties. As
the sample size increases our estimates quickly converge to the true parameters. As we expect, the 25SP_IV
outperforms 25P_I'V when the distribution of the errors departs from normality. This result has also been

confirmed in the literature (see, for example Vella, 1998). The two advantages of our method comparing to a
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Bayesian approach are efficiency and generalization. Bayesian models are highly time demanding in terms of
computational time. Our method is easy to implement and fast to calculate. Second, Bayesian models highly
depends on their prior assumptions -while the semiparametric method does not impose any functional form to

the bivariate distribution of unobservables.
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Appendix A: Some basic properties of NED of random fields and

power series
NED of random fields

In the following proofs, we adopt asymptotic inference under NED on (; , = (v;‘:n, &.n) as basis for the NED
process. The following claims are some basic results due to the topological structure in Assumption 1. These

basic properties are derived in Jenish and Prucha (2012) and Qu and Lee (2015).
Claim A.1. For any distance p, there are at most c1pd points in B;(p), where ¢y is a positive constant.
Claim A.1 derives from Jenish and Prucha (2012).

Claim A.2. For any random field T = {T; ,,; I(i) € Dy, n € N}, with ||T; ||, < 00, we have
s (m) = E(T 5 (m)[8s,n(5)lp < 20T (m)]]p-

The results follows from the Minkowsky and conditional Jensen’s inequalities.

Claim A.3. If[[t1i,n(m) — E(t1i,n(m)[Ti,n(s))lla < Cro1(s) and [[tain(m) — E(t2in(m)|Sin(s))|la < Capa(s),
with max([[t1i,n(m)||a, [[t2i,n(m)|[a) < C, then |[t1in(M)t2in(m) — E(t1in(m)tain(m)Fin(s))ll2 < C(C1 +
C2)ip(s), with ¢(s) = max(p1(s), p1(s)).

The results follows from Qu and Lee (2015) Claim B.3.
The LLN and the CLT under NED inference follows directly from Jenish and Prucha (2012).

Claim A.4. Under Assumption 1, if the random field T = {T; ,; (i) € Dn, n € N} is L1 — NED, the base
Cin's are i.i.d., and ||T; n ||, < 0o uniformly, then %Z?:l(TZn - ET;,) =1, 0.

Claim A.5. Let T = {T; ,,; I(i) € Dy, n € N} be a random field that is Lo — NED on the base (; s that is

i.4.d.. If assumption 1 and the following conditions are met:
1. ||T; nll24s < 00 uniformly, for some § > 0,
2. inf, 1/no? > 0, where 0® = var(> i, Tin).
3. NED coefficients satisfy Y oo, r~1o(r) < oo
4. NED scaling factors satisfy supy icpdsn < 00,

then 1/o 3" (Tyn — ET;0) % N(0, 1).

Power Series

The following claims are some basic results derived in Newey (2009).

Claim A.6. Under Assumptions 9 -11, we have that there is that a non-singular linear transformation of
ZN)K(T) OfPK(T) such that for T.(K) = CKl+2¢c

E@" (r)p"(n)) =1

6Cﬁ (71')
— || <II.(K
9rc < II.(K)

sup
[7|<1

L (K)KY2/\/n — 0, T (K)K Y /y/n — 0.
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Following Newey (2009), we have that by W bounded and /n—consistency of A, and by W
bounded, max; |7 — 7| = O,(1/y/n). From location and scale transformation for power series, which will not
change the regression, it can be assumed that |7| < 1. As in Newey (1997), from Assumption 12 follows that

there is a non-singular linear transformation of 5% (7) of p* (7) such that for 7.(K) = CK'*+%¢

E@" (r)p" (n)) =1
acﬁK(Ti)

Tl o

I7|<1

‘ < 7e(K)

T (K)YKY?//n — 0, 7 (K)K~°*/y/n — 0.
Since a non-singular transformation does not change [, without loss of generality we can set p = p.

Claim A.7. Under Assumptions 9 -12, it follows as in Newey (1997, 2009) that there is a yi such that for
V(1) = p*(7) 7K,

sup |10 (1) — Y (1) < CK sup No(1) O (7)

< CK—°tL.
Ir<1 irj<1| 0T or

Appendix B: Proofs of NED properties for relevant statistics

In what follows ey, = (0, ..., 0,1, ..., 0)" is the unit column vector with one in its kth entry and zeros in its
other entries and e, = (1, ..., 1)’ = )", ex . Observe that I, = Y"1 | €; €],
2SP_1V

Claim B.1. Under Assumptions 1, J and 8, for any positive integer m, sup,,||G™||1 < cgc1po.
Proof of Claim B.1. See Qu and Lee (2015) Claim C.2.1 O

Claim B.2. Under Assumptions 1, 4, 5 and 8, for any positive integer m, supgea||Sn(@)|1 < oo and
suppea||Sn ()|l < 00.

Proof of Claim B.2. By applying Claim B.1 see proof Qu and Lee (2015) Claim C.2.2 O

Claim B.3. Lett; ,(m) = e; ,G}'C} ,a, where Gn= Ji(Giny X)) with Gy = (v;,n, &) is a vector-valued func-
[tin (m)|lp <
and sup; »||t;n(m) — E(t; n(m)|Fin(s))|lp < Capmp(s) with Copm and Cop being positive constant;

tion and a is any conformable vector of constants. Under Assumptions 1, 4 and 8, we have that sup;

m
g

o(s) =1 if s <mpc and p(s) =0 if s > mpc.

Capmd0 c

Proof of Claim B.3. See proof Claim C.2.5 in Qu and Lee (2015). O

Claim B.4. Let h;,(m) = e, Sy (#)Cra, where (F\, = fi(Gin, Xn) with G n = (v;/n,&’n)’ is a vector-valued

0o, then SuPi,NHhi,n(m)Hp < oo and SuPi,thi,n(m) - E(hz,n(m”Sun(s))Hp < Oapm@(s) with Oapm being

function and a is any conformable vector of constants. Under Assumptions 1, 4 and 8 suppose sup; p

positive constant; o(s) =1 if s < mpc and ¢(s) = s¥Tm=L|pey|3/Pe if s > mpe.
Proof of Claim B.j. See proof Claim C.2.6 in Qu and Lee (2015). O

2SSP_1IV
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Claim B.5. Under Assumptions 1, / and 8, for any positive integer m, sup,||G™||1 = O(pd° /hy,).

Proof of Claim B.5. Let us define e,, Consider the kth column sum of G}’

/ m _ /! ym—1_ /
ei,nGn Ckn = E e, G ez,nez‘,nGnek,n (24)
i

IN

‘ |G:LVL—1 | |00 Z e;,nGnek,n-
i

Under Assumption 4 and 8, > . e} ,,Grnexn = ZieBk(pc) Gik.n = O(hy/hy)O(pdo) = O(pd). Hence, e} ,G™ey, ., =

s “inTn

O(R™=1/hm™)O(pdo) = O(pdo /h,,). This follows for any k and n, we have sup,||G™||; = O(p /h,,).
O

Claim B.6. If the i,jth element of G} is not zero, then p;; < mp.
Proof of Claim B.6. See proof of Claim C.2.3 in Qu and Lee (2015). O

Claim B.7. For any positive integer p and 0 < q < 1, if s > p/(—=Ing) + 1, then there exist a finite constant

c such that Zl:[S] IPqh < csPq®, where s is the largest integer less than or equal to s.
Proof of Claim B."7. See proof of Claim C.2.4 in Qu and Lee (2015). O

Claim B.8. Let t;,(m) = €;,G}'(} ,a, where (F,, = fi(Cin, P) with (i n = (U::,n,fi’n)/ s a vector-valued
function and a is any conformable vector of constants. Under Assumptions 1, 4, 5, 8 - 12 we have that
sup; n[tin(m)||p < Cap and sup; ||t n(m) — E(t; n(m)|Fin(s)|lp < Capmep(s) with Copm being positive con-
stant; p(s) =1 if s <mpc and p(s) =0 if s > mpc.

Proof of Claim B.8. From Claim B.6, e} ,,G'exn = 0if k ¢ Bi(mp,.). Therefore,

|t17"(m)| | Zeg,nG?ek,ne%,nCZna| (25)
k

= | Z 6;’,nGzlek7"e;€,nC'zna|
keB;(mp.)

max|e; ,Gilexnl D>, G nal-
’ k€eB;(mp.)

IN

Thus, we have

do
o TS i al, (26)

n keB;(mp.)

IN

[[ti.n (M)l

IN
AR

where sup; ||(},all, < mo(K) and Cyp = 81%7&'0([(). See claim A.6 for a definition of 7(-). In this
case under Assumption 11 7.(K) = CK (129 for power series, see Claim A.6.
Next we show the NED property. We have that all the chains of e; , G} related to ¢; ,(m) are within the

ball B;(mp.). Hence, when s > mpe, (t;n(m) — E(t; n(m))|Fin(s)) = 0. With s < mp,
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The NED property follows if we choose ¢(s) = 1 for s < mp,, and ¢(s) = 0 otherwise. O

tin(m) = E(tin(m)[Sin(s))llp < 2[[tin(m)llp < 2Cap.

Claim B.9. Let h;n(m) = e; S5 (¢)Cra, where ¢, = fi(GCin, P) with (;n = (v;*:n,fi,n)’ is a vector-valued
function and a is any conformable vector of constants. Under Assumptions 1, 4, 5, 8 - 12 we have that
sup; p|hin(m)||p < 00 and sup; ,||hin(m) — E(hi n(m)|Fin(s)|lp < Capmp(s) with Cqpym being positive con-
stant; p(s) = 1 if s <mpc and p(s) = s©T™ " pey|5/Pe if s > mpe.

Proof of Claim B.9. From the proof of Claim C.1.7 in Qu and Lee (2015), we have g; ,(m) = Yoo C} 7™ L o!t; o (1+
m), where C/™™! is a binomial coefficient. If ¢ = 0, then g; ,(m) = t; ,(m) and the claim follows from Claim

B.8. For ¢ # 0 by Claim B.8, for any ¢ and n,

(mPC)dO

Pm() Y [dey|! (L4 m)

=0

gin(m)[lp < c1
which is finite under Assumption 11 and denoted as C,,,. Thus, for s > 0,
1gi,n (M) — E(gisn(m)[Ti,n($)lp < 2gin(m)]]p < 2C,.

Now consider the case, when s > mp.. Given such as s, from Claim B.8, t; ,(m+1)—E(t; »n(m~+1)|Fin(s) =0
for any nonnegative integer ! such that s > (m 4+ 1)p.. Such a set of ! will be determined by I < (s/p. —m).
Thus, when s > mp,

1gin(m) = E(gin(m)[Sin(s)llp = (27)
= > +m)™ ol [t (m + 1)
1=[s/pc—m] p
< et S (+m) e
1=[s/pc—m]
The last inequality follows from Claim B.7. As s/p. > m , we have
Yoo UHm) T g g = Y (W) e |' /101" /|6
1=[s/pc—m] 1=[s/pc]
= O(s™ 0 ey |*/0°)
if s > mp..
O

Appendix C: Proofs of main results

Proof of Proposition 1. Under Assumptions 1,2, 4-8, suppose supi’n|\gn||4 < oo for the 2SP_IV or As-
sumptions 4-8 hold for the 25SSP_IV | Claims A.3, B.8 and B.9 the result follows from Claim A.4 and Proposition
1in Qu and Lee (2015). O
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Proof of Proposition 2. From Proposition 1 we have that

1 */ * *! *

—1a'¢ (O) M ()¢ ()b = E(a'¢™ () Ma(@)¢" (0)0)] = 0p(1)-
For each 8 € ©. To show ULLN as the parameter space of 6 is compact, we only need to show stochastic
equicontinuity of %\a’(*/(H)Mn(@C*(H)bL Let us define A = (o, #/, A’) C ©, we have three cases: (a) ¢* (0) =
W(A); (b) ¢ (0) # T(N); ¢*(A) = P(7) .

(a) By the mean value theorem,

O Mo (1) ¥ ()b — " (30) My (6)¥ () (28)
= 1O = A (W ()M (6)¥() + W) Mo () - U ()
(01— Ga)a W M (O)
< = Aol oW )M (@) ¥ D]+ [ (B() M (8) - W)

9 L
|1 — ¢2||a’\1"(/\)a—¢Mn(¢)\IJ(A)b|.

+

Let us focus on the first term |A\; — Ao||a’(Z V' (9) M, (¢)¥(6))b]. We have

M = dalld (oW Y Ma@PONH < s = el (0 (o PO (A BA))) (000 M () M (5025
< = Al RO (W )a) 2 (52 () W ()2
X [pman (Ma(8) Mo (8))] 2
< Ihn = Al @ R (P ())a) 2 (52 () W (02
x [SUP||Mn(<£)/Mn((E)||OO]1/2~

ped

Where § = (), $) lies on the segment line between A and ¢, and fiq. is the largest eigenvalue of the ma-

trix inside. The first inequality is from the Cuachy-Schawarz inequality, the second inequality holds since

M, (¢)' M, (¢) is non-negative definite, and the last inequality is from the spectral radius theorem. From

Claim B.2, sup||Sn(#)||ec < 00 and sup||S,(¢)||1 < oo. This implies sup||M,(4)' M, (¢)||so < 00. As shown
PEO $€O ped

in Amemiya (1975) OAF,. = f,+AL and %fw = m%ALfU*L, with L = (Cy5, ai, a5, pij), given Assumption 6

the F is bounded away from zero and with the continuity of the density function this implies that the terms

are Op(1). It follows that (a/(:Z¥(N)) (¥ (N)a) = O,(1) and ((b'T(X)) T (A)b) = Oy(1).
The second term of the summation, |a’(¥(X\)M,(¢)2 ¥(X))b| is symmetric and therefore it obtains the
same bound in probability.

The last term is |¢p; — ¢2|\a’\If’(5\)%Mn(Q_ﬁ)\II(5\)b|. Let us define W,, = %Mn(qﬁ), following the same

argument we have

|61 — 62| "' (N) Wi ()T (N)D] < |1 — ¢z||(a"I’(X))’(\P(;\))a)1/2((b"11(/_\))"1’(5\)b)1/2[ZgIIWn(CB)’Wn(Q_S)\Iooll/2~
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Given that sup||M,,(4)||s < 0o and sup||M,(4)||1 < co we have that sup||W,,(¢)' W, ()]s < oo
ped ped

Finally we can write

peD

@' W (A1) M (01) @ (M)b — ' (N2) My (p2) T (A2)b| < |)\1—)\2|[|a(§ "N My (¢)®(N)b] + |a’ (W(A) M (9)
4101 0l V) 5L M (DU
< A = A2]0(1)
+ o1 — ¢2|0p(1).
sup Lla" W (A1) My (1) ¥ (A )b—a’ ¥ (Ag) My, (¢2) ¥ (A2)b| = Op(maz{|¢*|,|A*[}), then ULLN
folléﬁés_.dﬂkva\l_MKA*

(b) when ¢*'(0) # ¥(\) we only have to show the stochastic equicontinuity of - =la’ ¢ M,

n(6)C*b|, because 0

enters ¢* () polynomially and the parameter space is compact. The proof is simply a particular case of (a)

with the application of the mean-value theorem for one variable.

(c) We consider only the parameter 7 as not constant. The case when ¢ is not constant is specular to the case

(a). by the mean value theorem,

la' P(11)' M,,P(11)b — @' P(12) M,, P(72)b| (30)
= lir ) (G- P/F)MP(F) + P7) M2 P
< = ol (o P (7)Mo P+ [ P(7) My o P(7))B)
Let us focus on the first term |7, — m|[a’ (& P'(0) M, P())b]. We have
= malla (o P F M PN < 11— ol e PR (o PUR))a) (0 PR)Y MM, P (31)
< I (@ P (o P (0 P(7) P
X [Mmaer/LMn]l/Q
< n = il (P (o P (0P () P
X (1M M o] 2.

Where 7T lies between 71 and 7o, and fi,,q, is the largest eigenvalue of the matrix inside. The first inequality

is from the Cuachy-Schawarz inequality, the second inequality holds since M M,, is non-negative definite, and

the last inequality is from the spectral radius theorem. From Claim B.5, ||M] M|l = O(p

in Newey (2009)
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do/h,.). As shown

%P = O(K?3) for power series under Assumption 11. It follows that



@ P Mo P(r)b — o P MuPll < [y =l (@5 P (- PE)) (0 P P 252)

(1105, Mo | 0] 2.
|7'1 — T2||O(K4/hn)

X

IN

Where the inequality follows from Claim A.6 and Claim B.8. Thus,

1
sup  —l|a'P(11)' M, P(11)b — a' P(2) M, P(12)b| = O,(6*K*/hy,).

|11 —72|<6* T

By Assumption 12 K*/h,, = O(1), then ULLN follows.
The second term of the summation, |a’ P(?)Mn%P(?))H is symmetric and therefore it obtains the same

bound in probability.

Proof of Proposition 3. Under Assumptions 1,2, 4-8, suppose sup; n|[(],,[|4+s, < oo, for some J. > 0 for
the 2SP_IV or Assumptions 4-8 hold for the 2SSP_IV , Claims A.3, B.8 and B.9 the result follows from Claim
A5 and Proposition 3 in Qu and Lee (2015). O

Proof of Theorem 1. The estimator is

k— ko = [(anu Xna ‘i/n)/Qn(Q;lQn)71 (33)
X Qu(GnY, X, W)~ G Y, X, W)
X Qu(@nQn) ' Q.

Under Assumptions 1,2, 4-8, 13 and 14 , by applying Proposition 2 we have

R A 1
Q%(GnYnaXn; \Iln) - ﬁQ%(GnYnaXna \I/) = Op(l)v

S|

1., 1,
EQngn - Eann = O:D(l)-

By applying proposition 1, & — ko = @ lim,_eo E(yoQ,(vi —U,) + alimn%m%E(Qgen), where

n

(3 (B "0 o (B

with Aq = limnﬁoo%[E(QInSn)BOXn + E( ;LSTL\I/TL)'VO)a E(an)Xm E(anan))]

As E(Q.e) = 0 and E(Q,&,) = 0, we have & — ko= 0. Under given assumptions, since & — kg can be
written as a form of R,, in proposition 3, v/n(% — ko) < N(0,%;v). In particular,

(R — ko) = Plimn—mo%(Jépqnjn)iljépqn(fn + ’Y(a%\\:[jn))(j‘ = A), with J, = (S (BoXn +70¥n), Xn, ¥n),
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Py = Qn(Q,Qn)'Q), and X = (a, 8, A). Thus,
1
Yy = pzz'mn%oE(J;Pqn,]n)*1J;Pqnquan(J,quan)*l,

with ¥ = n—1Ug + (v a%\\lfn)var(/\)( %\Iﬂn'y').

Proof of Theorem 2. The estimator is
ﬂ — Mo = [(Gn}/na Xn)/gn(f{éf{n)71 (34)
X ﬁv/L(I - QK)ﬁn( A’:L An)il
X H (G Y, X)) NG Yo, X)) Hy (HL H,)
X E[’I{L(I - QK)ﬁn( A;ﬁn)_lﬁ;(gn + Wo(7)).

Under Assumptions 1-12, and 15 - 17, by applying Proposition 2 we have

b,

n

H (GnYn, X,) — %H;(GnYn,Xn) = 0,(1),

hn

PN 1
—oHLH — —HLH = 0, (1),

|

By applying proposition 1, & — ko - alimn%m%E(Hﬁlen) + alimn%m%E(H,’L\IIO), where

-1

X AK

BH H,)\ ! EH H)\ !

E(H H,)\ " E(H' H

n n

With A = lim o0 £ [E(H},80) 80X ), B(H, X)), and By = limy oo (2HE=QI) 41 Niim,, o (219221 )] o
As E(H'e) = 0 and E(H!, W) = 0, we have ji — pi9 0. Under given assumptions, since /i — po can be
written as a form of R,, in proposition 3, v/n(# — ko) KA N(0,Xspsv). In particular,
fi — po = plimp oo+ (J), Fgn Qo Frcndn) ™ I} FicnQ Ficn (en + W), with J, = (S0 (80X, + 70%0), Xn, P),
Fyp = Hy(H' Hy) " 'H' and QX =1 — Q,.

Let 1; = 1o(71), Vi = %o(7) , Vri = Y (i), Yrei = ¥ic(73). Then

T} Frcn Qi FrenWo/Vn = J) FicnQp Ficn (¥ — U) /v/n+ T}, FienQp Fien (¥ — W) /v/m.

This follows from Fr,Q: Fr,, = Q; Fx,,Q;-, see also Newey (2009) p.S226.
Let us start with the second term J/, Frp Qi Fien (U — W) /+/.

From Claims A.6 and A.7, by an expansion 1y (7;) — ¥k (7;) around 7; we have
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19 = r =4 + 9l < \/ﬁ|il\l<pl awgy) - ng) max|; — 7 = Op(K™*") 0.
Therefore, J, Frn Qi Fin(¥ — W) /v/n = J}, FrcnQit Ficn (¥ — Vi) /\/n + 0p(1).
From Claim A.7 we have J!, Fx, Qi Fren(V — W) /\/n = 0,(1). By triangular inequality we have
T} FrcnQp Ficn W /y/n 5 0.
Let us focus on the first term J, Fin Qi Frn (W — W) /y/n. Let 0 = (a, 1), 7(m,0) = 7(m(\L),0) and

g; = w. Then, by a second-order expansion and y/n—consistency of 0

~ [T FrenQsy Ficn /n]Y V(X = Xo),
— [}, Fren @y Fren /n]Y zi/v/m + 0p(1),

T} FrenQu Fren (¥ — 0) /v/n

where YV = B(2bolms) Lhéii’)‘))

om;

1
Ysprv = plimy oo — (T FrenQ Frendn) ™ T FrnQp Fron Yo Jn FrnQ Fron(Jh FronQp Frendn) ™",
n

with £o = I,,_102 + (Z V)var(\) (& T)'.
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Appendix D: Tables

Table 1: Estimates from adjacency matrix with medium endogeneity varying endoegenous effects or sample size

Replications: 1000

2SLS 2SP_IV 2SSP_IV
Parameter Avg Point Standard MSE Avg Point Standard MSE Avg Point Standard MSE
Estimation Deviation Estimation Deviation Estimation Deviation

n=50 é 0.099 0.182 0.184 0.074 0.127 0.127 0.083 0.135 0.135
B 0.985 0.337 0.338 0.977 0.312 0.313 0.971 0.410 0.411
& -1.461 0.068 0.079 -1.812 0.048 0.316
4 -0.076 0.020 0.031 -0.093 0.003 0.008
3 -0.285 0.050 0.053 -0.308 0.002 0.008
¢ = 0.07 n=100 é 0.102 0.177 0.180 0.071 0.113 0.114 0.075 0.121 0.121
B 0.994 0.353 0.353 1.010 0.336 0.336 1.001 0.441 0.441
& -1.815 0.066 0.081 -1.453 0.048 0.319
4 -0.093 0.022 0.032 -0.077 0.003 0.008
3 -0.308 0.050 0.051 -0.289 0.002 0.009
n=>500 @ 0.086 0.058 0.060 0.070 0.032 0.034 0.068 0.047 0.047
B 0.995 0.125 0.125 0.998 0.120 0.120 0.998 0.154 0.154
& -1.999 0.010 0.010 -2.373 0.061 0.378
5 -0.097 0.003 0.004 -0.091 0.002 0.009
i -0.296 0.008 0.009 -0.306 0.002 0.007
n=50 é 0.100 0.177 0.178 0.084 0.128 0.126 0.075 0.130 0.131
B 0.994 0.358 0.358 0.994 0.341 0.339 0.998 0.446 0.448
& -1.454 0.065 0.080 -1.811 0.049 0.315
A -0.079 0.021 0.030 -0.093 0.003 0.008
3 -0.291 0.050 0.050 -0.308 0.002 0.008
¢ =0.08 n=100 é 0.114 0.182 0.185 0.077 0.117 0.119 0.082 0.129 0.130
B 1.022 0.363 0.364 1.023 0.345 0.346 1.021 0.448 0.449
& -1.456 0.065 0.078 -1.814 0.048 0.318
4 -0.078 0.022 0.031 -0.093 0.003 0.008
@ -0.288 0.049 0.050 -0.308 0.002 0.009
n=>500 @ 0.109 0.187 0.165 0.081 0.115 0.117 0.080 0.122 0.129
B 1.011 0.321 0.325 1.016 0.346 0.316 1.017 0.419 0.449
& -1.486 0.069 0.072 -1.414 0.041 0.318
5 -0.088 0.025 0.029 -0.097 0.002 0.008
i -0.222 0.046 0.051 -0.308 0.002 0.008
n=50 é 0.105 0.182 0.183 0.095 0.125 0.125 0.082 0.138 0.140
B 0.996 0.361 0.361 0.996 0.342 0.342 0.995 0.447 0.447
& -1.456 0.067 0.080 -1.812 0.048 0.316
A -0.078 0.021 0.031 -0.093 0.003 0.008
3 -0.289 0.051 0.052 -0.308 0.002 0.008
¢ =0.09 n=100 é 0.100 0.171 0.172 0.084 0.116 0.116 0.085 0.123 0.129
B 0.991 0.345 0.345 0.985 0.324 0.324 0.994 0.426 0.426
& -1.448 0.071 0.088 -1.814 0.048 0.317
4 -0.078 0.021 0.030 -0.093 0.003 0.008
Z -0.292 0.052 0.053 -0.308 0.002 0.009
n=500 ¢ 0.117 0.171 0.142 0.089 0.115 0.117 0.086 0.122 0.124
B 1.032 0.325 0.335 0.996 0.346 0.316 1.017 0.419 0.420
& -1.486 0.071 0.065 -1.414 0.046 0.317
4 -0.088 0.022 0.030 -0.096 0.002 0.007
i -0.292 0.052 0.052 -0.318 0.002 0.009
n=50 é 0.117 0.173 0.176 0.107 0.121 0.122 0.106 0.134 0.136
B 1.032 0.344 0.345 1.018 0.328 0.328 1.019 0.419 0.423
& -1.457 0.065 0.078 -1.813 0.048 0.317
o -0.078 0.021 0.030 -0.093 0.003 0.010
Z -0.287 0.049 0.051 -0.308 0.002 0.009
¢ =0.10 n=100 é 0.115 0.178 0.185 0.105 0.114 0.113 0.095 0.123 0.129
B 0.978 0.342 0.346 0.986 0.318 0.320 0.985 0.414 0.421
& -1.450 0.066 0.083 -1.712 0.049 0.316
4 -0.076 0.021 0.032 -0.093 0.003 0.008
Z -0.290 0.050 0.051 -0.308 0.002 0.008
n=500 é 0.112 0.165 0.172 0.101 0.111 0.115 0.098 0.120 0.121
B 0.958 0.323 0.335 0.985 0.312 0.346 1.019 0.413 0.419
& -1.498 0.066 0.082 -1.652 0.045 0.313
4 -0.087 0.019 0.030 -0.097 0.003 0.008
3 -0.310 0.033 0.052 -0.318 0.002 0.007

Notes: 8 =1.0, « = —1.5, v = —0.1,and ¢+ = —0.3. 0y, = 0.3. The number of elements in the approximating functions in

2SSP_IV is increasing in n.
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Table 2: Estimates from adjacency matrix with different degree of endogeneity varying endoegenous effects

Replications: 1000

2SLS 2SP_IV 2SSP_IV
Parameter Avg Point Standard MSE Avg Point Standard MSE Avg Point Standard MSE
Estimation  Deviation Estimation  Deviation Estimation  Deviation

é 0.0731 0.1714 0.1720 0.0718 0.1340 0.1345 0.0724 0.1389 0.1393
B 1.0024 0.3496 0.3496 0.9978 0.3445 0.3446 1.0023 0.4431 0.4432
ouv = 0.0 a -1.4565 0.0702 0.0826 -1.8115 0.0487 0.3153
5 -0.0763 0.0214 0.0319 -0.0927 0.0029 0.0078
3 -0.2859 0.0534 0.0552 -0.3081 0.0024 0.0084
é 0.0865 0.1691 0.1692 0.0688 0.1370 0.1370 0.0696 0.1393 0.1397
B 1.0203 0.3509 0.3515 1.0129 0.3455 0.3458 1.0081 0.4464 0.4465
¢ = 0.07 oyv = 0.15 & -1.4562 0.0631 0.0768 -1.8122 0.0485 0.3159
5 -0.0791 0.0203 0.0291 -0.0926 0.0031 0.0080
3 -0.2881 0.0498 0.0512 -0.3081 0.0024 0.0085
é 0.0990 0.1817 0.1840 0.0705 0.1268 0.1273 0.0677 0.1347 0.1352
8 0.9854 0.3374 0.3377 0.9766 0.3119 0.3127 0.9708 0.4102 0.4112
oyv = 0.30 & -1.4606 0.0684 0.0789 -1.8123 0.0485 0.3160
el -0.0761 0.0203 0.0314 -0.0925 0.0032 0.0081
Z -0.2846 0.0504 0.0527 -0.3081 0.0024 0.0085
¢ 0.0821 0.1432 0.1437 0.0837 0.1228 0.1230 0.0763 0.1258 0.1259
8 0.9933 0.3409 0.3410 0.9961 0.3421 0.3421 0.9994 0.4516 0.4516
ouv = 0.0 a -1.4533 0.0662 0.0810 -1.8137 0.0481 0.3174
5 -0.0777 0.0212 0.0308 -0.0928 0.0030 0.0078
: -0.2912 0.0514 0.0522 -0.3082 0.0024 0.0085
é 0.0870 0.1536 0.1537 0.0825 0.1171 0.1173 0.0798 0.1305 0.1309
B 0.9935 0.3483 0.3483 0.9899 0.3448 0.3449 0.9950 0.4476 0.4476
¢ = 0.08 oyv = 0.15 & -1.4588 0.0657 0.0776 -1.8148 0.0478 0.3184
5 -0.0774 0.0204 0.0305 -0.0928 0.0030 0.0078
3 -0.2866 0.0499 0.0517 -0.3082 0.0024 0.0086
é 0.1000 0.1772 0.1783 0.0816 0.1256 0.1262 0.0765 0.1290 0.1295
B 0.9936 0.3584 0.3585 0.9941 0.3394 0.3394 0.9982 0.4459 0.4459
oyv = 0.30 & -1.4539 0.0648 0.0796 -1.8115 0.0487 0.3153
% -0.0788 0.0211 0.0299 -0.0927 0.0030 0.0079
i -0.2907 0.0496 0.0504 -0.3081 0.0024 0.0084
¢ 0.0965 0.1432 0.1433 0.0916 0.1185 0.1186 0.0863 0.1229 0.1237
8 0.9892 0.3370 0.3372 0.9884 0.3367 0.3369 0.9937 0.4393 0.4393
ouv = 0.0 a -1.4615 0.0673 0.0775 -1.8132 0.0483 0.3169
5 -0.0776 0.0201 0.0301 -0.0927 0.0031 0.0079
¢ -0.2817 0.0495 0.0528 -0.3082 0.0024 0.0085
é 0.1120 0.1560 0.1575 0.0912 0.1175 0.1183 0.0849 0.1262 0.1263
B 0.9945 0.3573 0.3573 1.0001 0.3493 0.3493 1.0007 0.4445 0.4445
¢ =0.09 oyy =0.15 & -1.4567 0.0631 0.0765 -1.8112 0.0488 0.3150
5 -0.0756 0.0210 0.0322 -0.0925 0.0031 0.0081
3 -0.2865 0.0480 0.0499 -0.3081 0.0024 0.0084
é 0.1153 0.1821 0.1838 0.0897 0.1247 0.1249 0.0895 0.1383 0.1384
B 0.9965 0.3612 0.3612 0.9961 0.3415 0.3415 0.9953 0.4469 0.4469
oyuv = 0.30 & -1.4559 0.0671 0.0804 -1.8123 0.0485 0.3160
ol -0.0778 0.0209 0.0305 -0.0927 0.0030 0.0079
i -0.2892 0.0508 0.0520 -0.3081 0.0024 0.0085
é 0.1001 0.1397 0.1397 0.1022 0.1145 0.1148 0.0997 0.1195 0.1198
8 1.0118 0.3515 0.3517 1.0087 0.3551 0.3552 1.0093 0.4655 0.4656
ouv = 0.0 a -1.4577 0.0664 0.0787 -1.8150 0.0477 0.3186
5 -0.0778 0.0204 0.0301 -0.0927 0.0031 0.0079
z -0.2869 0.0513 0.0530 -0.3083 0.0024 0.0086
é 0.1092 0.1542 0.1549 0.1011 0.1082 0.1084 0.1015 0.1204 0.1208
8 1.0117 0.3434 0.3436 1.0126 0.3347 0.3349 1.0046 0.4299 0.4299
¢ =0.10 oyy = 0.15 a -1.4537 0.0654 0.0801 -1.8125 0.0484 0.3162
5 -0.0784 0.0210 0.0301 -0.0927 0.0030 0.0079
¢ -0.2901 0.0487 0.0497 -0.3081 0.0024 0.0085
é 0.1167 0.1730 0.1738 0.1025 0.1213 0.1218 0.1009 0.1343 0.1343
B 1.0319 0.3439 0.3453 1.0176 0.3278 0.3282 1.0192 0.4189 0.4193
ouv = 0.30 & -1.4573 0.0652 0.0779 -1.8129 0.0483 0.3166
5 -0.0780 0.0209 0.0304 -0.0927 0.0031 0.0079
3 -0.2866 0.0495 0.0513 -0.3081 0.0024 0.0085

Notes: 8 = 1.0, « = —1.5, v = —0.1,and ¢+ = —0.3. m = 100. The number of elements in the approximating functions in

2SSP_IV is 3 (K=3).
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