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Abstract

In this paper we characterize the optimal linear tax on capital in
the standard Overlapping Generations model with neoclassical produc-
tion and capital accumulation as well as idiosyncratic labor income risk
and incomplete markets. For logarithmic utility we provide a complete
analytical solution of the optimal Ramsey tax policy problem for arbi-
trary social welfare weights across generations. The Ramsey allocation
is characterized by a constant (over time) aggregate saving rate that is
independent of the extent of idiosyncratic income risk. The Ramsey gov-
ernment internalizes that an increase in the household saving rate impacts
wages and interest rate in general equilibrium; we show that with logarith-
mic this pecuniary externality general equilibrium effect exactly cancels
out the standard precautionary savings effect in partial equilibrium. The
constant tax on capital implementing this saving rate is increasing in the
extent of income risk, but might be positive or negative, depending on how
the Ramsey government values current and future generations. We also
show that if it is positive, then a government implementing this tax rate
generates a Pareto-improving, policy induced transition from the unregu-
lated steady equilibrium even if this equilibrium is dynamically efficient.
We then generalize our results to arbitrary Epstein-Zin utility and show
that the optimal steady state savings rate is increasing in the amount of
income risk if and only if the intertemporal elasticity of substitution is
smaller than 1. The associated tax rate is increasing in income risk unless
both the IES and risk aversion are large.
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1 Introduction

How should a benevolent government tax capital in a neoclassical production
economy when households face uninsurable idiosyncratic labor income risk. Par-
tial answers to this question have been given in Bewley-Huggett-Aiyagari style
general equilibrium model with neoclassical production and infinitely lived con-
sumers, starting from Aiyagari (1995), and continuing with recent work by
Davila et al. (2012), Acikgoz (2016), Panousi and Reis (2015), Dyrda and
Pedrono (2016), Hagedorn et al (2017) and Chen et al. (2017), Chien and Wen
(2017).

In this paper we instead provide a complete analytical characterization of
this question in a canonical Diamond (1965) Overlapping Generations model,
enriched by uninsurable idiosyncratic labor income risk. In this environment
we characterize the optimal linear tax on capital chosen by a Ramsey govern-
ment that places arbitrary Pareto weights on different generations born into this
economy, and has to respect equilibrium behavior of households. For logarith-
mic utility we provide a complete analytical solution of the optimal Ramsey tax
policy problem.

The Ramsey allocation is characterized by a constant (over time) aggregate
saving rate that is independent of the extent of idiosyncratic income risk. We
show that this constant saving rate is shaped by three forces i) a standard pre-
cautionary savings force, ii) a general equilibrium pecuniary externality effect
that recognizes that changes in the household saving rate impacts wages and
interest rate, and iii) a future generations effect that recognizes that higher sav-
ing rates by current generations increase the future capital stock, future wages
and thus welfare of future generations in the economy. We characterize all three
effects in closed form and show that with logarithmic this pecuniary external-
ity general equilibrium effect exactly cancels out the standard precautionary
savings effect in partial equilibrium.

The constant tax on capital implementing this saving rate is increasing in the
extent of income risk, but might be positive or negative, depending on how the
Ramsey government values current and future generations. We also show that if
it is positive, then a government implementing this tax rate generates a Pareto-
improving, policy induced transition from the unregulated steady equilibrium
even if this equilibrium is dynamically efficient.

We then generalize our results to arbitrary Epstein-Zin utility and show that
the optimal steady state savings rate is increasing in the amount of income risk
if and only if the intertemporal elasticity of substitution is smaller than 1. The
associated tax rate is increasing in income risk unless both the IES and risk
aversion are large.

1.1 Relation to the Literature

Our paper combines, and contributes to two strands of the literature. First, the
literature on optimal taxation in models with idiosyncratic income risk, Aiyagari
(1995), Davila, Hong, Krusell and Rios-Rull (2012), and recently, ans especially



relevant, Acikgoz (2015), Panousi (2015), Panousi and Reis (2016, 2017), Dyrda
and Pedrono (2016), Hagedorn et al (2017) and Chen et al. (2017) as well as
Chien and Wen (2017). We share the key modeling trick that permits a closed
form solution of the optimal Ramsey policy with Panousi and Reis (2017): in
both papers the private saving rate is chosen prior to the realization of idiosyn-
cratic, uninsurable income risk, in our case due to the life cycle structure and the
fact that idiosyncratic income risk only hits households in the second period of
their lives. As a consequence, there is no heterogeneity in the saving rate across
households despite the presence of idiosyncratic income risk. The key difference
between both papers is that Panousi and Reis (2017) permit idiosyncratic risk
to affect both capital and labor income, but abstract from precautionary saving,
whereas the capital tax results we obtain are driven precisely by this force.

Second, we contribute to and extend the literature on optimal (capital in-
come) taxation in life cycle economies, see Garriga (2001), Erosa and Gervais
(2003) as well as Conesa, Kitao and Krueger (2009). Neither of these papers is
concerned specifically with the impact of idiosyncratic income risk on optimal
capital income taxes

2 Model

2.1 Time and Demographics

Time is discrete and extends from ¢t = 0 to ¢ = oco. In each period a new
generation (indexed by the time of birth ¢) is born that lives for two periods.
Thus at any point in time there is a young and an old generation. We normalize
household size to 1 for each age cohort. In addition there is an initial old
generation that has one remaining year of life.

2.2 Household Preferences and Endowments
2.2.1 Endowments

Each household has one unit of time in both periods, supplied inelastically to
the market. Labor productivity when young is equal to (1 — k), in the second
period labor productivity is given by

KM+

where k € [0,1) is a parameter that captures relative labor income of the old,
and 7;,, is an idiosyncratic labor productivity shock. We assume that the cdf
of n;, is given by W(n, ) in every period and denote the corresponding pdf
by ¢ (77t+1) . We assume that ¥ is both the population distribution of n,,, as
well as the cdf of the productivity shock for any given individual (that is, we
assume a Law of Large Numbers, LLN henceforth). Whenever there is no scope
for confusion we suppress the time subscript of the productivity shock n,, . We
make the following



Assumption 1. The shock 1, takes positive values W-almost surely and

/nt+1d\IJ =1.

FEach member of the initial old generation is additionally endowed with as-
sets equal ag, equal to the initial capital stock kg in the economy. The asset
endowment is independent of the household’s realization of the shock 7.

2.2.2 Preferences

A household of generation ¢ > 0 has preferences over consumption allocations
el C?+1(77t+1) given by

Vi = u(cl) + 8 / (01 (1041))dT 1)

Lifetime utility of the initial old generation is determined as

Vr = [ utcin)av
In order to obtain the sharpest analytical results in the first part of the paper
we will assume logarithmic utility:

Assumption 2. The utility function u is logarithmic

u(c) = log(c) (2)

We will generalize our results to general Epstein-Zin-Weil preferences in
Section 6 of the paper.

2.3 Technology

The representative firm operates a standard Cobb-Douglas production technol-
ogy of the form
« 1—
F(Ky, Ly) = K (Ly) .

Capital fully depreciates between two (30 year) periods.

2.4 Government

The government levies a (potentially time varying) capital tax 7; on capital
(including interest) and rebates the proceeds in a lump-sum fashion to all mem-
bers of the current old generation as a transfer T;. For the optimal tax policy
analysis we assume the government has the following social welfare function

SWF = i we Vi

t=—1



where {w;}$2_; are the Pareto weights on different generations and satisfy w; >
0. Since lifetime utilities of each generation will be bounded, so will be the social
welfare function as long as szl wy < 0o. We will also consider the case w; = 1
for all ¢, in which case we will take the social welfare function to be defined as

T
=—1 "t

which is equivalent to maximizing steady state welfare (as long as a steady state
exists).

2.5 Competitive Equilibrium

2.5.1 Household Budget Set and Optimization Problem

The budget constraints in both periods read as

cd + a1 = (1 —Kr)wy (3)

cfp1 = ap1Repa (1 = 7e1) + 60 wegr + Tia (4)

where wy, wy1 are the aggregate wages in period t and t+1, Ryp1 = 147441
is the gross interest rate between period ¢ and t 4+ 1, and T;y; are lump-sum
transfers to the old generation. 7, is the age-2 period-t +1 idiosyncratic shock
to wages.!

2.5.2 Firm Optimization

From the firms first order conditions

Rt = ak?71 (5&)
wy = (1 — )k (5b)
where K K
ky = —* ¢ K,

ft:l—ﬁ+mfntdwz

is the capital-labor ratio. Since labor supply in the economy is L; = 1, we
henceforth do not need to distinguish between the aggregate capital stock K
and the capital-labor ratio.

I Notice that instead of working with a tax on capital 7¢, one could work, completely
equivalently, with a (standard) capital income tax Tf given by

T+r(1—78) = 1 4+r)A = 70)

and thus
Rt(l - Tt) -1

=1 Ri—1
-



2.5.3 Equilibrium Definition

Definition 1. Given the initial condition ag = ko an allocation is a sequence
{etscf(ne)s Ly apy, ki1 1820

Definition 2. Given the initial condition ag = ko and a sequence of tax policies
T = {14}, a competitive equilibrium is an allocation {c}, c?, Ly, a1, kt+1}520,
prices { Ry, w52 and transfers {T1}2, such that

1.

Given prices { Ry, w: }32 and policies {14, Ty 132 for each t > 0, (¢, ¢fy1(N41)s Gr41)
mazimizes (1) subject to (3) and (4) (for each realization of 1, ;).

Consumption c§(ny) of the initial old satisfies (4) (for each realization of

o)
CS = CL()R()(]. - To) + KToWo + TO

Prices satisfy equations (5a) and (5b).

The government budget constraint is satisfied in every period: for all t > 0

T, = 74 Riky
Markets clear
Lt == L = 1
aty1 = kt+1~
cf + /Cf(ﬂt)d‘lf +kipr = kY

Denote by SW F(1) social welfare associated with an equilibrium for given
tax policy 7. As we will show below, for a given tax policy T the associated
competitive equilibrium in our economy exists and is unique and thus the
function SW F(7) is well-defined.?

Definition 3. Given the initial condition ag = kg, a Ramsey equilibrium is
a sequence of tax policies ¥ = {7¢}32, and equilibrium allocations, prices and
transfers associated with ¥ (in the sense of the previous definition) such that

3

7 € argmax SWF (1)

Analysis of Equilibrium for a Given Tax Policy

3.1 Partial Equilibrium

We first proceed to analyze the household problem for given prices and policies.
We will first proceed under the assumption that a unique solution characterized

2This requires some restrictions on the 7; that we need to spell out. I believe we need
Tt Slandn 2—7_'.



by the Euler equation exists, and then make sufficient parametric assumptions
to insure that this is indeed the case.
The optimal asset choice a4 satisfies

Ry [0/ (a1 Repr (1 — To41) + 6 win + Tiga)]
u'((1 = K)w — ar41)

1= 5(1—7t+1)/ d¥(ne41)-

Defining the saving rate as
at+1

ot (1= RK)wy

we can rewrite the above equation as

Ripr [u/ (seReg1 (1 = m41) (1 = R)wi + Knyyywipr + Tipa)]

1= [3(1—7}4,_1)/ o [(1 — n)wt(l — St)] ?;I;(nt+l)

which defines the solution
sy = sp(we, Wig1, Rg1, Teg1, Togr: B, 5, ¥)

Note by assumption 1 that consumption in the second period is positive W-
almost surely. Without further assumptions on the fundamentals we cannot
make progress analytical progress. Therefore now invoke assumption 2 that the
utility function is logarithmic. Then the Euler equation becomes:

1—8t

d‘I’(m+1) (7)

— W1 Y 75
st(1 = Te41) + oy et + Tomyan B

1 26(1 —Tt+1)/
Equation (7) implicitly defines the optimal savings rate s; = s(w¢, W1, Rit1, Tew1, Liv1; B, P).

3.2 General Equilibrium

Now we exploit the remaining equilibrium conditions. In equilibrium factor
prices and transfers are given by

wy = (1—a)kf (8a)

w1 = (1—a)kfy, (8b)

R = ok (8¢)

Tiv1 = TRk (8d)

From the definition of the saving rate s; = (1?/:)1% and market clearing in the

asset market, which implies a;+1 = k¢+1, we find that

kt+1 = Q41 = (]. — K)Stwt

and thus
keyr = se(1 = K)(1 — a)ky (9)



Sometimes it will be useful to express the saving rate as a function of the capital
stocks and write

kit
St = 10
T o) (1 - Rk (10)
In general, for a given sequence of capital income taxes {7,}$2, the com-
petitive equilibrium is a sequence of capital stocks {ki11}72, that solves, for a
given initial condition kg, the first order difference equation (equation 7) when
factor prices have been substituted

—1
1-— k&
1 = apl —Tt+1)k?3:11/ (([fnt;l)((l Z));;;a] Icii) AV (n,41)

1—r)(1—-a)k® -k
1 = af(l—71e) <( ulll L ki t+1> r (11)
t41
where the constant
-1
D= [ (o001 = @)+ 0) " W) =Dl ) (12)

fully captures the impact of idiosyncratic income risk on the equilibrium dy-
namics of the capital stock.

Equation (11) implicitly defines the function ki1 = Q(kt, 7¢41). Alterna-
tively, and often more conveniently, we instead of expressing the solution as
kir1 = Q(ki, T¢41) we can also express it in terms of the saving rate as

kiy1 Q(ke, Teg1)

e (1—a)(1—=r)kp B (1—a)(1—r)k® = A(ke, Te41) (13)

where the function s; = A(k¢, 7¢41) solves (using the definition of the saving
rate in equation (11):

1=aB(l - Tes1) (1_St>r (14)

St

3.3 Characterization of the Savings Rate

Evidently, equation (14) has a closed form solution for the saving rate s; in
general equilibrium, and we can give a complete analytical characterization of
its comparative statics properties.

Proposition 1. Suppose assumptions 1 and 2 are satisfied. Then for all ky > 0
and all T¢41 € (—00, 1] the unique savings rate sy = A(kt, Te11; 1) is given by
1

= 1+ [(1 — Tt+1)0451—‘(047 K \I/)]_l (15)

St

which is strictly increasing in T, strictly decreasing in .11 and independent of
the beginning of the period capital stock.



The next corollary assures that any desired savings rate s; € [0,1] can be
implemented as part of a competitive equilibrium by appropriate choice of the
capital tax rate 7¢41. This corollary is crucial for our approach of solving the
optimal Ramsey tax problem, since we can cast that problem directly in terms
of the government choosing savings rates rather than tax rates.

Corollary 1. For each savings rate s; € [0,1] there exists a unique tax rate
Ti41 € (—o00,1] that implements that savings rate s; as part of a competitive
equilibrium.

Finally we want to determine the influence of income risk on the savings
rate in general equilibrium. From proposition 1 we know that the savings rate
depends on income risk n exclusively through the constant I". Furthermore, I is
a strictly convex function of income risk 7, and thus by Jensen’s inequality we
have the following:

Observation 1. Assume that o € (0,1) and k > 0. Then

1. The constant T'(a, k; W) is strictly increasing in the amount of income risk,
in the sense that if the distribution W over n is a mean-preserving spread
of U, then I'(a, k; ¥) < T, k; ).

2. Defining the degenerate distribution at n = 1 as U, then for any nonde-
generate ¥ - -
1<T :=T(c,5;¥) <o, 5; ¥)

From the above remark and the previous proposition we then immediately
deduce the following:

Corollary 2. The equilibrium savings rate is strictly increasing in the amount
of income risk, where an increase in income risk is defined in the sense of the
previous observation 1.

The proof of this result follows directly from the fact that s, = A(ky, 7¢41;T)
is strictly increasing in I' and T" is strictly increasing in the amount of income
risk. Equipped with this full characterization of the competitive equilibrium for
a given sequence of tax policies {7411 }$2, we now turn to the analysis of optimal
fiscal policy.

4 The Ramsey Problem

The objective of the government is to maximize social welfare W (ko) = > 70 | wV;
by choice of capital taxes {7:11}$2, where V; is the lifetime utility of genera-
tion ¢ in the competitive equilibrium associated with the sequence {7¢41}52.
Writing lifetime utility in terms of the savings rate s; yields

V(ke,st) = u((1=s)(1=k) (1 — ) kf‘)+ﬁ/u (’Wtﬂw(st) + R(s¢)se(1 — ) (1 — a)kf) dqj(nt—i-l)
(16)



where

w(st) (1 —a) [key1(s)]” (17)
R(s;) = alkya(s)]" (18)
kivi(s)) = si(1—r)(1 —a)ky (19)

We could of course substitute factor prices in the lifetime utility function, but
for the purpose of better interpretation of the results we refrain from doing so
at this moment.

Finally, remaining lifetime utility of the initial old generation is given by
(with factor prices already substituted out)

Vo1 = V(ko, 7o) = /“([a +rno(1 — )] kg) d¥(ng) = V(ko)  (20)

Note that 7¢ is irrelevant for welfare of the initial old generation (and all future
generations) and can be set arbitrarily. This is due to the fact that 7¢ is nondis-
tortionary, is lump-sum rebated and (most crucially) that the government is
assumed to have a period-by-period budget balance. In fact, expression (20)
shows that with the set of policies we consider here lifetime utility of the initial
old cannot be affected at all, which is useful since we therefore do not need to
include it in the social welfare function.

By corollary 1 the Ramsey government can implement any sequence of sav-
ings rates {s:}{2, as a competitive equilibrium and thus can choose private
savings rates directly. We therefore can restate the problem the Ramsey gov-

ernment solves as
o0

W(ky) = max wiV (ke, s 21
(ko) {St}?io; tV (K, st) (21)

subject to (17)-(19).

4.1 Recursive Formulation and Characterization of the
Ramsey Problem

The Ramsey problem lends itself to a recursive formulation, under the following
assumption on the social welfare weights:

Assumption 3. The social welfare weights satisfy, for allt > 0,w; > 0 and

Wi41
Wt

=0¢€(0,1].

10



Under this assumption, the recursive formulation of the problem reads as

W(k) = max u((1—5)(1-r)(1—a)k®)
s€[0,1)
+5 / u (knw(s) + R(s)s(1 — ) (1 — a)k™) d¥(n) + OW (K'(s))
s.t. (22)
K(s) = s(1—r)(1—a)k" (23)
R(s) = alk(s)"" (24)
w(s) = (1—a)k'(s)" (25)
This perhaps unusual way of writing the problem clarifies the three effects the
Ramsey government considers when choosing the savings rate s in the current
period.? First, there is the direct effect of reduced consumption when young and
increased consumption when old, henceforth denoted by PE(s). Second, there
is the indirect, general equilibrium effect on the current generation of changed
wages and rates of return when old, which we denote as GE(s). And third,
there is the impact on future generations from a changed capital stock induced

by a change in the current savings rate, denoted by FG(s).
Taking first order conditions yields

0 = (- [ + R [ e v

+6/U' (c”(m) [nw’(s) + (1 = K)(1 — @)k R'(s)s] d¥ ()

—S—HW’(kz’(s))%

= PE(s)+GE(s)+ FG(s)
We make the following observations:

1. Denote by s¢F the savings rate household would choose in the competitive
equilibrium with zero capital taxes. Then PE(s“F) = 0.

2. In Appendix A we show that the general equilibrium effect can be written
as

GE(s) = (1 - a)a[(l - r)(1 - a)k*]"[s]" 5/%’ (c?(n)) [kn — 1] d¥(n)

and thus the sign of the general equilibrium benefit of an extra unit of
saving for the current generation is determined by the term

/ ! () [ — 1] dT(n) = / ! (sw(s) + R(s)s(1 — m)(1 — a)k®) [ — 1] AT ()

30r equivalently, when choosing the tax rate 7/ that then induces private households to
choose the savings rate s.

11



If kK = 0, then the old do not have labor income, and thus the impact of
higher saving and consequently a larger capital stock is unambiguously
negative, due to a lower return on saving when old. If, on the other
hand, x is large, wages when old are important for this generation which
calls, ceteris paribus, for a larger saving rate. Note that whereas the
magnitude of a change in factor prices induced by a change in savings
rates is purely determined from the production side of the economy, the
utility value to the household and thus the Ramsey government of these
factor movements depends on the utility function since it determines the
size of the covariance between u'(c°(n)) and n (which is negative). If
households are risk-neutral (or there is no risk), then the sign of GE(s)
is given by k — 1 which is negative, leading to a reduced incentive to save
due to general equilibrium effects, and an associated extra incentive to tax
capital income.? With risk the sign of GE(s) is determined by the sign of

E[u(c¢*(n)(sn — 1] = (k = DE [ (c°(n)] + Cov [/ (c°(n)), (57 — 1)]
< (k= DE/(c"(n)] <0

and thus there is an extra disincentive to save from the general equilibrium
effect: higher wages exacerbate idiosyncratic income and thus consump-
tion risk and thus it is optimal for the social planner to reduce labor
income risk by reducing savings incentives, other things equal.

3. The effect of a higher savings rate today on future generations through a
higher capital stock from tomorrow on, k’(s) is encoded in the term

dk’
FG(s) = 0W' (K (s)) dis) =1 -r)(1—a)k“OW'(K'(s)) >0
and depends on the relative social welfare weights of future generations
6 = <z,

The following figure plots the terms PE(s), GE(s), FG(s) as well as their
sum against the savings rate s for a parametric example, and fixing a current
(or initial) capital stock k.> We observe that, as expected, FG(s) is always
positive (the marginal benefit from a higher saving rate on future generations
through a higher capital stock is always positive). Also, as argued in item
2. above, GE(s) is always negative, and thus calls for a lower savings rate
and higher capital income tax rate. Finally, the PFE(s) line shows where the
competitive equilibrium savings rate absent government policies is located (at
the intersection between PE(s) and the zero line, and the sum PE(s)+GE(s)+
FG(s) displays the optimal Ramsey savings rate s (intersection with the zero
line). In this example the F'G effect dominates the GE effect and the savings rate

4Unless k = 1 and the old hold all labor income, in which case the general equilibrium
effect on optimal saving is exactly equal to zero.

5We will show below that for the logarithmic case the Ramsey savings rate is independent
of the current capital stock, and since we display an example with ¢ = 1 in the plot, the
dependence of s on k is actually moot here.

12



s* chosen by the Ramsey government exceeds that emerging in the unregulated
competitive equilibrium s“Z. Of course this is not a general result; for example,
if § = 0 and future generations are not valued at all, one would obtain s* < s¢F.

Figure 1: Decomposition of Optimal Savings Rate Determination
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4.2 Explicit Solution of the Ramsey Tax Problem

We now provide a complete analytical characterization of the Ramsey optimal
policy problem under the assumption that utility is logarithmic. We can do
so for arbitrary social welfare weights {w; }$2, using the sequential formulation
of the problem, and we do so in appendix B. Here we exploit the recursive
formulation of the problem, which requires assumption 3, but allows us to arrive
at the solution rather immediately.

As in the standard neoclassical growth model, the recursive version of the
Ramsey problem with log-utility has a unique closed-form solution, which can
be obtained by the method of undetermined coefficients. To this end, guess that
the value function takes the following log-linear form:

W (k) = Wo + U, log(k)

Using this guess and equations (23)-(25) we can rewrite the Bellman equation
(22) as:

13



W(k) = Yo+ ¥qlog(k)
= Jnax {log((1 = s)(1 = K) (1 — ) k%)
+B/1og (kmw(s) + R(s)s(1 — k)(1 — a)k®) dW(y) + GW(k’)}
= log((1—r)(1—a))+aBlog((l —k)(1—a))
+/log (kn(1 — @) + ) d¥(n) + 0¥y + 0T log [(1 — k)(1 — o]

+ [a+ a®B + by ] log(k) + Iél[%}i] {log(1 — s) + (a8 + 0¥ 1) log(25)

We immediately observe that for the Bellman equation to hold, the coefficient
U, has to satisfy
U, =a+ aQB + ab¥y
or
¥, - a(l 4+ ap)
(1—ab)
We also immediately recognize that the optimal saving rate chosen by the Ram-

sey planner is independent of the capital stock k& and determined by the first
order condition

1 aﬁ-i—@llll

1—s s

and thus
* Oéﬁ + H\I/l _ Oé(ﬁ + 9)

S T 1t aB+0V,  1+ap
Plugging in s* and ¥, into the Bellman equation (26) yields a linear equation
in the constant ¥y whose solution completes the full analytical characterization
of the Ramsey optimal taxation problem, summarized in the following

(27)

Proposition 2. Suppose assumptions 1 and 2 are satisfied. Then the solution
of the Ramsey problem is characterized by a constant saving rate’

._of+0)

A e

a sequence of capital stocks that satisfy

ki1 =s"(1— k)1 — a)ky

6In appendix we show, using the sequential formulation of the problem, that for arbitrary
welfare weights the optimal savings rate is still independent of the capital stock and given by

1
— T
1+ (aﬁ+a(1 +af) XX, ﬂ%ﬂarl)

St =

which implies the savings rate in the proposition under the assumption that % =0 for all
t.

14



with initial condition ko. The associated value function is given by

1
W (k) = Wy + (m log (k)
with derivative 1+ ap)
PN «
Wik) = (1-ab)k

The Ramsey allocation is implemented with constant capital tazes T = 7(8, 0, k, a; V)
satisfying
(6 +5)

LT a0 (e, ) (#)

where T is a positive constant that was defined in equation (12) and just depends
on parameters.

Corollary 3. The optimal savings rates are independent of the extent of income
risk in the economy.

Corollary 4. The optimal capital tax rates are strictly increasing in the ex-
tent of income risk (as measured by I'), strictly decreasing in the social discount
factor 0, strictly increasing in the individual discount factor 8 and strictly de-
creasing in the labor income share k of the old.

It is noteworthy that not only is the optimal savings rate constant and does
not depend on the level of the capital stock, but it also is independent of the
extent of income risk n. This is true despite the fact that for a given tax policy
higher income risk induces a larger individually optimal savings rate, as shown in
section 3.3. The Ramsey government finds it optimal to exactly offset this effect
with a capital tax that is increasing in the amount of income risk, cancelling out
exactly the partial equilibrium incentive to save more as income risk increases.

One advantage of the complete characterization of the recursive problem is
that we can now give a cleaner decomposition of the three forces determining
the optimal Ramsey saving rate. We now find that

I ST P
GE(s) = % [1—T(a, k;9)]
_ fa(l+ap)
FGs) = (1—ab)s
where we note that that
1
F(O[,K;\Il) > m Z 1

15



and where the first inequality is strict as long as ¥ is nondegenerate and « > 0,
and the second inequality is strict as long as x < 1. Thus [1 — I'(«, k; ¥)] < 0,
with strict inequality if x < 1.

PE(s) Z 0,PE'(s)<0
GE(s) < 0,GE'(s)>0
FG(s) > 0,FG'(s) <0

Recall that the savings rate s°F in the competitive equilibrium with zero
taxes satisfies PE(s“F) = 0. This implies that, starting from zero taxes, the
only reason to tax capital is the general equilibrium, pecuniary externality, effect
which unambiguously pushes the desired savings rate down and the tax rate up
(i.e. makes it positive). Against this works the future generations effect (whose
size is controlled by #) and calls unambiguously for a higher savings rate and
thus a lower (i.e. negative) tax rate.

Also note that

-1
i=s) + %ﬁf(a,m;\ll) + %ﬁ [1—T(c,k;9)]

= (1__18)+af (29)

PE(s) + GE(s)

and thus the partial equilibrium incentive to save more when income risk rises
is exactly cancelled out by the general equilibrium effect on factor prices. Thus
the simple solution with log-utility of the Ramsey problem masks the presence
of a partial equilibrium and a general equilibrium effect that turn out to exactly
cancel each other out.

4.3 Discussion of Optimal Tax Rates

In this section we use the sharp characterization of optimal Ramsey savings
rates and capital taxes from equation (28) to discuss further properties of the
optimal Ramsey capital tax rates. The following proposition, which follows im-
mediately from the inspection of (28) gives conditions under which the optimal
Ramsey capital tax is positive, and, in contrast, conditions under which capital
is subsidized. For the next proposition, recall that for # = 0 only the utility of
the first generation receives weight in the social welfare function, whereas 6 = 1
amounts to the Ramsey government maximizing steady state welfare.

Proposition 3. There is a threshold social discount factor 0 such that for all
0 > 0 capital is subsidized in every period whereas for all < 0 it is tazed in
every pertod. This threshold s explicitly given as

r-1nps

é:
1+ apl

>0

Corollary 5. If0 > 1, then capital is tazed even when the Ramsey government
mazximizes steady state welfare. If 8 < 1 then the government should subsidize
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capital when the Ramsey government maximizes steady state welfare. If the
government maximizes welfare of only the initial generation (6 = 0) it should
unambiguously tax capital.

Note that these results also apply to the model without income risk. In that
case, which provides a useful benchmark to interpret the general findings, note
that the optimal Ramsey capital tax from equation (28) is given by

0/6+1)(1-(1-r)(1=-a)

T=1- (1—ab)

If # = 0 and the Ramsey government only values the first generation (as effec-
tively, in the simple model of Krusell et al. (2012)), the future generations term
FG(s) is absent, and their optimal capital tax is given by

T=01-%kr)(1-a)

Thus capital is taxed at a weakly positive rate, and at a strictly positive rate
unless £ = 1 (the old receive all labor income).” Since taxes with income risk are
higher than without, the capital tax rate 7 is strictly positive for any degenerate
distribution of the income shock if § = 0.

At the other extreme, suppose that § = 1. Then

(1/8+1) (A -1 =r)(1=a))
(1-0a)

T=1-

and we show in appendix C.3 that in this case 7 < 0 if and only if the competitive
equilibrium without taxes is dynamically efficient (i.e. has an interest rate
R > 1, or equivalently, a capital stock below the golden rule capital stock k&%).

This suggests the possibility that without income risk the competitive econ-
omy is dynamically efficient and the government optimally subsidizes capital in
the steady state, but with sufficiently large income risk the result reverses and
the Ramsey government finds it optimal to tax capital in the steady state. The
following proposition, again proved in appendix C.3, shows that this is indeed
the case.

Proposition 4. Let 0 = 1 such that the Ramsey government maximizes steady
state welfare, and denote by s* the associated optimal savings rate. Further-
more denote by so(n) the steady state equilibrium savings rate in the absence of
government policy and sCF the golden rule savings rate that mazimizes steady

state aggregate consumption. Finally assume that 8 < [(1 —a)l — 1]71.
1. Let i ) > — 2L — T -
et income risk be large: T' > B[a—c)=1/1] hen the steady state compet
itive equilibrium is dynamically inefficient, s < so(n), and s* < so(n),
and the optimal capital tax rate has T > 0.

"If k = 1, then in the absence of income risk ' = 1, and the general equilibrium effect is
GE(s) =0, and thus in the absence of also the future generations effect F'G(s) = 0, and thus
the Ramsey optimal saving rate coincides with the competitive equilibrium savings rate for
T=0.
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2. Let income risk be intermediate:

148 1
e ((1-@5’ [(1_a)—1/rm>

Then the steady state competitive equilibrium is dynamically efficient, s* <
s0(n) < s, but optimal capital tazes are nevertheless positive.

8. Let income risk be small:

148 )
re|r,—F"_
B
Then the steady state competitive equilibrium is dynamically efficient, so(n) <
s9R and so(n) < s*, and optimal capital tazes are negative (capital is sub-
sidized).

Note that if condition 8 < [(1 —a)l — 1}_1 is violated, then the steady
state competitive equilibrium is dynamically inefficient and the optimal capital
tax rate is positive for all degrees of income risk. The interesting and perhaps
unexpected result is case 2: in the presence of income risk the Ramsey govern-
ment maximizing steady state welfare might want to tax capital even though
this reduces aggregate consumption (since the equilibrium capital stock is not
inefficiently high) because of the GE effect: a lower capital stock shifts away
income from risky labor income to non-risky capital income, and for moderate
income risk this effect dominates the future generations effect as parametrized
by 6. Note that the bounds in the previous proposition can of course be directly
be defined in terms of the variance of the idiosyncratic income shock 7, to a sec-
ond order approximation of the integral defining I" for general distributions, and
without any approximation necessary in case the distribution of 7 is log-normal.

4.4 Implications for Dynamics of the Capital Stock and
Capital Income Taxes

The discussion in the previous section concerned the optimal, time-invariant
savings rate. The savings rate, together with the law of motion for the capital

stock

a(@+B)(1 —x)(1 - o)
14+ ap
and the initial condition kg determine the entire time path for the capital stock.
That sequence {k:}72, is independent of the amount of income risk and con-
verges monotonically to the steady state

kt+1 = St(]. — /i)(]. — Ck)k? = k?

1
o [0+ A0 - w1 - a)]™
N 1+ap ’
either from above if kg > k* or from below, if ky < k*. Again, of course the
optimal tax policy that implements this allocation does depend on the extent
of income risk, as shown above.
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With this sharp analytical characterization of the optimal sequence of cap-
ital, we can now also make precise the relation between the capital taxes 74
studied thus far, and the implied optimal capital income taxes 7F. These are
related by the equation

14+ (R, —1)(1 —7F) = Ry(1 — 74)
and thus

T = i T
tT R -1t

where the gross return is given by
Ry =a (k)"

As long as R; > 1 for all ¢, capital taxes and capital income taxes have the
same sign, and the two instruments are fully equivalent. A sufficient condition
for this to be the case is

Assumption 4. The initial capital stock satisfies
ko < CYﬁ
and the model parameters satisfy

1+ap
(0 +5)(1—-r)(1-a)

This assumption assures that net returns are strictly positive at all times in
the Ramsey equilibrium, since Ry = a (ko)*™ " > 1 and R* = o (k*)* " > 1,
(and because the sequence of R; along the transition is monotone) and thus the
Ramsey allocation can be supported by capital income taxes of the same sign as
the original wealth taxes. Under assumption 4 therefore all interpretations and
qualitative results extend without change to capital income taxes. If instead
assumption 4 is not satisfied, and (ignoring the knife edge case R; = 1) thus
for some t we have R; < 1 as part of the Ramsey allocation, then, since capital
income is negative (the net return R; —1 < 0), the capital tax 7; and associated

capital income tax 7F are of opposite signs.

>1

5 Efficiency Properties of the Ramsey Equilib-
rium

In this section we discuss the welfare properties of the Ramsey equilibrium char-
acterized thus far. By construction, the Ramsey allocation is the best allocation,
given the weights in the social welfare function, that a government that needs
to respect equilibrium behavior of households and is restricted to proportional
taxes on capital can implement. In this section we establish three main results.
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First, the Ramsey equilibrium is generically not Pareto efficient, even if idiosyn-
cratic income risk is absent. Second, defining constrained eflficient allocations
as those chosen by a social planner that cannot directly transfer consumption
across households of different ages and with different idiosyncratic shocks (as
in Davila et al., 2012), we show that the Ramsey equilibrium is constrained
efficient in this precise sense. And third, we prove that if the optimal Ram-
sey savings rate s*(6 = 1) that maximizes steady state welfare is smaller than
s0(n), the steady state savings rate in the competitive equilibrium without gov-
ernment, then implementing s*(6 = 1) through positive capital taxes yields a
Pareto-improving transition from the initial steady state equilibrium without
government policy towards the steady state associated with s*(6 = 1). This is
true even if so(n) < s¢% and thus the steady state equilibrium capital stock is
smaller than the golden rule capital stock.

5.1 Ramsey Equilibria and Pareto Efficient Allocations

In section C.1 of the Appendix we fully characterize the set of Pareto efficient
allocations, restricting attention to those associated with welfare weights satis-
Wi41

fying <L = @ < 1.8 The next proposition summarizes the results:
Wt

Proposition 5. For a given social discount factor 6 € [0,1] and a given initial
condition kg, the Pareto efficient allocation {c¥,c2(n,), s¢, ki1}52, s character-
ized by a constant savings rate

SSP - kt+1 _ Oz@

1-r1-a)k (1-kr)(1-a)

and associated sequence of capital stocks

kt+1 = a@kzta
and consumption levels
6(1 — ah)
A — k&
Ct 9 +B t
8(1 - af)
o — ka
() 9+5
If 6 = 1, then the optimal saving rate
SsP - GR
= = 30
T T a-n0-a " ° (30)
implements the golden rule capital stock
KGR = lim &y = (a)T= (31)

that mazimizes steady state aggregate consumption.

81t is not difficult to relax this assumption, but since the objective here is a comparison
to Ramsey equilibria associated with the same set of social welfare weights, we impose this
restriction to simplify the exposition.
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Comparing the characterization of Pareto efficient allocations with the re-
sults in the previous section on the optimal Ramsey allocation we immediately
have the following obvious

Corollary 6. The Ramsey equilibrium is mnot Pareto efficient because it does
not provide full consumption insurance against idiosyncratic income risk.

Of course this result is fully expected and not noteworthy at all, since the
Ramsey government has no powers to affect or offset the market incomplete-
ness inherent in our model. What is more remarkable is that even though the
optimal Ramsey savings rate is independent of income risk (and the same as in
a model where income risk is absent), it is in general different from the savings
rate optimally chosen by the social planner (who fully insures the idiosyncratic
income risk). This result is summarized in the next

Corollary 7. For a fized social discount factor 0 € [0,1], the optimal Ramsey
savings rate equals to the saving rate chosen by the social planner if and only if
the following knife edge condition is satisfied:

0(1+ af)
(I—a)(B+0)

Note that the Ramsey government can surely implement the saving rate
desired by the social planner through an appropriate choice of taxes, but unless
the condition above is satisfied, it is suboptimal to do so. The reason is that the
Ramsey government has no instruments to transfer resources across generations
and thus forcing the planner saving rate onto households (by appropriate choice
of the capital tax rate) results in an equilibrium allocation of consumption across
the young and the old that is typically suboptimal.’

(1-k)=

5.2 Constrained Efficiency of Ramsey Equilibria

Can the Ramsey government implement constrained efficient allocations with
the set of instruments it has? A constrained efficient allocation is an allocation of
capital and consumption that maximizes social welfare subject to the constraint
that the allocation does not permit transfers across currently old households
with different 7 realizations. Define the set of allocation that are feasible for the
constrained planner

¢ + / ST + ks = K (32)
cf(nt) = ktMPK(/ct)—}—/{ntMPL(kt) (33)

9Finally note that if one were to treat the social discount factor 6 as a free parameter, then
one concludes that the Ramsey optimal savings rate is efficient, in that it is identical to the
choice of the social planner with a different social discount rate §5F
B+0)A—-r)(1—-a)
14+ aB '

OSP
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The first constraint is simply the resource constraint. The second constraint
has extra bite as it restricts transfers across different 1 households: old age
consumption is required to equal capital income plus an 7 household’s share of
labor income, where the returns to capital and labor are equal to the factors’
relative productivities. The constrained planner might find it optimal, however,
to manipulate factor prices by choosing a different sequence of capital stocks,
relative to that of a competitive equilibrium (without or with tax policy).
Note that these constraints also imply that

/C§(nt)d\lf = kMPK (k) +sMPL(k)
C"g = (1 — K})MPL(I{/}) — kt+l

so that no intergenerational transfers are permitted either, relative to the com-
petitive equilibrium.
A constrained efficient allocation is one that maximizes

SWE = i w Vi

t=—1

subject to (32) and (33).

The social planner may want to manipulate the capital stock so as to change
relative factor prices, relative to the competitive equilibrium without taxes. The
question is whether the simple tax policy we consider here is sufficient to offset
the pecuniary externality and implement the constrained efficient allocation
as defined above. The answer is yes, as the following proposition (proved in
appendix C.2) shows.

Proposition 6. The Ramsey equilibrium, for a given set of social welfare
weights, implements the constrained-efficient allocation for exactly that set of
social welfare weights.

5.3 Pareto-Improving Tax Transitions

In this section we show that under certain condition, starting from the steady
state competitive equilibrium without taxes as initial condition, switching to the
Ramsey optimal savings and tax policy that maximizes steady state welfare
yields a Pareto improvement, that is, all generations, including those along the
transition, are better off. This is true, again under certain parametric restric-
tions, even if the original competitive steady state equilibrium is dynamically
efficient in the sense of satisfying kg < k%, (and thus Ry > 1) where k9% is
the golden rule capital stock characterized above.

Proposition 7. Let so(n) denote the savings rate in a steady state competitive
equilibrium with zero tazes. Assume that so(n) > s*. Then a government policy
that sets 74 = 7 > 0 leads to a Pareto improving transition from the initial
steady state with capital ko(n) towards the new steady state associated with tax
policy T*.
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We provide the proof of this proposition in appendix C.4. The proof shows
that all generations benefit from the government implementing a saving rate
that is lower than the initial competitive equilibrium rate despite the fact that
it lowers the capital stock, thus aggregate production, wages and consumption
along the transition. The key step is to argue that this adverse effect of a
lower capital stock is most severe in the long run (the new steady state), and to
show that by choice of s* the government insures that even generations in the
new steady state benefit, in terms of lifetime utility, from the higher tax rate
and associated lower saving rate. Note that this argument is independent of
the specific form of the utility function and thus the result holds for arbitrary
CRRA utility, although the conditions on fundamentals that guarantee that the
equilibrium savings rate so(n) exceeds the optimal Ramsey steady state savings
rate s* evidently will depend on the specific form of the utility function.

Note that from proposition 4 the assumption so(n) > s* is satisfied if and
only if income risk is sufficiently large, in the sense that I" > (11_+f) 3 The result
in the previous proposition is of course not surprising if so(n) > s and the
initial steady state competitive equilibrium is dynamically inefficient to start
with. However, for intermediate risk, i.e. for

1+ 8 1
he ((l—a)ﬁ’ [(1—a)—1/f]6>

the same proposition shows that s* < so(n) < s%, and thus the steady state
equilibrium is dynamically efficient yet setting 7* > 0 implements a Pareto-
improving transition.

Finally, it is important to note that the converse of proposition 7 is not true:
even if s9(n) < s*, implementing the Ramsey optimal (for § = 1) savings subsidy
7* < 0 and associated higher saving rate s* does not lead to a Pareto improving
transition. We demonstrate this in Appendix C.5 by showing that the generation
born into the first period of this hypothetical policy-induced transition will lose
from this policy innovation. In fact, not only is implementing 7* < 0 not Pareto
improving if so(n) < s*, any policy reform that induces a savings rate in period
1 above the competitive savings rate with zero taxes, so(n), will not result in a
Pareto improvement (since it will make the first generation strictly worse off).

6 General Intertemporal Elasticity of Substitu-
tion p and Risk Aversion o

In this section we generalize our steady state results to a more general utility
function with intertemporal elasticity of substitution p and risk aversion o. The

main text contains the essential results, and the details of the derivations are
relegated to Appendix D.
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We now consider a utility function of the form

1 y1-3
@' B{U‘ () 7dW] 7

(
V:
¢ 1— 1—

1=

1
P
The parameter p measures the IES and the parameter o governs risk aversion.'®
If o = L then the utility function takes the standard CRRA form, and as

P
the IES p — 1, the utility function becomes

Vi = In(ef) + 2 ln(/ c§+l<nt+l>1—"dw)

1—0

As in section 4, equation 16 we can write lifetime utility of a generation born
in period t, in general equilibrium, as a function of the beginning of the period
capital stock k; and the saving rate s; chosen by the Ramsey government and
implemented by the appropriate choice of the capital tax 7441. In addition, in
the steady state the savings rate and the associated capital stock are related by:

k=(1-r)(1-a)s)T= (34)

In Appendix D we show that the objective function of the Ramsey govern-
ment is to maximize, by choice of the steady state saving rate, steady state
lifetime utility, which is given (for p # 1) by

al1-1

V(s) =6 (1= )73) 4 Boly) s72 (35)
where (}3 and 12) > 0 and T’ > 0 are constants that depend on parameter values.
Taking first order conditions and rearranging we find that optimal steady state
savings rate is defined implicitly as

e ~ 1
—— [(1 =) + BIT>(1 - 9)7 (36)

S =

10Note that V; is ordinally equivalent, i.e. represents the same preference ordering

over consumption ¢/ when young and the certainty equivalent over utility tomorrow,

1
S Py (M441)17°d¥] T=7 as the more commonly used specification

Bi= =B F 5| [ gt oan]

since one is a monotone transformation of the other:
_1-1
v, * 1
PR KR
(1-p5) (1 - ;) b
B

where 8 = -5 We should note, however, since the Ramsey problem is stated in terms of

the weighted sum of cardinal utilities, a monotone transformation of the utility function will
in general alter the Ramsey problem. When focusing on a steady state analysis, this concern
does not arise, however, since the same saving rate (and associated tax rate) maximizes steady
state V and its monotone transformation V.
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Inspection of equation 36 (with the formal argument presented in Appendix D)
we immediately obtain

Proposition 8. Suppose § = 1 and thus the Ramsey government mazrimizes
steady state welfare. There ezists a unique optimal Ramsey saving rate s* €
(0,1) solving equation 36. This savings rate can be implemented with a capital
tax rate T determined by the competitive equilibrium Fuler equation:

1=(1=7)af((1-r)1-a) (1*875)} (37)

Note that all comparative statics results, especially those with respect to an
increase in income risk, can be deduced from an analysis of equations (36, 37).
Income risk affects the optimal Ramsey savings rate s* and associated imple-
menting tax rate 7* only through the constants I', T'y which are given as:

B Ce(n)(gf%)r (38)
Ty = ce(n)(t=%) (39)

where we had defined I above for the log-case, and is now given by:

I'= / (l‘“?tﬂ(l —a)+ O‘) - d‘lf(nm) (40)

and where the certainty equivalent of 7 is defined as, for o # 1

1—0o

celn) = | [ @+ (1= cpun’ " aw () (41)
and for o =1
ce(n) = exp (/ In(a+ (1 —a)kn) d\I/(n)) . (42)

In appendix F we prove the following result that relates income risk and the
constants I', 'y which are in turn crucial for the comparative statics results we
will provide in section 6.2.

Lemma 1. An increase in income risk (again in the sense of a mean-preserving
spread of n), unambiguously reduces ce(n), increases I'y if and only if p < 1 and
increases T if p<1 orp>1and o <1/p.

Note that the condition that characterizes I's is necessary and sufficient
whereas the two alternative conditions that characterize the relation between
income risk and I' are only sufficient.
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6.1 Unit Elasticity of Substitution p =1

Recognizing that for an TES of p = 1 we have 1} =T'y = 1 direct calculations
reveal

Proposition 9. Suppose that the IES p = 1. Then the solution of the Ramsey
problem is identical to that of the log-utility case analyzed in section 5. That is,
the optimal, constant saving rate is given by

_a(B+0)
- 1+ap

The optimal tax rate T that implements this saving rate as a competitive equi-

librium is given by
1=(1-1) (1_S>a5f‘

s
and thus is strictly increasing in income risk measured by T.

Note that the optimal Ramsey savings rate does neither depend on income
risk nor risk aversion, but that the optimal capital tax rate 7 implementing

this savings rate is increasing in income risk, and does depend on risk aversion
JS(rn(1—a)+a)~7d¥(n)
J(s(1—a)n+a)'=7d¥(n)
precautionary saving in the competitive equilibrium that needs to be offset with
capital taxes.

Also note that although here we state this result for steady states only, Ap-
pendix D.2 shows that the entire analysis of section 5 with log-utility (including
the dynamic programming formulation and the analysis of the transition path)

goes through completely unchanged (and only replacing I' by T') for general
Epstein-Zin utility as long as the IES p = 1.

through the constant I' =

since o controls the degree of

6.2 The Impact of Risk on the Optimal Saving and Tax
Rate: Disentangling Risk Aversion and IES: % *p#1

In the previous section we demonstrated that an intertemporal elasticity of
substitution of 1 was sufficient (and, as will turn out, necessary) for the result
that the optimal Ramsey saving rate can be solved in closed form, is constant
over time and independent of the extent of income risk in the economy. In this
section we investigate how income risk impacts the optimal Ramsey savings
rate and implementing capital tax rate when we allow for general IES and
risk aversion (p, o) where the standard CRRA case is nested as a special case
p=1/o.

From equation 36 we immediately observe that the optimal steady state
saving rate s is strictly increasing in the constant ', that fully summarizes
the impact of income risk. The response of s to income risk then immediately
follows from the impact of an increase in income risk on fg stated in Lemma 1.
Thus we have
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Proposition 10. An increase in income risk, that is, a mean-preserving spread
in the distribution of n, increases the optimal steady state Ramsey saving rate s
if and only if p < 1 and decreases it if and only if p > 1.

Thus the direction of the change in s with respect to income risk is exclusively
determined by the intertemporal elasticity of substitution p, with the log-case
emphasized thus far acting as natural watershed. Of course how strongly the
savings rate responds to an increase in income risk is also controlled by risk
aversion through the term T's.

What is the intuition for this result? Consider the following thought ex-
periment. Suppose the economy is in the steady state associated with a given
extent of income risk and the optimal Ramsey tax policy, and now consider an
increase in income risk. Private households will adjust their savings behavior,
but the Ramsey government can neutralize this behavior by appropriate adjust-
ment of the tax rate on capital to implement the new desired (by the Ramsey
government) savings rate.!!

The question is then how the saving rate desired by the Ramsey government
itself changes. Households (and thus the Ramsey government) obtain utility
from safe consumption when young and risky consumption when old, and the
desire for smoothness between safe consumption when young and the certainty
equivalent of consumption when old is determined by the IES p. As risk in-
creases, the certainty equivalent of old-age consumption declines, for a given
consumption allocation. In effect, old age consumption is now a less effective
(because more risky) way to generate utils, and whether the Ramsey govern-
ment wants to prop up old-age consumption (by increasing the saving rate) or
reduce it (by lowering the saving rate) depends on how much households value
smoothness between consumption when young and the certainty equivalent of
consumption when old. In the log-case the two forces exactly balance out and
the Ramsey saving rate does not respond to income risk at all. In contrast,
if households strongly desire a smooth path of (the certainty equivalence of)
consumption, then the Ramsey government compensates for the loss of old-age
certainty equivalent consumption by saving at a higher rate. Thus s increases
with income risk if the IES p is small. The reverse is true for a high IES.

Finally, we can also determine the impact of income risk on optimal steady
state capital taxes. We can rewrite equation (37) characterizing the optimal
steady state tax rate as

o=

(1—s7)

1=01-7" -

r (43)

where v > 0 is a constant. From equation (43) we see that income risk affects
the Ramsey optimal tax rate in two ways. First, for a given target saving

1We saw this explicitly in the decomposition of the first order condition of the Ramsey
government in section 4.2, where the risk term I' from the competitive equilibrium optimality
condition dropped out because the government chooses, through taxes and the associated
changes in factor prices, to exactly offset the impact of higher risk on private household
savings decision. In the logic of that section, an increase in I' increases PE(s) but reduces
GE(s) by the same factor.
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rate s* to implement, the direct impact of income risk depends on I'. Second,
a change in income risk changes the optimal Ramsey tax rate s* through I's,
as characterized in the previous proposition. The next proposition, proved in
section D.4 of the appendix, gives conditions on the IES and risk aversion (p, o)
under which the optimal capital tax rate is increasing in income risk, and an
example under which the it is strictly decreasing in income risk.

Proposition 11. If p < 1, then an increase in income risk increases the optimal
tax rate on capital. Similarly, if p > 1 and o < 1/p, then an increase in income
risk increases the optimal tax rate on capital.

Proposition 12. If p > 1 and o > 1/p then an increase in income risk might
lead to a strict reduction in the optimal tax rate on capital, but only if the private
saving rate in competitive equilibrium for given tax rate T € (—00,1) is strictly
decreasing in income risk. Specifically, if p — 0o and o — oo, then the optimal
tax rate decreases with an increase in income risk.

6.3 Numerical Exploration of Optimal Ramsey Tax Tran-
sitions for General IES p # 1 and Risk Aversion o

In the previous section we provided a theoretical characterization of the optimal
Ramsey savings rate under the assumption that the government maximized
steady state utility, i.e. 8§ = 1. Since no analytical results are available outside
the steady state (unless 0 = p = 1) in this section we show numerically how
the optimal savings rate depends on the capital stock and the degree of income
risk, and the optimal savings and capital tax rate evolves over time in this case.
Our main focus is on the dynamics of the optimal capital tax, and how that
dynamics depends on the magnitude of income risk and households’ attitudes
towards that risk (as again measured by o).

Therefore now consider a CRRA utility function with a coefficient of rela-
tive risk aversion of o € {2,0.25}, i.e., an TES € {0.5,4}. Furthermore, we
choose a = 0.2, 8 = 0.7, kK = 0.3. We assume that 7 is lognormally distributed
with o1, € {0.0,0.75,1.5}, and we refer to these alternative calibrations of risk
as “no risk”, “medium risk” and “high risk” economies, respectively.'?> The gov-
ernment discount factor is set to equal the private discount factor at § = g = 0.7.

For these parameterizations of the model, we analyze policy functions as
well as transitional dynamics of the economy from an initial steady state to
the final steady state.!®> To compute the initial allocation in the respective
economy, we characterize an initial steady state with zero capital income taxes.
Transitional dynamics in this economy are then induced by a Ramsey planner

12We approximate the distribution by Gaussian quadrature methods choosing n = 11 inte-
gration nodes.

13We solve for the dynamic problem by first computing the Ramsey planner’s optimal long-
run steady state saving rate (i.e., s*(# = 1)). We then construct a capital grid where the
lowest grid point is at kg = 0.01 and the highest grid point is at 4 times the value of the
respective steady state capital stock. Finally, we solve the dynamic program using first-order
methods, see the Appendix of the paper for details.
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that optimally sets saving rates along the transition of the economy (starting
with implementing the optimal policy in period 0, taking as given the initial
allocation).

Saving rates in the long-run optimum for 6 = 1, s*(§ = 1), the competi-
tive equilibrium saving rate for a given risk calibration, so(n), and the golden
rule saving rate s&F for the 3x2 scenarios of income risk and risk aversion are
summarized in Table 1. From this table, we make three observations. In line
with our theoretical analysis, first, the competitive equilibrium saving rate is
strictly increasing in risk and second, the optimal Ramsey long-run saving rate
is increasing in risk for high risk aversion (dominance of the precautionary sav-
ings effect) and decreasing in low risk aversion (dominance of the pecuniary
externality effect). Third, the competitive equilibrium is dynamically efficient
in all cases but for the high risk aversion / high risk calibration with o = 2
and o1, , = 1.5.

Table 1: Saving Rates: Long-Run Optimum, Initial CE, Golden Rule

c=2 s(0=1) so(n) SGR

no risk 0.2899 0.2362 0.3571
med. risk 0.3002 0.2936 0.3571
high risk 0.3199 0.3787 0.3571
c=025 s*(0=1) so(n) SGR

no risk 0.3066 0.2473  0.3571
med. risk 0.305 0.2528 0.3571
high risk 0.3001 0.2647 0.3571

Notes: Simulated saving rates in long-run optimum, s*(6 = 1), competitive equilibrium, so(n)
and golden rule s&F for a = 0.25, 8 = 0.7, k = 0.3, o € {0.25,2}, and Oy € {0.0,0.75,1.5}.

Figure 2 shows the policy function for the saving rate for the high risk aver-
sion economy in Panel (a) and the low risk aversion economy in Panel (b). These
policy functions reflect the motives we characterized in our previous theoretical
analysis, see Theorem 1: for all capital stocks the saving rate is increasing in
risk for ¢ = 2 and decreasing in risk for ¢ = 0.25. Furthermore, the policy
functions are upward (downward) sloping in k for 0 = 2 (¢ = 0.25) because
with increasing k wages increase leading to higher earnings risk and therefore
a higher (lower) saving rate because the precautionary savings effect (the pecu-
niary externality effect) dominates.

Turning to the transitional dynamics induced by the Ramsey government
that optimizes the social welfare function taking as given the initial allocation
as of period 0, Figures 3, 4 and 5 show the transitional dynamics of the saving
rate s;, the capital stock k;, and the capital tax rate 7, respectively. Along the
entire transition, the same ranking can be observed as for the policy functions
shown in Figure 2: the saving rate and the capital stock increase (decrease) in
risk for the high (low) risk aversion calibration. For ¢ = 2 we further observe
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Figure 2: Policy Function: Saving Rate s(k)
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Notes: Simulated saving policy function for § = 0.7 and o« = 0.25, 8§ = 0.7, Kk = 0.3,
o € {0.25,2}, and o1, ,, € {0.0,0.75,1.5}.

that the government finds it optimal to decrease the capital stock along the
transition under medium and high risk. The case with medium risk is partic-
ularly noteworthy because, as documented in Table 1, the economy is initially
dynamically efficient. The reduction of the saving rate (and thereby the capital
stock) is welfare improving because it reduces the risk exposure to households.

For 0 = 0.25, the dynamics of the saving rate are non-monotone. Starting
from an initial allocation with saving rates of 0.24,0.25,0.26 for no, medium
and high risk, respectively, see Table 1, the Ramsey planner finds it optimal to
implement in period 0 saving rates of about 0.25,0.24,0.23 in period 0 leading
to an increase of the capital in the no risk calibration and a decrease of the
capital stock in the medium and high risk calibrations. Thereafter the saving
rates revert slightly so that they still remain above (below) in the no risk (in the
medium /high risk) calibrations compared to the initial period 0 allocation. As
for o = 2 the capital stock therefore decreases along the transition in the medium
and high risk economies despite the fact that these economies are dynamically
efficient.

The capital taxes required to implement these allocations, shown in Figure 5,
are time varying (which is hard to see from the figures as changes over time show
up in the third digit after the comma) and generally increasing in risk (in fact,
in the no risk economies, the Ramsey planner achieves the increase of the capital
stock through a savings subsidy).

7 Conclusion

In this paper we have analyzed optimal capital taxes in an OLG model with
idiosyncratic labor income risk. The problem is fully analytically tractable and
we obtain a complete characterization of the Ramsey allocation and associated
tax policy along the transition to a steady state in case the intertemporal elas-
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Figure 3: Saving Rate s(¢) in Transition
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Figure 4: Capital Stock k(t) in Transition
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Figure 5: Capital Tax Rate 7(t)

: Optimal Ramsey Transition Policy (6 = 0.7)
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Notes: Simulated capital tax rate in the transition for § = 0.7 and o = 0.25, 8 = 0.7, Kk = 0.3,
o € {0.25,2}, and o1, ,, € {0.0,0.75,1.5}.

ticity of substitution is unity. The optimal aggregate saving rate is independent
of idiosyncratic income risk, and is implemented by a tax rate that is increasing
in income risk, and positive if and only if income risk is sufficiently large.

Our paper confirms that capital taxation is the appropriate tool of the gov-
ernment to deal with the precautionary externality induced by private pre-
cautionary saving behavior of households that are subject to uninsurable id-
iosyncratic income risk. However, we also demonstrate that capital should not
necessarily be taxed, and it might well be subsidized, especially when the gov-
ernment cares strongly about future generations. By making these points fully
analytically our paper is complementary to the literature characterizing optimal
taxation numerically in large-scale life cycle economies.

References

[1] Acikgoz, O. (2015), Transitional Dynamics and Long-Run Optimal Taxa-
tion under Incomplete Markets, Working paper.

[2] Aiyagari, R., (1995), Optimal Capital Income Taxation with Incomplete
Markets, Borrowing Constraints, and Constant Discounting, Journal of
Political Economy 103, 1158-1175.

[3] Angeletos, G., (2007), Uninsured Idiosyncratic Investment Risk and Ag-
gregate Saving, Review of Economic Dynamics, 10, 1-30.

[4] Atkeson, A., V.V. Chari, V.V. and P. Kehoe (1999), Taxing Capital Income:
A Bad Idea, Quarterly Review, Federal Reserve Bank of Minneapolis, Sum-
mer issue, 3-17.

[5] Chamley, C. (1986), Optimal taxation of Capital Income in General Equi-
librium with Infinite Lives, Fconometrica 54, 607-622

32



[6] Chen, Y., Y. Chien and C. Yang (2017), Aiyagari Meets Ramsey: Optimal
Capital Taxation with Incomplete Markets, Working paper.

[7] Chien, Y. and Y. Wen (2017), Optimal Ramsey Capital Income Taxa-
tiond€”A Reappraisal, Working paper.

[8] Comnesa, C., S. Kitao and D. Krueger, D. (2009), Taxing Capital? Not a
Bad Idea After Alll, American Economic Review, 99, 25-48.

[9] Davila, J., J. Hong, P. Krusell and V. Rios-Rull (2012), Constrained Ef-
ficiency in the Neoclassical Growth Model with Uninsurable Idiosyncratic
Shocks, Econometrica, 80, 2431-2467.

[10] Dyrda, S. and M. Pedroni (2016), Optimal Fiscal Policy in a Model with
Uninsurable Idiosyncratic Shocks, Working paper.

[11] Erosa, A. and M. Gervais (2002), Optimal Taxation in Life-Cycle
Economies, Journal of Economic Theory, 105, 338-369.

[12] Garriga, C. (2001), Optimal Fiscal Policy in Overlapping Generations Mod-
els, Universitat de Barcelona working paper.

[13] Hagedorn, M. (2010), Optimal Ramsey Tax Cycles, Review of Economic
Studies, 77, 1042-1071.

[14] Hagedorn, M., H. Holter and Y. Wang (2017), The Optimum Quantity of
Debt, Working paper.

[15] Judd, K. (1985), Redistributive Taxation in a Simple Perfect Foresight
Model, Journal of Public Economics, 28, 59-83.

[16] Krueger, D. and A. Ludwig (2016), On the Optimal Provision of Social
Insurance: Progressive Taxation versus Education Subsidies in General
Equilibrium, Journal of Monetary Economics, 77, 72-98.

[17] Panousi, V. (2015), Capital Taxation with Entrepreneurial Risk, Journal
of Monetary Economics, forthcoming.

[18] Panousi, V. and C. Reis (2016), Optimal Taxation with Idiosyncratic In-
vestment Risk, Working paper.

[19] Panousi, V. and C. Reis (2017), A Unified Framework for Optimal Taxation
with Undiversifiable Risk, Working paper.

[20] Shourideh, A. (2011), Optimal Taxation of Capital Income: A Mirrleesian
Approach to Capital Accumulation, Working paper.

33



A Details of the General Ramsey Problem
From equations (24) and (24) we find that

a—1 dk’(s)

w(s) = (-a)all(e)" " =

= (1 - a)af(l - r)(1 — )k [s]*"
(44)

a—2 dK'(s)
ds

R(s) = ala=1)[K(s)] = afa =1 [(1—r)(1 - )k [s]*

and thus

(1—r)(1—a)k®R'(s)s = ala—1)[1—r)(1—a)k*]*[s]*" (46)
knw'(s) + (1 — k) (1 — )k®R'(s)s = (1—a)a]l—r)(1—a)k*]"[s]* " [xn—1]

which leads to the equation in the main text:
GE(s) = (1—a)a[(1 — k) (1 — a)k®]* [s]" B/U’ (c”(n)) [kn — 1] d¥(n)

B Derivation for Log-Utility

In this section we provide a full solution to the Ramsey optimal taxation problem
for the case of logarithmic utility in its sequential formulation, for an arbitrary
set of social welfare weights. We first recognize from the aggregate law of motion
that

log(ki+1) = log(l—a)+log(l — k) + alog(ke) + log(st)
= s +log(s:) + afalog(ki—1) + log(ss—1)]

t
= x4+ aTlog(si—r) +a't log(ko)
7=0
t

= 41t Z o log(si—r)
=0

or
t—1

t
log(kt) = s¢ + Z o’ log(si—1-7) = s + a™ og(si_7)

=0 T=1
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Therefore the objective of the Ramsey is given by (suppressing maximization-
irrelevant constants)

t=0

Zth(k‘t, st) = Zwt [log(1 — s¢) + aflog(s:) + a (1 + af) log(kt)]
=0

= x+ Zwt [log(l —8¢) +aflog(s) + a(1+ afB) Z a™ ! 1og(st_7)1

t=0 T=1
0 oo

= X+ |wilog(l—s;) +log(st) (OéﬁaJt +a(l+ap) > wTaT‘(t“))]
t=0 T=t+1

and thus the social welfare function can be expressed purely in terms of savings
rates

(oo}

o0
w - .
SWF({5:}32) = x+Y_wi [log(1—s;) +log(sy) [ aB+a(l+aB) ) —Lal™!
- Wi
t=0 j=1
where Y is a constant that depends positively on the initial capital stock kg, but
is again irrelevant for maximization.
Taking first order conditions with respect to s; and setting it to zero delivers
the optimal savings rate

1
-1
1+ (aﬁ +a(l+aB)d 2 Moﬂ—l)

J=1 w

St =

C Characterization of (Unconstrained) Efficient
Allocations

In this section we study whether the Ramsey government implement Pareto
efficient allocations. The set of obvious answer is no, since an unconstrained
social planner would provide full insurance against idiosyncratic 1 shocks, which,
given the market structure, is ruled out in any competitive equilibrium.

C.1 Characterization of Pareto Efficient Allocations

In this section we derive the solution to the unconstrained social planner prob-
lem. The planner maximizes social welfare

w-1 /IOg(Cg(Uo))d‘I’(Uo) +Zwt {log(cij) +ﬁ/10g(cf+1(7lt+1))d‘1’(7lt+1)

t=0

subject just to the sequence of resource constraints

& + / S (n)dU(n,) + kusr = K
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As before, we restrict attention to geometrically declining welfare weights such
that w1 /we =0 < 1.

Trivially, the social planner provides full insurance against idiosyncratic in-
come risk so that ¢f(n) = ¢ for all  and all ¢. Thus the problem simplifies
to

omax  wo /log(cg) + Zwt [log(cf) + Blog(cf, )]
{c’t/,cf,kt+1} t=0
s.t.

cf tcf +hipr = K

with kg > 0 given. The first order conditions are given by

Wt
@ T
t
Bwi—1
(o] = )\t
Cy
-1
At = /\t+104k?+1
o+ th = kK

Thus the optimal allocation of consumption across the two generations at a
given point of time is given by

el wy

iiﬂwt—l 7@
0

and thus from the resource constraint

0 o
Ci/ = 9+B (kt - kt"rl)
o ﬂ «
Gy = 9+B (kt - kt"rl)

Define, analogously with the Ramsey problem, the savings rate of the social
planner as

5 = kiy1
(1-r)(1— )k
or )
(1—r)(1—a)s, = 1
k¢
Then from the first order conditions
1 B —1
g - () ak?+1
ki1 _ abky
(kg — kit1) (ki) — kig2)

1-(1-r)(1—-a)sy1) = ab ((1/‘9)(1101)815 - 1)
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As in the neoclassical growth model we can show that the only solution to the
first order difference equation that does not eventually violate the non-negativity
constraint of consumption and does not violate the TVC is the constant saving
rate s solving

1I-(1-kr)(1-a)s)=ab ((1—/@)(11—a)31)

Define 5§ = (1 — k)(1 — a)s then we have

1
1—af = — -1
ab a9(a9 )

with solutions § = 1 and § = af and thus
$SP — af
C(1-k)(1-a)
the optimal sequence of capital stocks, starting from initial capital stock kg, is
given by
kt+1 = (1 — Ii)(l — Q)Stk?
= abky
Since
k'? — kt+1 = (1 — a@)kf‘
we immediately have

Proposition 13. The solution to the social planner problem, any ko > 0, is
given by a constant savings rate

kit sp ab

(1-r)(1—a)ky =7 (1-r)(1-a)

and associated sequence of capital stocks
kt+1 = a@kf‘

and consumption levels

& (1 — ab)kg
t 0+ 8
CO — ﬂ(l - Ol@)k?
¢ 0+

Corollary 8. If 8 =1 (associated with a steady state analysis), then the social
planner chooses the golden rule savings rate

$GR _ @
(1-r)(1-a)
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and the capital stock converges, in the long run, to

which satisfies
a[KOR)" T =1

and associated consumption levels

(1—04) a

Y = 1—a
C 1+ﬂ «

0 fl—a) o
C —
t 1+B

Thus the social planner chooses the golden rule capital stock kGt that mazimizes
net output y©F = (IcGR)a — kCF and splits it efficiently between ¢V and c°
according to the rule c® = BcY.

C.2 Proof of Constrained Efficiency of Ramsey Allocation

Proof. Define the savings rate of the constrained planner as

ki1 kit
St = =

(1—r)MPL(ky)  (1—a)(l = )k

and thus the law of motion for the effective capital stock for the constrained

planner is
kt+1 = St(l — Oé)(]. — K/)k?

as in the Ramsey problem. Furthermore, from the constraints on the constrained
planner

el (1—k)MPL(k) — ki1 = (1 —s0)(1 — 8)(1 — @)k
cti1(Miy1) = ket MPK(kiyq) + sy y MPL(ki1 1)
akyy + Km0 (1 — )k
[+ kne 1 (1—a)] by
= ot (1 )] fse(1 — a)(1 - )G

and thus consumption levels are the same as in the Ramsey equilibrium. Thus
the solution, in terms of savings rates, of the constrained planner problem is
identical to that of the Ramsey equilibrium. O

C.3 Dynamic Inefficiency of the Competitive Equilibrium
and Positive Capital Taxation

In this section we provide the details of the steady state analysis of the Ramsey
problem and its connection with the dynamic efficiency of the steady state
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equilibrium absent government policy. First, recall that the golden rule capital
stock, savings rate and associated gross real interest rate are given by (see
proposition 8)

R

GR @
(1-r)(1-a)

REE = 1

Second, we note that the steady state gross interest rate is given by
R=ak*"
and from the law of motion of capital (equation 9) we have

k=s(1-r)(1—a)k®

and thus o
R=————.
s(1—r)(1—a)
The steady state savings rate in turn is given by (see equation 15)
1 (1-7)afl

ST 7’] = — =

) 1+[(1—7mapr]™t 14 (1—-7)apT

Thus we have a steady state relation between the real interest rate and the tax
rate determined by

and thus a higher tax rate reduces the savings rate, thus the capital stock and
thus increases the real interest rate. Furthermore, for a given 7, the steady
state interest rate is decreasing in the amount of income risk (unless 8 = 0).
Therefore the steady state interest rate in the absence of government policy is
given by

1

BT +«
1-r)(1-a)
and thus the steady state competitive equilibrium without taxes is dynamically
inefficient, i.e.

R(r=0;T) =

if and only if

or if and only if

1
[(1-k)(1—-a)—a]l

v, =
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where T' < T', with equality if 7 is generate at 7 = 1, and thus there is no income
risk.

The optimal Ramsey steady state (i.e. § = 1) savings and tax rates (see
equations 27 and 28) are given by

o _ all+h)
 1+ap
L, - _1+8
T (—aypr
and thus the optimal Ramsey tax rate is positive, 7 > 0, if and only if
a+6 _,
(1—a) AT
or if and only if
1
Uygim —
2T A agr—1 " p
Therefore
1 1
Wy (T) = < W, (T)

l-a)T—1-(1-al-T/T

with equality if and only if 7 is generate at n = 1. Comparing savings rates we
have

. at+p)
- 1+aB
so) = ——
T e
GR _ @

and thus so(n) > s¢F if and only if

1

P> oo —ar

and thus if and only if the steady state equilibrium is dynamically inefficient.
Furthermore s* < sg(n) if and only if U5 < § and thus if and only if 7 > 0.

We thus have the following results stated in the main text, which directly
follow from comparing ¥4 (I") and ¥o(T") with 3.

Proposition 14. Let § = 1. If the steady state competitive equilibrium is dy-
namically inefficient, then the optimal Ramsey tax rate T is positive. If in
addition n is degenerate at n = 1, then the reverse is true as well: T > 0 only if
the steady state competitive equilibrium is dynamically inefficient.
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Proposition 15. Let 8 = 1 such that the Ramsey government mazximizes steady
state welfare, and denote by s* the associated optimal savings rate. Furthermore
denote by so(n) the steady state equilibrium savings rate in the absence of gov-
ernment policy and sG the golden rule savings rate that mazimizes steady state

aggregate consumption. Finally assume that B < [(1 —a)l — 1]71.

1. Let income risk be large: T’ > . Then the steady state compet-

-1
Bl(1—a)-1/1]
itive equilibrium is dynamically inefficient, sGT < so(n), and s* < so(n),
and the optimal capital tax rate has T > 0.

2. Let income risk be intermediate:

148 1
e ((1-@5’ [(1a)1/r}5>

Then the steady state competitive equilibrium is dynamically efficient, s* <
so(n) < s, and optimal capital taves are nevertheless positive, T > 0.

8. Let income risk be small:

e lr aars)

Then the steady state competitive equilibrium is dynamically efficient, so(n) <
sOR and so(n) < s*, and optimal capital tazes are negative (capital is sub-

sidized).

C.4 Proof of Pareto-Improving Tax-Induced Transition

Proof of Proposition 7. The capital stock evolves according to the law of motion
kiy1 = s(1 = rk)(1 — a)ky

Therefore if the Ramsey government implements s* through positive capital
taxes in the first period of the transition will lead to a falling capital stock along
the transition. Recall from (1) that utility of a generation born in period ¢ is
given by
Vi=ln(el) + 8 [ Inleys ()0,

Now, suppose that the policy is implemented (as a surprise) in period 1 where
k1 = kg. The initial old are unaffected by and thus indifferent to the tax reform.
Now we need to characterize the utility consequences for all generations born

along the transition. Denoting by sg = so(n) the equilibrium savings rate in the
initial steady state, we have

AV, = Vi(s")=Vi(s0) = In(c(s"))~In(c! (s0))+B / (In(cf1(s7)) — In(cf, 1 (s0))) .
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where the consumption allocations are given as functions of a given saving rate:
c(s) = (1—s1)(1 — k)1 — )k
ct+1(77t+17 5¢) = s¢(1 = K)(1 — @)k k?+1 + ’Wt+1(1 )kta-i-l
[a +rnq (1 — )] ki
Thus
AVy =1In(1 —s*) — In(1 — sg) + a (In(k (s™)) — In(ko)) + @B (In(ki11(s™)) — In(ko))

=A1>0 =A2,:<0

Term A; is positive because s* < sg, and constant in ¢. Term Ag; is negative
for all generations ¢ because k:(s*)) < ko for all ¢t and because ki1(s*) < ko for
all ¢. Furthermore A ; monotonically declines and converges from above to its
minimum for ¢ — co when the economy reaches the optimal steady state capital
allocation and the loss term is given as

Jim Az, = a(1+ ) (In(k") - In(ko))
But because s* maximizes steady state utility and sy # s*, we know that
lim AV, = A1 + lim A27t >0
t—o00 t—o0
It then follows that
AV, > lim AV, >0
T—00

and thus all transition generations strictly benefit from the tax reform. O

C.5 Savings Subsidy Does Not Induce Pareto Improve-
ment

In this section we show that even if so(n) < s*, implementing the Ramsey
optimal (for § = 1) savings subsidy 7* < 0 and associated higher saving rate s*
does not lead to a Pareto improving transition.

Exploiting the fact that in the first period of the transition the capital stock
k1 = kg is predetermined, and the capital stock in period 2 satisfies

ko =s(1 —a)(1—kr)k§

for any savings rate implemented by a given tax policy. Thus we can calculate
lifetime utility of the first transition generation, as a function of an implemented
savings rate s, as

V1 (8)

I ((1- 8)(1— K)(1 - a)kg) + B / In (a+ sy (1 — @) (s(1 - a)(1 — K)k§)™ dT (1)
In(1 —s) + Baln(s) +In((1 — k)(1 — a)kg)
LB / In (@ + k(1 — ) (1 — a)(1 — K)kg)* (1)
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and thus

1
Vl’(s) = - 1—3s + 0;6

1
W) =~ %f <

0

and thus Vi(s) is strictly concave in s. Therefore, if V(s = so(n)) < 0, then
V(s =s0(n)) > V(s) for all s > s¢(n). But

Ve = ool =~ ey <O
& sl = o

which is satisfied, exploiting expression (15) for the optimal competitive equi-
librium saving rate (with zero taxes).

Thus not only is implementing 7* < 0 not Pareto improving if so(n) < s*,
but in fact any policy reform that induces a savings rate in period 1 above
the competitive savings rate with zero taxes, so(n), will not result in a Pareto
improvement (since it will make the first generation strictly worse off).

D Analysis of General Epstein-Zin Utility

Now consider general Epstein-Zin preferences, applied to our two period OLG
model. Households have preferences over deterministic consumption when young,
¢/, and the (deterministic) certainty equivalent over utility from consumption to-
morrow, [ ¢f,1(1,11)' " 7d¥. We assume that these preferences are represented
by the lifetime utility function

1 y1-4
(c‘?)l_% -1 {U C?+1(77t+1)170d‘11] 170} f -1
1-4 +0 1-1
P P

= (48)

Note that the limit, as the IES p — 1, the (transformed) utility function becomes

B ) —o
Ve =In(cf) + 1 — 5 In 11 (Np41) 7AW
We should point out that often in the literature Epstein-Zin preferences of the
form
1-1 ﬁ
e ?

V= 0= Be 48| [ tne ] (49)

are used. When it comes to ordinal rankings of allocations, we can take mono-
tonic transformations of (49) without changing preference rankings. Thus for
all ordinal purposes the formulations in (48) and (49) are equivalent since
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v — v _(1+h)

where 3 = %

However, also note that, in contrast to any analyses that only require ordinal
rankings (such as studying competitive equilibrium for a given tax system) when
moving from utility form V; to V; we are changing the Ramsey problem, since
this problem is based on cardinal weighted lifetime utilities. It is therefore not
innocuous whether we choose (49) or (48) when formulating the Ramsey optimal
taz problem.'* If, however, we restrict attention to a steady state analysis, then
this last concern does not emerge, since the first order condition characterizing
the optimal Ramsey steady state saving rate is identical under any monotone
transformation of steady state lifetime lifetime utility (as effectively the only
generation that is relevant for the maximization is the long-run, steady state

generation).

D.1 Competitive Equilibrium for Given Tax Policy

Household maximization delivers

1—1

(Ci/)_% = Bl —7T1) R [/ Cfﬂ(ﬁtﬂ)l_(’dkﬂ} o

1

o— 1

1 = Bl —741)Regr

Now, as before, we need to work out the ratio

cfi1(Mg1) _ $tRip1(1 — Te41) (1 — R)wy + £nypwigr + Ty
el (1 —r)we(1 — s¢)
St a—
= [a +(1- a)mh-i-l] 1— s kt+11
¢

14For both formulations the household is not indifferent to the resolution of income risk as
long as o # %.
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and thus

o—

1
P

0 1—0o e 0 —0o
c c
I = Bl —71)Rea /(ﬂ:}wfl)) dq’(ﬁtﬂ)] /(”1((32”1)) AW (141)
t t
stka—ll _% -
1L = Bl —=741)Rea % r
— s,

1 = 045(17t+1)(k?f11)(1:)( 5 >}Jf

1—St

1 = aB(l— 1) (se(1—k)(1— a)kg)(a—l)(l—%) ( St >_" r

].*St

1 = aB(l—7e) (se(1— k)1 — a)kg)(a,l)(lf%) ( St >P r

1—St

1 = af((l-mQ1- a))(a_l)(l_%) (1- Tt+1)/~cta(a71)(1*%)st(a—1)(1*%) (1 — St) T

St

In the main text we are mainly concerned with characterizing the Ramsey steady
state savings and associated tax rate. In steady state the Euler equation reads
as

1= aB (1 - R)(1 - a) @ D073) (1 = pypeteD-3) oD (1-3) (1 - ) "F

where .
E=11-R)(1-a)s™e

is the steady state capital stock. Inserting the steady state capital stock into
the Euler equation delivers

1 ~

1= (1-7)aB((1-r)1-a)F ) sG1) (1 5)% (50)

S
or
1
P

L= (1= NaB((1—r)1—a)-D L= 5 (51)

s
where

J (e + (1 —a)rn) " d¥(n)
[ @+ (1= a)em) =7 dw()]

r — /(a+(1fa)nn)“’d\11(n)

sl
|
I
Q
aQ
—
3
S~—
—
Q
|
=
S~—
—
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and where the certainty equivalent of 7 is defined as, for o # 1

1—0o

celn) = | [ (a+ (1= a)wn)' 7 vt
and for o =1
ce(n) = exp (/ In(a+ (1 —a)kn) d\II(n)) :

Note that this result is precisely the generalization of the log-case where p =
o =1, and where the Euler equation was given as

1 = (17)046(1;8>F

r - /(my(l—a)—i—a)_ld\lf(n)

Thus our previous analysis for log-utility is just a special case. Also note that
if p =1 but o # 1, then the steady state Euler equation is given by

1:(1—7)045(1_8)%

S

but
f_ Jlet(- a)fm)l‘” V) / (sn(1 — a) +a) " dW(n) = Tpy
U (a+ (1 —a)kn) 7 d‘I/(n)}

D.1.1 Precautionary Savings Behavior in the Competitive Equilib-
rium

In order to aid with the interpretation of the optimal Ramsey tax rate it is
useful to establish conditions under which, for a fixed tax rate constant, the
savings rate in a competitive general equilibrium is increasing in income risk.

Proposition 16. IfT is strictly increasing in income risk, then for any given tax
rate T € (—o0, 1) the steady state saving rate sCF (1) in competitive equilibrium
18 strictly increasing in income risk. If T s strictly decreasing in income risk,
then so is sCF (7).

Proof. Rewrite equation

o=

y(d=s)°

f(s) = (1 =7)aB (1 —r)(1—a)) ! . %

Then the steady state saving rate s¢F(7) satisfies f(s“F(7)) = 0. We readily
observe that f is continuous and strictly decreasing in s, with

lignf(s) = o0

fa) = -
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and thus for each 7 € (—o0,1) there is a unique s = s“F(7) that satisfies
f(sF(r)) = 0. Inspection of f immediately reveals that s“#(7) is strictly
increasing in I', from which the comparative statics results immediately follow.

0

Corollary 9. For any given T € (—o0,1), the steady state saving rate sCF(r)
increases in income risk if either p <1, or 1 < p < %

Proof. Proof: Follows directly from the previous proposition and Lemma 1 char-
acterizing the behavior of I with respect to income risk. O

Proposition 16 establishes a sufficient condition for the private saving rate
to increase in income risk. But, for p > % > 1 it might be possible that the
combination of individual precautionary savings behavior and general equilib-
rium factor price movements lead to the result that, for fired government policy,
the equilibrium savings rate is decreasing in income risk.!®> We will show below
that this in turn is a necessary condition for the optimal Ramsey tax rate to
decrease in income risk.

Figure illustrates how the competitive equilibrium saving rate (in the steady
state, with 7 = 0) varies with income risk for different parameterizations of p
and o as a function of risk. We choose o = 0.2 and x = 0.5. The figure
shows that, consistent with the proposition, the saving rate in the competitive
equilibrium is increasing with income risk for all preference specifications such
that p < lorl < p < % It also displays an example with very high IES
(p = 50) and very high risk aversion (¢ = 50) where the previous proposition
does not apply and we indeed observe that the competitive equilibrium saving
rate declines with income risk, at least as long as risk is sufficiently large to
start with.16

D.2 Ramsey Problem for Unit IES

Now suppose we use the formulation of lifetime utility in equation (48). Then
it is straightforward to show that for p = 1 the analysis of the Ramsey problem

15 Also observe that a parameter constellation 1 < p < % pairs a high TES with a preference
for a late resolution of risk in a multi-period (more than two periods) model. Interestingly,
the competitive equilibrium savings rate may therefore decrease in income risk precisely when
we pair a high IES with a preference constellation for early resolution of risk.

16The phenomenon already shows up for p = ¢ = 10.
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Figure 6: Saving Rate in Competitive Equilibrium

saving rate as a function of risk
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Notes: Saving rate s in competitive equilibrium for Epstein-Zin utility. Lognormally dis-
tributed shocks, approximated with n = 11 integration nodes for k = 0.5, a = 0.2,
Oy =10,...,4], p€0.5,...,50], 0 €[0.5,...,50].
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proceeds exactly as before,

W(k) = \Ifo + \I/l log(k)
= lnax {log((1 —s)(1 — k) (1 — ) k%)
T log/ (knw(s) + R(s)s(1 — k) (1 — a)k®)' 7 d¥(n) + GW(k’)}
= Jnax {log((1 = s)(1 = k) (1 — a) k%)
2 tog [ (el = )+ 501 = W)L = @RI () + O (51— )1 - )k }

= a[l+ 0%+ afllogk) +log[(1 — k) (1 —a)] + 0%+ 0T log((1 — k)(1 — ))

+Balog (1 — r)(1 — a)] + 2108 In(1 ;Ci); o] d(n)

+ m[gui] {log(1 — s) + aBlog (s) + 0¥, log(s)}
s€|0,

with an optimal savings rate as in the main text:

8_04(54’9)
1+ ap

These results clarify that the closed form solution, and the fact that the
optimal saving rate is constant over time and independent of the level of capita,
is driven by an IES = p = 1 (and obtained for arbitrary risk aversion), whereas
the size of the capital tax needed to implement the optimal Ramsey allocation
does depend on risk aversion o, since this parameter determines the degree of
precautionary saving in the competitive equilibrium that needs to be offset with
capital taxes, see Section D.1.1.

D.3 Steady State Analysis for Arbitrary IES

In the steady state we seek to maximize

(cg)l—% 8 { ([ €511 (n,01) 0 d¥] ﬁ}l—%
Vis) = —
_ (A =m =) - k)%
=
81501 = 91— "0 [ (on1 — o+ a7 aw] L
- i
=3

= (11— li)l(l —106))17‘71 (1- s)(lii)ka(lii) + Bl(1— ,‘Q)(:;-_ Oi)}oc(l_%) fz Sa(l,%)kaz(lii)
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where

Ly = [/{[“U(l—a)-i-a]}l"d\y e

Exploiting that
E=((1-r)(1—-a)s)™=

yields
—R(-a)'? 1 o(-3)
V(s) = (@ )1(1_1 ) (1—3)@‘;)((17”)(1*@)8) —a
BlL—m)(1— )PP Ty Lo a2(1-1)
+ [ 1 () (1 - k)1 —a)s) e
_ (- li)l(l_—la)) o [(1 B s)(l_;) +BI1—r)(1— a)r(1 1) f2:| 80(11:0%)
- 3 ((1 _ () 4 5{@2) e )
where
5 - (U=-a)T

1

e e

fy = ([/{[rm(la)+a}}1”d\ll}lla>1;>0

as before. Thus the steady state analysis in the main text carries through to
Epstein-Zin utility almost entirely unchanged, but with the constant that maps
earnings risk into the optimal savings rate now being affected both by risk
aversion and the IES.

Hence, the optimal steady state savings rate is defined implicitly as

S « 1 o ~~
= 1—5)(0=%) r 2
(1,5)% 1—04( 2 +517aw2 (52)
and rewriting this equation yields
LHS(s) =8 = —— |(1—s) + BoTa(1 — )7 | = RHS(s) (53)

:1—a

We observe that the left hand side is linearly increasing in s, with LHS(0) =
0 and LHS(1) = 1 and the right hand side is strictly decreasing in s, with
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RHS(0) > 0 and RHS(1) = 0. Since both sides are continuous in s, from
the intermediate value theorem it follows that there is a unique s* € (0,1)
solving the first order condition of the Ramsey problem (53). Since RHS(s) is
strictly increasing in 'y, the Ramsey saving rate is strictly increasing in .
The comparative statics of s* with respect to income risk in the main text then
directly follow from the properties of I's stated in Lemma 1.

D.4 Implementation

The optimal steady state capital tax rate 7* satisfies, as in equation (51)

1
* i1 (1 — 8*); T
1= (1= 7)aB (1 - r)(1 - a)E ) =208 (54)
We observe that the optimal tax rate is strictly increasing in I' and strictly
decreasing in the Ramsey savings rate s* that is to be implemented. Further,
recall that that the Ramsey saving rate s* itself satisfies the first order condition
(52)

*

S o (0%
(1—s)r 1-a

(1= ) 0=5) 4 gor, (55)

and is impacted by income risk through I's. To analyze the impact of a change on
risk on the optimal capital tax rate, in light of Lemma 1 it is useful to consider
3 cases.

D41 Casep>lando<1/p

In this case I is strictly increasing in risk (Lemma 1) and s* is strictly decreasing
in risk (see Proposition 10) It then directly follows from equation (54) that 7*
is strictly increasing in income risk.

D42 Casep<1

This case is more difficult, since the direct effect of risk on 7* is positive, but at
the same time s* is decreasing in risk. Now rewrite (55) as

1
By a s*

and plugging this into (54) and exploiting that ¢ = ((1 — x)(1 — a))(%_l) we
find

— (s

ay T
1=(1-7% (1_7) —. (56)
s*/ Ty
Lemma 1 establishes that the ratio f,i is strictly increasing in risk, and since
2
p > 1 the saving rate s* is increasing in risk (strictly so if p < 1). Thus the
term (1 - sg) fL is strictly increasing in risk, and thus 7* is strictly increasing
2
in risk.
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D.4.3 Casep>1lando>1/p

In this case we know that the Ramsey saving rate s* is strictly decreasing in
income risk (which by itself calls for a tax rate that is strictly increasing in
income risk). However, now the direct impact of income risk on taxes through
the term T might call for lower taxes since r might now be decreasing in income
risk. If T is weakly increasing in income risk, then so is 7*. Thus a necessary
condition for 7* to decrease with income risk is I' to be strictly decreasing
with income risk. This in turn is a necessary and sufficient condition for the
private saving rate in competitive equilibrium to decrease with income risk.
Thus the Ramsey tax rate 7% is strictly decreasing in income risk only if the
private saving rate s¢¥(7) is strictly decreasing in income risk (see Proposition
16). The corresponding if statement is not necessarily true, as the numerical
illustrations in the main text show.

Now consider the case p — co and o0 — co. Our objective is to show that in
this case the optimal Ramsey Tax rate is indeed strictly decreasing with income
risk. The case of p = 0o corresponds to preferences

1—0o

Vi = C? +8 [/ C§+1(nt+1)l_gdqj:|

where households have linear indifference curves between consumption today
and the certainty equivalence of consumption tomorrow. Also note that I'y =
ce(n). We can determine the optimal Ramsey saving rate in closed form as

o [(1 - Efl)(_l K)Z)jf)ce(n)]

and the optimal tax rate is then given, by (56), as
ay T
1 = 1-™)(1—-—)=—
( T ) ( s*) Ty
\ Bee(n) ) r
1 = 1—71 =
=) (T = pee) T

. (1-r)(1-a)) Ty
1—-7" = <1+ Bee(n) >f‘ (57)

This expression is valid for any o as long as p = co. Now we note that

By [ (sn(l—a)+a)' " dv(y)
B TGl —a)+ o) d¥()

as thus lim,_ % = 1 and since ce(n) is strictly decreasing in income risk for
all o, the right hand side of equation (57) is strictly increasing in income risk,
and thus the optimal Ramsey tax rate is strictly decreasing in income risk as
o — 00 as long as p = oco.
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In this case the government reduces the tax rate on capital (or increases
the subsidy on capital) as income risk increases since the Ramsey government
wants a smaller reduction of the saving rate than what households find optimal
to choose in the competitive equilibrium, in response to an increase in income
risk.

Numerical Illustration Figure 7 plots the tax rate that implements the
optimal Ramsey allocation in a competitive equilibrium at the steady state in
Panel (a). For all scenarios except for p = 0 = 50 the tax rate is monotonically
increasing in risk. Panel (b) illustrates this more clearly by showing the distance
to the maximum tax rate for p = o = 50.

Figure 7: Optimal Tax Rate

(a) Tax Rate (b) AT for p = 50,0 = 50
tax rate as a function of risk . tax rate as a function of risk: distance to max(tau)
-0.05 (
-0.1
0.15
-0.2
b0z

Notes: Tax rate 7 in Ramsey equilibrium for Epstein-Zin utility. Lognormally distributed
shocks, approximated with n = 11 integration nodes for k = 0.5, o = 0.2, 012nn =[0,...,4],
p € [0.5,...,50], o € [0.5,...,50]. Panel (a): tax rate, panel (b) distance to maximum tax
rate for p = 50,0 = 50.
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