The optimal quantity of money over the business cycle

and at the zero lower bound

Xavier Ragot™

Abstract

The paper presents a general equilibrium model where agents have limited participation
in financial markets and use money to smooth consumption. This framework is consistent
with recent empirical findings on money demand. New developments in the heterogeneous
agents literature are used to develop a tractable framework with aggregate shocks, where
optimal monetary policy can be analyzed. It is shown that the market allocation is not
efficient because participating agents do not have the right incentives to save. Monetary
policy can increase welfare by managing the incentives to invest in the business cycle.
Nevertheless, adverse redistributive effects of monetary policy limits the scope for an active
monetary policy. When the zero lower bound binds, active monetary policy can still
increase welfare, but only if the new money is created by open market operations.
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1 Introduction

The rapid expansion of the central bank balance sheets in the US, Japan or in the Euro area
after the 2008 crisis has rejuvinated old but deep questions: What are the real effects of money

injections? Are these effects, if any, desirable? The answers to these questions obviously depend
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on the desire of private agents to hold the new money created by monetary authorities, and
thus on the evolution of money demand.

The understanding of money demand, and its relationship with financial frictions, has im-
proved recently thanks to some empirical contributions. Recent analysis shows that households’
money demand is best understood when one introduces a friction that generates limited par-
ticipation in financial markets. In this case, agents use money to smooth consumption between
periods at which they adjust their financial portfolio. The distribution of money across house-
holds generated by this friction is much more similar to the data than the one generated by
alternative money demand (Alvarez and Lippi 2009; Cao et al 2012; Ragot 2014). The initial
idea of this foundation for money demand dates back to Baumol and Tobin’s seminal contribu-
tions, and it has been developed in the limited participation literature in monetary economics.

This paper studies the positive and normative implications of money creation in a model
where money demand is based on limited participation. It is shown that this friction generates
a new role for monetary policy, both in the business cycle and at the zero lower bound. It is
already known that limited participation generates some relevant sort-run effects, such as the
liquidity effect of money injection: An increase in the quantity of money decreases the nominal
interest rate, as only a part of the population must absorb the new money created (Lucas 1990;
Alvarez, Atkeson and Edmond 2009, among others). Nevertheless, this promising literature has
faced some difficulties in dealing with agents’ heterogeneity (see the literature review below).
This has prevented the introduction of additional features which are important to understand
the business cycle, such as long-lasting heterogeneity, aggregate shock or capital accumulation.
Recent developments in the heterogenous agent literature now allow deriving new results about
optimal monetary policy in these environments.

Why is limited participation in financial markets important for monetary economics? Before
discussing the model it may be useful to provide some intuitions about the new mechanisms
generated by limited participation. First, if agents smooth consumption with money between
dates at which they participate in financial markets, the marginal remuneration of saving for
many agents is the return on money (roughly the opposite of the inflation rate), the fluctuations
of which are in general different from the fluctuation in the marginal productivity of capital.
As a consequence, agents do not have the right incentives to save in the business cycle. Second,
money creation generates some redistribution across agents because of the heterogeneity in

money holdings under limited participation. Through this channel, monetary policy can affect



and hopefully improve the incentives to save. Third, at the zero lower bound, even if money and
interest bearing assets are substitutes, money creation can again generate some redistribution
across agents and thus improve the consumption-saving choice of households.

To study these questions, this paper first presents a simple general equilibrium model to
derive formal proof. Then, it provides a quantitative framework to study optimal monetary
policy with heterogeneous agents and aggregate shocks.

Analyzing the simple model, one first finds that the distortions generated by limited partic-
ipation are surprisingly not simple. In general capital, accumulation is not optimal as a part
of the income generated by capital accumulation is distributed as wages to households, who do
not participate in financial markets and thus do not have the right incentives to save. In general
equilibrium, this distortion appears as a difference between the social discount factor and the
one used by participating agents in their saving choice. The outcome is that capital accumu-
lation after a technology shock is either too high or too low, according to preferences and to
the pesistence of the shock. Money creation can restore the first-best allocation by introducing
efficient redistribution across agents. For instance, to increase aggregate saving, money creation
induces a transfer between non-participating and participating households. This implements
the optimal consumption levels.

Second, at the ZLB, the surprising result is that money creation can restore the first best al-
location, but only if money is created by open market operations and not by lump-sum transfers.
How is it possible that an additional binding constraint does not prevent the implementation
of the optimal allocation? At the ZLB, there is an additional money demand by participating
agents, who are indifferent between holding money and holding interest-bearing assets. Due to
this additional money demand, monetary policy can implement the right incentives to both save
and consume, by affecting the inflation rate. At the ZLB, open market operations provide some
new money only to participating agents, what generates an amount of redistribution, which is
absent when money is created by lump-sum transfers. We first prove this result and then discuss
other results in the literature, notably Eggertson and Woodford (2003).

The third Section of the paper presents a quantitative model where households face both
idiosyncratic and aggregate shocks, and participate infrequently in financial markets. In this
setup, heterogeneity is limited using the tools developped in Challe and Ragot (2014) and
Challe, Matheron, Ragot and Rubio-Ramirez (2014). The model reproduces well money and

consumption inequalities in the US. The first best cannot be achieved because monetary policy



alone can not complete the markets, but it is shown that optimal monetary policy face a
tradeoff between restoring the right incentives to save and increasing consumption inequality.
Active monetary policy increases capital accumulation by 10% after a positive technology shock,
compared to the one obtained with a passive monetary policy. The capital stock remains roughly
10% lower than its first-best level.

All these results are derived with flexible prices. This assumption is made to identify the
key mechanisms in a tractable environment. It is not a statement about the actual functioning
of the goods market. The potential new effects generated by nominal frictions are discussed as
concluding remarks.

Finally, the general outcome of this model is that monetary policy must affect incentives to
invest and thus capital accumulation. In an older literature review (see below), it is interesting
to observe that this view of monetary policy is common to both Keynes and Hayek. Modern
tools used in this paper, such as mechanism design, provide a rigourous method to make this
claim.

The rest of the Introduction is the literature review. Section 2 presents the simple model,
where distortions of the market economy and the optimal monetary policy are identifier. Section
3 focuses on optimal monetary policy at the Zero Lower Bound (ZLB). Section 4 presents the

general model to quantify the mechanisms. Section 5 is the Conclusion.

1.1 Related Literature

Optimal monetary policy with a representative agent. Optimal monetary policy has been first
studied with some shortcuts to introduce money demand, such as a cash-in-advance constraint,
a money-in-the-utility-function, or a shopping-time constraint in a representative agent-type
economy and (see Chari Kehoe and McGrattan 1999 for an overview). These analysis focus
on the intertemporal distortions generated by inflation, such as the suboptimal amount of real
balances, and generally conclude with the optimality of the Frieman rule. The difference with the
current paper is obviously the formalization of money demand. Limited participation generates
endogenously some heterogeneity in money holdings, which generates additional trade-offs. In
addition, these models of money demand, which links directly money holdings and consumption
expenditures, do not seem to be fully consistent with the data (Ragot 2014).

Optimal monetary policy and redistribution. Money creation with heterogeneous agents is

first studied in the pure currency economies, as defined by Wallace (2014). In these models,



money is the only store of values. Three types of models can be identified: the Bewley tradition
(Bewley 1983 or Kehoe, Levine Woodford 1992 ), the Grossman and Weiss (1986) model (as
Lippi, Ragni and Trachter 2013), and the search-theoretic model in the tradition of Kiyotaki
and Wright (1993). These models define the optimal monetary policy as a trade-off between
consumption-smoothing and insurance, which is generated by the redistributive effect of mone-
tary policy. In general, the Friedman rule may not be optimal (Kehoe, Levine Woodford 1992,
or Wallace 2014 for a recent contribution). This trade-off is at stake in my model, but the key
effect relies on capital accumulation, which can not be captured in pure currency models.

Limited Participation and money demand. Introducing capital accumulation in micro-
founded models of money is still an open issue (Lagos 2013 for a recent attempt). Limited
participation models seem a modeling strategy which is consistent with the data (Bricker 2012
show that roughly half of the US population participates in financial markets). The work of
Alvarez and Lippi (2009) shows that models with limited participation in financial markets can
reproduce the distribution of money. Ragot (2014) shows that the distribution of money across
households can be reproduced in a limited participation model, and is very difficult to rational-
ize otherwise. Recently Alvarez and Lippi (2013) show that in addition to limited participation,
lumpy expenditures may be a relevant feature to reproduce a realistic money demand.

Limited Participation in general equilibrium. Limited participation models were first intro-
duced to rationalize the liquidity effect of money injections (Grossman and Weiss (1983) and
Rotemberg (1984)). This literature has to deal with household heterogeneity. Lucas (1990) and
Fuerst (1992) use a family structure: Agents within the family are separated at the beginning of
the period and join the family at the end of the period to pool risk. This outcome does not allow
for persistent effects of money shocks, which are shown in this paper to be crucial. Some other
tools have been introduced. Alvarez, Atkeson and Edmond (2009) use an overlapping-generation
structure. Alvarez and Lippi (2009) focus on partial equilibrium to derive new results on partic-
ipation rules when households face a rich stochastic structure. As a consequence, the optimal
allocation cannot be studied. Finally, models with limited participation in a non-monetary en-
vironment have been recently used by Kaplan and Violante (2013) to study fiscal policy. They
show that such limited participation is necessary to reproduce the effect of fiscal shocks. To my
knowledge the distortions and the optimal monetary policy have not been identified in these

models.



1.2 Older literature: Keynes and Hayek

It is interesting to note that both the market failure induced by monetary saving, and the role
of monetary policy in affecting the incentives to save, was discussed by both Keynes and Hayek.
First, as Chamley (2012) and (2013) noticed, the idea that monetary policy and incomplete
markets are linked can be found in Keynes, who claim that saving in money generates wrong

investment incentives, in his chapter on "Investment Incentives":

"An individual decision to save does not, in actual fact, involve the placing of
any specific forward order for consumption, but merely the cancellation of a present
order. For this overlooks the fact that there is always an alternative to the ownership

of real capital-assets, namely the ownership of money and debts" (Keynes, 1936).

Monetary saving is identified by Keynes as a potential distortion for the incentive to invest.
The fact that saving buying debt can generate the same distortions is also a correct intuition.
When debts are inside money, the return on which is different from the marginal productivity
of capital, the incentives to save are distorted. This is discussed in Section 2.5.1, devoted to
inside liquidity.

Second, the idea that expansionary monetary policy induces capital accumulation was strongly

defended by Hayek:

"The theory that an increase of money brings about an increase of capital, which
has recently become very popular under the name of ‘forced saving’, is even older
than the one we have just been considering. [...] An increase in money supply]...]
made available to entrepreneurs would cause an increase in the demand for producers’

goods in relation to consumers’ goods " (Hayek, 1931).

Hayek argued forcefully that monetary policy should be neutral. This is not a claim for
a totally inactive monetary policy, but for a monetary policy that does generate excessive
fluctuations in the investment rate. Using modern economic tools the notion of a neutral
monetary policy is easy to define: it is the constrained optimal money creation. The model

below shows that a neutral monetary policy is an active one.



2 The Simple model

The simple model allows fully charaterizing all the distortions. It is a monetary extension of the
model of Woodford (1990). Time is discrete and periods are indexed by ¢t = 0, 1... The simple
model features a closed economy populated by a continuum of households indexed by ¢ and
uniformly distributed along the unit interval, as well as a representative firm. Households have
a CRRA utility function u (¢) = (¢'77 —1)/(1 —0) if 0 # 1 and u (c¢) = log (c) if o = 1. The
discount factor is §. It is assumed that the economy is composed of two types of households.
There is a fraction  of agents, denoted as N-households, who must pay a fixed cost k" each
time they want to participate in financial markets. The remaining fraction 1 — €2 of households,
denoted as P—households, don’t pay any cost to participate in financial markets. The cost "
is determined in Section 2.2 below. It is high enough such that N-households never participate
in financial markets. As a consequence, N—households never participate in financial markets,

whereas P—households always participate.’

2.1 Agents
2.1.1 Non-participating households

N-households are denoted by the upper-script n. A fraction £2/2 consumes in odd periods and
receives labor income in even periods. The other fraction €2/2 consumes in even periods and
receives labor income in odd periods. When working, households supply one unit of labor and
get a nominal wage W;. In all periods, households pay nominal taxes P;7;, where P, is the price
of one unit of final goods and 7; is taxes in real terms. As it is conjectured (and is checked
below) that these households do not participate in financial markets, they use only money to
smooth consumption and do not pay any participation cost.

When households do not consume, their money demand is their total income M;* = W;— P;7;.
From now on, we denote real variables with lowercase. For instance my = M}/ P,. This equality
is thus in real terms

my = w; — Ty (1)

Households cannot issue money. When households consume, it is guessed that they spend all

their money holdings, and the condition for it to be the case is provided below. Denote as c}

!This participations costs structure is a simplification of the general framework of Alvarez et al (2002). It

allows studying limited participation in a simple environment as the one of Alvarez and Lippi (2014).



the consumption of non-participating households in period t:
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where m; = P,/ P, 1 —1 is the net inflation rate. The condition for households not to hold money

when they consume is
1 1

T+ 1+ w0

u' (cf) > Eyf? u' (o)

This condition is fulfilled in all environments below, even in Section 3, where the ZLB binds for

one period.

2.1.2 Participating Households

Variables concerning P—households are indicated by the upper-script p. These households
supply one unit of labor every period. They can participate in money and financial markets,
where they buy interest bearing assets?. P— households can buy three types of assets: money,
government bonds and the capital of firms. In period ¢, they buy a quantity b, of government
bonds, which pay a nominal interest rate i; between period ¢t and period ¢ + 1. They buy a
quantity ki, of financial assets, which yield a real return 1417, between period ¢ and t+1 and
they buy a real quantity m? of money. The budget constraint of a representative P—households
and the conditions on money holdings are, in real terms:

Ly, M,
14m © 0 14m (3)
my >0 (4)

b+ k. +ml+d =w—n+(1+r)k +

where ¢} is real consumption wy is real labor income, (1 + ;) k{ is the return of financial

1421

investment and T
+me

b{ is the real return on government debt and depends on the the inflation

rate m;. Standard intertemporal utility maximization yields the three Euler equations:

u' (") = BE (1 + 1) v (cfyy) (5)
/ o . u' (Cﬁi—l)

u (Cp)—ﬂ(l—i-Zt)Etm (6)

o () > ) @
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2Tt is direct to introduce consumption every two-periods for P—households for them to have the same utility
function as non-participating agents, at the cost of more algebra. As a more general model is presented below,

we focus here on the simplest case for participating agents.
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Obviously money is a strictly dominated asset, as long as i; > 0. As a consequence, money may

be held by P—agents only if 7, = 0, i.e. only if ZLB binds.

2.1.3 Firms

There is a unit mass of firms, which produce with capital and labor. Capital must be in-
stalled one period before production and it fully depreciates in production. The production
function is Cobb-Douglas Y; = A, KL, "where K,, L, and A, are respectively the capital stock,
the labor hired and the technology level at the beginning of period t. Profit maximization is

maxy ;, A KFL'* —w,L — (1 + ;) K. Tt yields the following two first order conditions:
wy = (1 —p) AK{L™" (8)
1471, = pAK! T LH (9)

The level of technology A; will follow a dynamics specified below. It is assumed that the
steady state technology level is defined as A; = 1 and that the agents can form expectations

about the next future value of A,,; in each period t.

Monetary Policy and taxes

It is assumed that the new money is created by open market operations. The difference between
this assumption and the simpler process of money creation (such as helicopter drops) is only
relevant at the ZLB. To save some space, open market operations are introduced as a benchmark,
but we discuss alternative money creation below. The central bank creates a nominal quantity

of money MCB. The real quantity is m{® = MCP /P, and it is used to buy a real quantity b{’5

of asset by open market operation (to be consistent with the households program, bgﬁ =m{B
denotes the quantity of bonds bought in period ). Denote as M™" the total nominal quantity

of money. The law of motion of M®*! is simply M = M, + MEP, or in real terms:

tot

tot _ Mi—1 CB
= — 10
my 1+ +my (10)
The period t real profits of the central bank (which bought a real quantity b¢? of public debt
in period t — 1) are ', = 1;:1’;1 b¢'B. To keep the algebra simple, and without loss of generality,

we assume that b = 0 and that there is no public spending. This implies that the State gives
back to households the profits of the central bank. As the population is normalized to 1, this

implies that taxes are

(11)



2.2 Equilibrium definition, steady state and participation cost

There are four markets in this economy. First, the equilibrium of the money market is

Q
m' = Em? + (1 —=Q)mY (12)

The previous equality stipulates that half of the N-households (€2/2) hold money at the end of
each period and that P-agents might hold some money. As only P-households participate in

financial markets, the equilibria of the bond and capital markets are

(1—-Q)b + b8 =0 (13)
1-Q) k=K, (14)

The goods market equilibrium is
(1= &+ 4 Ko =Y, (15)

As half N-households and all P-households supply one unit of labor, the labor market equilibrium
is L; = L, where
Q
LEl—Q+§:1—Q/2 (16)

Given the process for the technology and for a given monetary policy, an equilibrium of this
economy is a sequence of individual choices and prices {c}', my, my bf, k7, ¢, 1 + re 1 + mp, we }
and a sequence of money stock, central bank profits and taxes {m!°, T';, m{'? ¢ 7} such that
agents make optimal choices, the budget of the State is balanced, public debt is constant and

markets clear.

2.2.1 Steady State

Under these assumptions, the steady state of the model gives first insights about equilibrium
allocations. Steady state variables are indicated with a star. Assume that there is no money

creation m¢B*

= 0, then the steady state inflation rate is 7* = 0 and the steady state level
of taxes is 7* = 0, from equations (11). The real interest rate is given by the Euler equation
of participating agents in steady state. It implies that 1 4+ r* = 1/5. One easily deduces the
steady state capital stock from equation (9): K* = L (uﬁ)ﬁ. From this expression one finds

the steady state consumption level of each participating agent:
" =m" = (1—p) (nB)™" (17)
o = [(— - 1) EO) 1] e (19
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The consumption of participating agents is obviously higher than the one of non-participating
agents, by an amount which is equal to the net gain from financial market participation.

Participation cost. The participation cost " is strictly higher than the lower bound sV >
r*w* = (1/6—1) (1 — p) (pﬂ)ﬁ. As a consequence, N—households would loose some money
in each period participating in financial markets, at the stead state. It is assumed that it is also

the case after all shocks, if they are small enough.

2.3 Optimal allocation and steady state comparison

The optimal allocation is defined as a benchmark to study the distortions of the market economy.
Without loss of generality, it is assumed that the planner gives a weight w, to P—households
and a weight 1 to N—households. We use the tilde to indicate the optimal allocation. For
instance ¢} is the optimal consumption of a N-household in period ¢. The intertemporal social

welfare function is

o0 0O . 3
S (S +w-2u@) (19)
and the resource constraint of the planner is
Qé?+(1—ﬂ)ép+f( = AKF LY (20)
5 t t = Ay g

Solving the program one finds &' = w, %Ef . In words, the ratio of consumption of partici-
pating and non-participating households is constant over the business cycle. With this property
the Euler equation is

u' (&) = BE (14 Fra) ' (1) (21)
where 1+ 7, = pA, K" 'L'"* is the marginal productivity of capital in the optimal allocation.
The resource constraint of the planner is K, + (% (wp)fi + (1 - Q)) & = AKFLY#, This
budget constraint and the Euler equation (21) fully characterize the optimal allocation.

First, one can easily compare the market and optimal allocation in steady state, i.e. when
there is no money creation mS&? = 0 for all ¢t and where A = 1. The following Proposition

summarizes the result. All proofs are in the Appendix.

Proposition 1 1) In the market economy, the steady-state inflation rate m does not affect the
capital stock but only the allocation of consumption across agents.

2) Moreover, if

wp=(1+i(1—ﬂ>

Q/24+1-0\°
1—p ’

1-0Q
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then the steady-state market equilibrium is optimal when ™ = 0.

The proposition first states that steady-state inflation does not affect the capital stock. This
is indeed determined by the discount factor of participating agents, which pins down the real
interest rate. Second, as money is held only by a fraction of the population, money creation
generates an inflation tax which is a transfer across agents. As a consequence, for the particular
value of a steady-state inflation rate m = 0, the market allocation of consumption is optimal for
the value of the weight w? given in the Proposition.

In what follows, it is assumed that w? has the value given in the Proposition and that the
optimal steady-state inflation rate is thus 7 = 0. But it should be clear that all the results below
are valid for an arbitrary weight w”. Considering the case where the optimal inflation rate is
0 in steady state simplifies the algebra, without loss of generality. Under this assumption, it is
possible to focus on business cycle distortions implied by limited participation?.

Complete market economy. When markets are complete and when all households participate
in financial markets, the dynamics of aggregate consumption and capital is the same as the
ones of the optimal allocation. Moreover, the ratio of consumption levels across households is
constant over the business cycle, and is determined by the ratio of initial wealth, as is standard
with CRRA utility function. As a consequence, the optimal allocation is the complete market

allocation for a specific ratio of initial wealth.

2.4 Distortions of the market economy

To further identify the distortions of the market economy, it is now assumed that technology is

A; = e, where a; follows an AR(1) process
ar = pai_1 + €} (23)

The shock ¢ a white noise N (0, 02).

This Section first identifies the distortions of the limited participation focusing on the case
where there is no money creation m&® = 0, as a benchmark. The distortions are surprisingly
not obvious. As a consequence, we first focus on the case where the ZLB does not bind.

By assumption, the steady-state allocation is optimal. The identification of distortions is

thus the analysis of the distortions in the incentives to save of participating agents. Indeed, if

3Steady-state distortions would be easy to correct with simple transfers between households.
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participating agents save an optimal amount (i.e equal to the first best defined in the previous
section), next-period production is optimal and they consume the optimal amount. In this case,
the consumption of non-participating agents is optimal, because of the goods market equilibrium
(15).

To understand the distortions of the incentives to save, one can iterate forward the budget
constraint of participating agents (using the transversality condition) to derive their intertem-

poral budget constraint. This gives

= 24
H [(1+7;)© (Q)]
j=t
where © (Q) = = —a + o5+ The expression (24) is derived in Appendix. The right-hand

side is the current per capita wealth of P—households. The left-hand side is the consumption
stream, discounted with the relevant period discount factor, (1+7;)© (€2). In this discount
factor, the term O (£2) summarizes two distortions of the limited participation economy. First,
participating households hold all the capital stock. Second, they obtain only a part of the social
return of capital, as a fraction (2 is distributed as wages to non-participating households. Both
effects actually increase the market discount factor compared to its optimal value.

To observe this, one can derive a similar expression for the optimal allocation. Denoting
1+7 = uAtf(t“ 1L as the marginal productivity of capital in the optimal allocation, the
solution of the program (19) yields

> & 1 K
Z k - - = _t ) (25)
H[(Hm)@(O)] =@ime

where 2 () = 1+ 1% (wp)_%. The coefficient = (€2) at the right-hand side depends on the
Pareto weight w,. It ensures the the market and optimal allocations are the same in their steady
state. The left hand side is the discounted sum of consumption, where the period discount
factor is (1 +7,) © (0). One can check that © () is increasing in ). As a consequence, the
market discount factor is always higher than the optimal one. The effect of such a distortion
is not obvious. It depends on the curvature of the utility function, which captures the relative

importance of substitution and income effects. In the log case, it is known that both effects

cancel out.
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To see this, we now considers a first-order approximation to fully solve the model. It is
now assumed that the size of the technology shocks are small enough such that a first-order
approximation is relevant. The proportional deviation of the variables x; to its steady-state

0K
Oe

value is denoted 7, that is x; = z* (1 + %;) . We denote as the increase in the proportional

deviation of the capital stock on impact after a technology shock for the market economy. The
oK

same increase for the first best allocation is denoted as 57 . The model can be easily linearized.

It can be shown that the aggregate law of motion of the capital stock has the form
Kiy1 = BK, + Da, (26)

where the coefficient B and D* depends on the deep parameters of the model. As it is known
that the law of motion of the aggregate capital stock for the optimal and the market economy

is the same when 2 = 0, one easily finds the results of the next Proposition.

Proposition 2 Effect of a small technology shock. Assume that m¢® =0, then
1) If o = 1 then the market and the optimal allocations are the same.

2) o >1 and o close to 1, then

o If p* is high then 2& < 0K

Oe? e
o If p® is low then % > gg

The Proposition considers two cases. First, when ¢ = 1 the market and optimal allocations
are the same, whatever the fraction of people participating in financial markets. In this case
and as explained above, income and substitution effects balance each other. As the income of
participating agents is equal to its optimal level in steady state, the equilibrium fluctuations of
the capital stock are also optimal in the business cycle.

Following the business cycle literature, the case 0 > 1 is here considered as the relevant
one. Moreover, it is assumed that o is close to 1 to derive additional results. The Proposition
states that the direction of the distortion in market economies depends on the persistence
of the technology shock. For a high persistence, the market economy invests too much on

oK

0K - 5za)- For a low persistence, the market

impact compared to the first best allocation ( 5z

economy does not invest enough on impact after a technology shock. When the technology
shock is transitory, on impact the central planner increases the capital stock to benefit from

the transitory change in productivity and then the capital stock decreases to its steady-state

14



value!. In the market economy, as P—households do not get all the return on the total capital
stock (as some wages are paid to N—households), they don’t have the incentives to optimally
invest. When the technology shock is very persistent, the economy experiences a persistent
wealth effect. In the market economy, P-households do not fully perceive this effect, as part of
this future wealth will be transferred to N —households who do not have the right incentives
to save. As a consequence, they consume too little, or save too much compared to the optimal
allocation.

Intuitively, the market economy under-reacts to technology shock. Investment is too low to
benefit from transitory shocks. It is too high for a permanent shock, as the wealth effect is not

fully internalized.

2.5 Effect of a monetary policy shock

Before deriving the optimal monetary policy in the non-linear framework, it may be useful to
identify the effects of monetary policy shocks. In this Section, it is assumed that the quantity
of money follows the following process m&? = p“BmCE 4 e where p©? is the autocorrelation
of money creation and e}* is N (0,0™). It is shown in Appendix that the law of motion of the

capital stock is the following
Kt—l—l = BKt + Cmmf,lgl + DmEf;n

where the coefficient B is the same as the one in equation (26). Studying the sign of the

coefficients, one finds the following results.

Proposition 3 If p“B is close to 0, or if o is close to 1, the capital stock increases after a

positive monetary shock.

Money creation is a tax on money holders. It transfers some wealth from non-participating
households to participating households. The effect of this transfers on the saving choice of
participating agents is ambiguous and depends on the strength of the substitution and income
effect. If the monetary shock is not too persistent or if the utility function is not too concave

(such that the income effect is no too high), then participating households increase their saving

“More precisely, it is known from the RBC literature that the consumption increases after a very persistent
technology shock because of a positive wealth effect. It decreases the period after the transitory technology to

benefit from the temporary increase in the productivity of capital.
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after a monetary policy shock. In this case, expansionary monetary policy induces "forced
saving" at the aggregate level. If the utility function is very concave and the monetary policy
shock is very persistent, participating households decrease their saving. In the quantitative
version of the model which is presented below, it is shown that money creation raises the

capital stock.

2.5.1 A remark on inside money

The result of this model does not depend on the formalization of the money supply. In particular,
it does not depend on money being outside money. The results would be the same if money were
inside money, because the time variations of the return on inside money is different from the
ones of the marginal productivity of capital. This result is proved in the Technical Appendix to
save some space, but the intuition is simple. In general equilibrium what is not consumed must
be invested. As a consequence, all the monetary savings (be it outside or inside money) are

invested. The key distortion relies on the incentives to save, and thus the return on the money.

2.6 Optimal Monetary Policy

Optimal monetary policy is now derived in the non-linear environment. We consider that the
central bank creates some money in each period observing the state of the economy. As it is
shown that the optimal monetary policy implements the first best, there are no commitment
issues as the central bank has no incentives to deviate in any period.

To identify the effect of monetary policy in the non-linear environment, using the budget
constraint (3), together with the equations (11), (13), and (14), the budget constraint of par-
ticipating households can be written as

Q 1+
Ko+ (1— Q)& =Y — w4+ mC% — Q=108 (27)
2 1 ‘I— Tt P

~
implied money transfer

The previous equality shows that money policy acts as a lumpsum transfer to participating

household (as a general equilibrium effect). The part of the profits of the central bank which

is not distributed to participating households in period ¢ (Qllﬁ—ir:lmtc_Bl) appears in general

equilibrium as a negative transfer to these households. One can write the budget constraint of
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the central planner (20) in a similar form:

. . o L Q. n
Kt+1+(1_Q)C€:Y;_wt_+§(wt_ct) (28)

? ——

missing saving
where Y; and 1w, = (1 — p) AKI"L~* are respectively the optimal level of output and the mar-
ginal productivity of labor in the optimal allocation. In the previous constraint, the time-varying
difference between income and consumption of non-participating households appears as a trans-
fer in this budget constraint. This difference is denoted the "missing saving", because it is
the part of the income of non-participating agents which is actually invested, in the optimal
allocation. As a consequence, if monetary policy is able to implement a transfer to participating
agents, which compensates for the "missing saving", it may restore the right incentives to save.

The following Proposition shows that this intuition is right.

Proposition 4 1) if Q < 3, an active monetary policy can implement the first best allocation.

2) The optimal money rule has the following form

1 + Z.tfl CB

—_—m
1 + Tt -1

mP = H(Q, A, K;) +Q (29)

where the function H is such that H (0, Ay, K;) =0 and H (2,1, K*) = 0.

The first part of the proposition shows that an optimal monetary policy can implement the
first best if €2 < . This last condition ensures that Blanchard-Kahn conditions are fulfilled and

is always satisfied for realistic parameter values®

. The exact expression of the optimal policy
rule as a function of state variables is given in the proof, because it is not insightful. Instead,
the second part of the Proposition presents a simple representation of this rule (which is not
written as a function of past state variables because of the term 7, which is a function of m¢'?)
The last term at the right-hand side of (29) represents the part of the profits of the central
bank which is given to N-households. It captures the redistributive effect of monetary policy
for participating households. The optimal monetary policy first cancels this redistributive effect
and then creates some money to restore the right incentives to save for P-households. This

effect on incentives is captured by the function H. When all households participate in financial

markets €2 = 0, the incentives to save are optimal and H = 0, as expected. Moreover, in

B is close to 0.99 and there are more than 1% of households that participate in financial markets. When

this condition is not fulfiled, money creation tends toward infinity to restore the first best.
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steady state H (Q,1, K*) = 0, as the steady-state allocation is optimal. The time-variation
in the money created by the central bank reproduces the transfer, which corresponds to the
"missing" saving of non-participating households identified in the discussion of equation (28).
As a consequence, the consumption saving-choice of participating households is optimal. The
consumption of non-participating households is thus also optimal, because of the goods market
equilibrium.

One can derive some intuitions for the properties of the optimal monetary policy from
Proposition (2). When the persistence of technology shock is low (close to 0) and the utility
function is not too concave, the economy underinvests after a positive technology shock. Optimal
monetary policy increases capital accumulation by creating money, which is a transfer from non-
participating to participating households. Optimal monetary policy is thus procyclical. When
the persistence of technology is high (close to 1), then the market economy accumulates too
much capital after a positive technology shock. Optimal monetary policy decreases capital
accumulation after a persistent positive technology shock. Optimal monetary policy is thus
countercyclical.

As the model is simple enough to be explicitly solved after linearization, it is possible to
characterize the effect of monetary policy shocks, to study the condition for price determinacy
under an interest rate rule or to show that the model exhibits a liquidity effect. As those results
are well known in the literature (Alvarez and Lippi, 2014 for instance), they are not presented

here.

3 Optimal monetary policy at the Zero Lower Bound

The previous framework has derived the optimal monetary policy assuming that the zero lower
bound never binds. A recent literature has studied optimal monetary policy introducing the
Z1LB as an additional constraint. This simple monetary framework is particularly interesting to
study binding ZLB, because the substitution between money and other assets is easy to analyze.

To be consistent with the previous Section and to save some space, it is assumed that the
only shock is a technological shock. This assumption is obviously not a general claim about
the nature of the relevant shock for which the ZLB binds®. The result of this Section would be

obtained for a preference shock, which is often introduced to model the cause of the binding

6In particular, it is known that TFP has not decreased in the years after 2008 for which the ZLB is binding.
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ZLB in models without capital.

Assume that the economy is initially in steady state and that the initial nominal money
stock is M, at which the inflation rate is 0. This inflation rate is optimal due to the choice of
wP. The economy is hit in period 0 by an unexpected sequence of technology level {A;}i—0. co-
The whole sequence of shocks is known at date 0 and the economy is not hit by other shocks at
any further date. It is assumed that lim;_.,A; = 1, such that the economy goes back to the
steady state.

As before the optimal allocation is defined as the maximization of the objective defined in
(19), subject to the budget constraint (20) and the sequence of the technology level {A;}1—0. s,
with the weight w? given in Proposition 1. The optimal capital stock solving this problem can be
found, using standard dynamic programming methods. It is denoted {f(t}tzo,_oo. The optimal
consumptions of participating and non-participating households are respectively {¢}'}1—0. . and
[} =000

We now study the ability of monetary policy to reach this allocation. As a first result, one
can easily show that monetary policy can achieve the optimal allocation, when the ZLB does
not bind.

One can prove that the first best allocation can also be implemented when the ZLB binds.
To see the logic of the argument, assume that the ZLB binds for one period only: The nominal
interest rate in period is 0, and the ZLB does not bind afterward. In the market economy in

the period 0, we have ig = 0, hence (as 1 +ig = (1 + 1) (1 + 7))

1+T1:1—|—7T
1

To derive the intuition for the implementation result, we have to consider the period 0 and
period 1 budget constraint. As the return on money is equal to the return on other assets,
participating households now hold some money. Their budget constraint can be written as

Q
K1+(1—Q)c’5:Y0—w0§+ @153—(1—9)7715 (30)

~
period 0 net money transfer

In the previous budget constraint, we have gathered all the money terms at the right-hand
side and they are labeled "net money transfer". Their Euler equation is

u' (c7)
1+7T1

u'(cg) = B(L+r)u () =P
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In period 1, P—households do not hold money, and they have the return on their past saving

mg
1+7T1

Q 1

~
period 1 net money transfer

(31)

For period 2 onward, the budget constraint is given by (27). Assume that the quantity
of money created in period 1,2, ... (for which the ZLB does not bind) implements an optimal
transfer to participating households.

To prove that the first best can be implemented, we have to prove that it is possible to satisfy
two conditions in period 0. First, monetary policy must implement a transfer to participating
households, which corresponds to the "missing saving" defined in (28). Second, the inflation
rate between period 0 and period 1 must be equal to the inverse of the optimal marginal return

on capital, for the optimal allocation to solve for the Euler equation of participating households.

-1 —1 11— -t
14+m = (1+m) :(u*AlKl L ﬂ) (32)

The two equations (31) and (32) form a well-defined system in two unknowns, m{ and m§?
(once the money market equilibrium is used to express 7 as a function of mf and m§®). If this
system as a positive solution, then there exists a money supply for which the optimal allocation
is a market equilibrium, even when the ZLB binds.

This system can have a solution because of the new variable, the quantity of money held

by participating households m{, which can be positive only at the ZLB. The next proposition

summarizes the result, providing the conditions for the solution to be positive.

Proposition 5 When the ZLB binds for one period, the optimal allocation can be implemented

by a unique monetary policy if mfy > 0, where

~ 1—p
1 1—/LK1 2A1 Kl ~ _
P _ i —((1 = p) AgKEL™ " + A
Mo =10 0L QuAl(L> (1= ARYL™ + &)
and
- . 0 .
AtEKt+1+(1—Q)Ef—AthL1‘“+§(1—M)KfL‘“,t:O,l (33)

In the Proposition the value of m{ is given as a function of the first best allocation {f(t}t:g__oo.
The two variables A, for t = 0, 1 are the missing saving of non-participating households in peri-

ods 0 and 1 as a function of the optimal allocation. The economic meaning is that participating
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households must want to hold some money when the ZLB binds and when the central bank im-
plements the optimal incentive to save. If participating households anticipate a rapid increase
in revenue, they may want to issue some money to transfer some wealth from period 1 to period
0. One can consider this case as being more the exception than the rule.

A numerical example. As a simple numerical example, it is assumed that ¢ = 3, § =
0.9999,Q = 0.5, p = 0.36. The value of 3 is close to 1 for the real interest rate to be low,
when the shock hits. The nominal interest rate is at 0 for one period. We assume that the
shock technology is an AR(1) (in log) defined by uy = —0.02 and w; = p®u;—q for t > 1, where
pt =07 A =e"

Technology level Capital stock
1.01 0.154
0152
1
0.15
0.83
0.148
0.98 0.146
0 10 20 30 40 0 10 20 30 40
Mominal interest rate % 10'3 Moaney created
0.02 2
0.015 1
0.01 0
0.005 -1
0 2
0 10 20 30 40 0 10 20 30 40

Fig. 1 : Optimal monetary policy when the ZLB binds for one period. The four variables A;, K, iy

and mtc B are represented as deviations to their steady state values.

It may be interesting to relate the result of this Section with the one of Eggertsson and
Woodford (2003). These authors consider an environment with the following features: A repre-
sentative agent, complete financial market, sticky nominal price setting in an economy without
capital. They find that money creation at the zero lower bound does not affect aggregate out-
put, nor the price dynamics. The key differences between their economy and the one of this
paper is, first, the representation of heterogeneity. As we have limited participation, Ricardian
equivalence does not hold and the pure neutrality result of Eggertsson and Woodford (2003)

fails to apply. Second and more importantly, this paper introduced explicitly money demand
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and limited participation. The ZLB is not only a constraint on the nominal interest rate. When
it binds, it also implies that money and other assets are substitutes for participation agents,
what affects money demand. It is the inclusion of this second effect which drives the results of
Proposition 5.

At a more general level, the claim of Eggertsson and Woodford (2003) is that money creation
at the ZLB does not change inflation expectations. Although the identification of this effect
is not simple for recent episodes of money injections at the ZLB, Krishnamurthy and Vissing-
Jorgensen (2011) for the US and Joyce et al. (2011) for the UK present some evidence that
inflation expectations were increased after episodes of quantitative easing both in the US and
the UK. Money creation seems thus to affect inflation expectations and thus the real interest

rate.

3.1 The case of lumpsum transfers

The previous Sections proved that monetary policy can reach an optimal allocation even when
Z1.B is binding, under the maintained assumption that money is created by open market oper-
ations. The next Proposition states that this allocation cannot be reached by lumpsum money

transfers to all agents.

Proposition 6 When money is created by lumpsum transfers, the first best allocation cannot

be reached when the ZLB binds.

The proof is in the Appendix. The reason for this result is that when money is distributed
by lumpsum transfers to all agents at the ZLB, these ones can reduce their money demand by
exactly the same amount. The equilibria on the money market and on all markets are unchanged.
This result depends on all agents holding money and thus that the ZLB is binding (otherwise
some agents not holding money could not reduce their money demand which is 0). Open market
operations create an additional redistributive effect because the new money created in period
t first affects the budget constraint of participating households in the period ¢ (as can be seen
in equation (27)), and then affects the budget of non-particiapating households in the following
period, due to the redistribution of the profits of the central bank. This new result is a rationale
for open market operations for money creation (at least at the ZLB).

The simple model of this Section shows that monetary authorities can generate the optimal

incentive to save. One may legitimately ask wether this strong result is not the result of the
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various simplifying assumptions. To answer this question, a more general level is now considered.
Although the model could obviously be generalized in various dimensions, the next Section
generalizes the model to match a simplified empirical distribution of money across households.
Indeed, as the key mechanism is the redistributive effect of monetary policy in the business

cycle, it is important to first investigate the effect of a realistic heterogeneity.

4 The general model

In the previous theoretical model, non-participating households hold the money stock, whereas
participating ones do not hold any money. This is not a realistic description of the data, as many
households hold both money and financial assets. In this Section a more elaborated model is
introduced to study optimal monetary policy, when a realistic heterogeneity across households
is reproduced.

More precisely, in US data and using the Survey of Consumer Finance (SCF), three groups
of households can be identified according to their money and financial holdings. The definition
of money used is the sum of checking and saving accounts. A broader definition of money
does not change the overall properties of the money distribution. First, around 10% of the
population does not hold a checking account. As Bricker et al. (2012) write, these households
are disproportionately more likely tobe headed by a person who is not working. Although the
quantity of money the household hold is not precisely measured, it can be assumed to be a
trivial amount.

The second group of the population includes the households who have a higher income, who
hold some money, but who don’t participate in financial markets. These households are roughly
in the 2nd to 5th decile of the income distribution. Indeed, one observes that roughly 50% of the
US population does not participate in the stock market either directly or indirectly (Bricker et
al., 2012). Participation in the bond market (for any type of bonds) is even more concentrated,
as roughly 20% of the US population participates in this market.

The third group of households are the ones above the 5th decile of the income distribution.
These households hold both money and financial assets. Although the ratio of money over total
wealth decreases with wealth (Erosa and Ventura, 2002), the quantity of money held by these
households is much larger than that held by the other groups. In addition, although these agents

hold some financial assets, it is known that they participate infrequently in financial markets
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(Vissing-Jorgensen, 2002; Alvarez et al. 2009).

As a general outcome, the inequality in money holdings is large in the US population. The
Gini coefficient on money is 0.8 and it is much larger than the Gini coefficient on consumption
expenditures, which is 0.34. As discussed in Ragot (2014), infrequent financial market partic-
ipation and incomplete insurance markets are necessary to generate such an unequal money
distribution, together with some households holding both money and financial assets : money is
used as an asset to smooth consumption by households not participating in financial markets’.

Incomplete insurance markets and limited participation models are known to be very difficult
to analyze with aggregate shocks. To my knowledge, simulation techniques do not allow to study
such environments in the general case and with aggregate shocks®. To capture the essence of
limited participation and incomplete markets and to be able to define an optimal monetary
policy with aggregate shocks, I develop methodological tools used in Challe and Ragot (2013)
and in Challe, Matheron, Ragot and Rubio-Ramirez (2014). This strategy can be thought of as
an extension of Lucas (1990), who introduces perfect insurance within families®. Tt is assumed
that there is perfect insurance within some groups of the population living on "Islands", but that
there is no insurance across islands. Households may move randomly across islands, taking their
money with them. The timing of market opening is then designed such that the model generates
Euler equations for each household, which is consistent with results in the incomplete insurance
market literature, but where the heterogeneity is limited to a finite number of household types.
It is thus not necessary to follow a continuous distribution of agents as in Krusell and Smith

(1998). In this setup, optimal policy with aggregate shocks can easily be studied”.

4.1 Households

All households have the same period utility function u, and have the same discount factor 5.

They pay lumpsum taxes denoted as 7;. Households are located in different islands, but they

"Infrequent financial market participation generates a money demand in the Baumol-Tobin tradition, whereas
market incompleteness generates a money demand in the Bewley tradition. Both frictions allow reproducting

the money distribution, as shown below.
8Ragot, (2014) and Kaplan and Violante (2014) study this environment without aggregate shocks.
9In monetary economics this assumption is used for instance by Shi (1997) to study the decentralization of

exchange, without having to keep track of the money distribution.
19Heathcote, Storesletten and Violante (2014) use the same modeling trick in a model based on Constantinides

and Duffie (1996), where idiosyncratic shocks are persistent. This trick is used here in a Bewley environment,

where idiosyncratic shocks can be transitory.

24



all go to the same island to consume, work and sell their money.

There are three types of different households. The population is composed of 10% of non-
money holders, who are denoted as NM-households. It is composed of 40% of households
who only hold money, denoted as non-participating households or N —households. Finally, it is
composed of 50% of (infrequently) participating households, who are denoted as participating

agents or P—households. I first present the programs and then derive the Euler equations.

4.1.1 NM- Households

There is a mass QY™ of NM-households, who have a low and stable income denoted as 6.
These households live on an NM-island. They do not have access to financial markets but they
can hold money. Denote as VN (m}) the intertemporal welfare in period ¢ of a household
holding a real quantity of money m™* (I keep the time subscript in the whole Section for the

sake of clarity). This function solves the Bellman equation

VM (M) = max u (¢)™M) + BEV (mpY)

CyMt41
mNM
s.t. CiVM + mi\_ﬂ/[ = (SNM + ﬁﬂ't — Tt (34)
NM
miyr 20

The second equation is the budget constraint. The third condition stipulates that households

cannot issue money. The solution to this program is simply m{}} = 0 as long as u (¢]'™) >

/BEtU (Cﬁ_jlw) /Ht+l'

4.1.2 N- Households

There is a mass QY of N—households. These households do not participate in financial mar-
kets, but they face an employment risk, against which they self-insure. Following the litterature
on uninsurable risk, it is assumed that N —households can be either employed or unemployed.
An employed household stays employed next period with a probability « (and falls into unem-
ployment with a probabiltiy 1 — ). When unemployed, households stay unemployed with a
probability p (and find work with a probability 1 — p). In other words, the transition matrix for

the labor risks is



As this transition matrix is not time-varying, the constant fraction of employed households
among NP-households is
L—p

s S (35)

and the unemployment rate is 1 — n.

Insurance structure. It is assumed that N —households belong to a family, but the family
has two locations. Employed households live on an island, denoted as FE island, where there is
full risk sharing within the island. Unemployed agents live on an island, denoted as U island,
where there is full risk-sharing within the island. By the law of large numbers there is a mass
nQY of households in the F island and a mass (1 — n) Q¥ in the U island. Households who lose
their job (with a probability 1 — «) must travel from the E to the U island at the end of the
period, after the consumption-saving choice has been made. Households finding a job (with a
probability 1 — p) have to travel from the unemployed to the employed island at the end of the
period. In each island, the consumption-saving choice is made by a representative of the family
head, who maximizes the welfare of the family. Finally, all households traveling across islands

can take their money with them.

E island All employed N —households in the F island supply one unit of labor and earn an
after-tax real wage wy; — 73. The sequence of actions is the following. First, at the beginning
of each period, the family head pools the resources. Second, the aggregate state is revealed,
which is the technology shocks and the money creation. Third, the consumption-saving choice
is made. Fourth, households’ idiosyncratic shock is revealed, and households losing their job
travel across islands carrying their money with them.

Denote as mN¥ the per capita real money holdings of employed N —households at the begin-
ning of the period after resources are pooled. There is a number n)"¥ of such agents. Similarly,
denote as m¥Y the beginning-of-period per capita money holdings of N —households in the
U island. There is a number (1 —n) QY of such households. Denote as VNE (miv E) the in-
tertemporal welfare of an employed household and VNV (m'") the intertemporal welfare of an
unemployed household.

The program of the family head in the FE island is to maximize the utility of all em-
ployed households taking into account the consequence of its choices for the whole family of
N—households. Denote nQ¥VN? (mN¥) as the maximum intertemporal welfare that the fam-

ily head can achieve in the F island, with a per capita quantity of money m¥. The family
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head chooses per capita consumption ¢¥Z and per capita money holdings mﬁg to solve

Ny/NE (, NE\ _ N, (.NE
nQNVNE (my )_c,{\gl,?jffﬁng u (")

+ BE, [nNVYE (mdE) + (1= n) QN VAV (mdY)]

subject to the per capita budget and the non-negativity money constraint:
NE

- m
A i = = (36)
mi >0

ﬁzﬁff is the quantity of money held by each employed agent before some of them have to leave

the island. As a consequence, it is different from the next period per capita quantity of money

m 5 to be determined below.

U island All households in the U island are unemployed N —households. They get a per
capita home production 6. The timing in the U island is the same as in the F island, and
these households pay the same taxes 7;,. The representative of the family head chooses the per
capita consumption ¢;'V and the per capita money holdings MY to maximize the utility of

unemployed households taking into account the effect on all the family. It solves

(1=n)Q"VY (M) = max (1—n)Q%u (¢"Y)

NU 5 NU
Cp My

+ BE; [nQNVYE (m\) + (1 —n) QYVYY (m)Y)]

subject to the per capita budget and the non-negativity money constraint:

ANl = mp + 0N — 1 (37)
t t+1 — 1+7Tt t
myy >0

4.1.3 P- households

There is a fraction QF of P—households. These households face the same employment risk as
N P—households, with the transition probabilities o and p. These households are more produc-
tive than N —households, and the labor supply is equivalent to s units of labor of N —households.
The wage they recieve when employed is thus xw;. When unemployed it is assumed that they
get a revenue from home production equal to x0". The parameter s will be calibrated to match

the empirical income distribution.
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In addition, these households participate infrequently in financial markets'!. It is assumed
that when they participate, in period ¢t the probability that they participate in period t 4 1 is
o/ (and the probability that they do not participate is 1 — /). When they do not participate
in period ¢ the probabiltiy that they do not participate in period ¢+ 1 is p/ (and the probability
that they participate is 1 — p/).

To keep the model tractable, it is assumed that P—households can be in three locations or
"islands". All P—households participating in financial markets are on the same island (be they
employed or unemployed), denoted as island A. In this island, the family head pools resources
and has access to the financial portfolio of the P—households.

P—households who do not participate in financial markets can be in two other islands. If
they are employed, they must travel to the PFE island. If they are unemployed, they must
travel to the PU island. In all islands, there is a family head who maximizes the welfare of all
members of all P—households, whatever their location.

The flows across islands are the following. An employed P—household who participates in
financial markets stays on the same island with a probability o/. He or she moves to the PE
island with a probability « (1 —af ), and he or she moves to the PU island with a probability
(1 —a) (1 — o). Households in PU island stay in the PU island with a probability p/p. They
move to the A island with probability 1 — p/, and they move to the PE island with a probablity
p’ (1 — p). Finally, households in the PE island stay in the PFE island with a probability p’a.
They move to the PU island with a probability p/ (1 — ). They move the the A island with a
probability 1 — p/.

From the transition matrices, the stationary fraction of P—households in island A is n? =

(1—p")/(2—af —p/). The fraction in PE—island is n”? = (1 —n®)n, where n is deter-
mined in equation (35). The fraction of P-households in island PU is n”V = (1 — n?) (1 — n).

We now describe the program of the family head in each island.

A island The family head has access to financial markets. The financial portfolio of P-
households includes the (beginning of period) per capita capital stock k! and the per capita
level of public debt b and per capita real quantity of money m:. Denote as V4 (k{‘, b, mf)
the intertemporal per capita welfare in the A island. Denote as VF¥ (m[?) the intertemporal

per capita welfare in island PFE: It only depends on the per capita quantity of money held

"1The methodological contribution of ths Section is to provide a simple recursive formulation of the households’

problem under limited participation.
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by agents in this island, because the representative of the family head does not participate in
financial markets. Finally, denote as V"V (m/V) the intertemporal welfare of agents in the PU
island: It only depends on the beginning of period quantity of money held by agents in the PU
island.

The family head in the A island maximizes the intertemporal welfare of the households on
this island considering the consequence of its choice on the welfare of households moving to
other islands. The program of the family head is

AQPY/A (LA 1A A AP, (A
n" Qv (k‘t by, my ) = cf‘,%f‘flr,%?“i,mf‘ﬂn Q" u (ct )

+ 6Et [HAQPVA (klét,_h bﬁ_h mf+1) + nPEQPVPE (mﬁ_El‘) + TLPUQPVPU (mzi-Ul)}

The family head pools all the resources of households participating in financial markets. As
the fraction of employed households is n (and the fraction of unemployed households is 1 — n),

one finds that the resource constraint in per capita terms is

- A
1+ m;

R bty =k (nw+ (1 —n)0N) =+ (L) B+ o b + e (38)
Mg, >0

where the per capita amount saved in money, bonds and capital (before transitions across

islands) is denoted my} ;, Béu and 1?;;11 respectively.

PFE island On the PFE island, the representative of the family head maximizes the intertempo-
ral welfare of employed households who do not participate in financial markets, while considering
the consequence of its choice on the welfare of the whole family. The program of the family

head is
nPEQPVPE (mfF) = nFQPu (cf) -
+BE [0V (k1,6 mE) +nPPQIVEE (mf) QY ()]

The per capita resource constraint is

PE

me—f—CfE:Iiwt—Tt—l—

! 39
T (39)

mEE >0
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PU island Following the same steps, the program of the family head on the PU island is

WPUVPU () = (1= ) (1 m)u () 4 e

B, [V (kb i)+ (1= ) mV P2 (mf5) + (1= n%) (1= m) VP (mf))

with the constraint

mPU+cPU:/~$(5—T~I—me (40)
t t ! 1+7Tt

mY >0

4.1.4 Money holdings and equilibrium structure

The equilibrium is constructed with a guess-and-verify strategy. Indeed, many households
choose not to hold money because the return on money is too low. More specifically, we make
the following conjecture.

Conjecture : Households in NM, PU, PFE island do not hold money, i.e.
{F=0 (41)
and only households in the F and PF island hold money mf > 0, and m}* > 0.

Implications for money holdings

At each end of period, some agents transit between islands. A size (1 — a) nQY of households
travel from island E to island U and the remaining size anQ”" stay in island E. As only
households in the E island hold money, the beginning-of-period money held by households in
the F island is the quantity of money which stays in this island. As a consequence, the per
capita beginning-of-period quantity of money in the E island is m)*§ = anQ¥ mﬁg / (nQN )
Along the same line, the per capita beginning-of-period quantity of money in the U island is

mPY = (1 — ) nQNm)M /(1 —n) QV). One easily finds,

NE _ _ ~NE NU _ ~ NE
myyy = army © and myy = (1 — p) myly

Considering P households, (1 —af ) nQF households leave the A island with only their
money holdings. Among these agents, there is a fraction n who stay employed with a probability
a and a fraction 1 — n who become employed with a probability 1 — p. As a consequence,
the number of P—households moving from island A to island PE is (an+ (1 —p) (1 —n)) *
(1—af)nAQf =n (1 — o) nQF. As agents in the PE and PU island do not save in money,
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the only money held by agents in the PFE island is the money brought by agents transiting from
the A to the PE island. As a consequence, the per capita beginning-of-period amount of money

held by agents in the PFE island is
PE _ n(l—af)nt

A
m = = —m
t t
nfE

Following the same reasoning, one finds that the per capita beginning-of-period amount of

money held by households in the PU island is

(1-n)(1—af)nt _
m " = nPU "y

The beginning-of-period real per capita quantity of money held by agents in the A island is
mi,, = olmf,,. Finally, as only agents in the A island have access to the portfolio of a
participating family, we have l;:ﬁH =kit, and b, = Bﬁrl.

Equilibrium conditions. It is now possible to write the conditions under which the conjecture

(41) is satisfied. We show in the Appendix that these conditions are

w (e > @E# (42

i (V) > BE, [(1— p) (B.) + pud (V)] ﬁ (43)
W) > BB (1= o)l (cf) + e () +up? (1= ) (V)] 1 — @
wlef) > BB (L= o) (¢) + 0 (1= p)ul (%) + 7 (V)] 5 jm (45)

These four conditions state that the return on money is too low for N M, U, PUand P Fhouseholds
for them to use it to smooth consumption. It will be shown that these conditions are fulfilled in
steady state. It will then be assumed that shocks are small enough such that these conditions

are fulfilled in the dynamics.

4.2 FEuler equations

In the equilibrium under consideration, one can use first order conditions and the envelop
theorem to find the Euler equations determining the money choices of N-households in the F

island. The derivations are in the Technical Appendix. One finds
1

U/ (CiNE) — /BEt [O[U,/ (Ci\gﬁj) ‘I— (1 — Oé) ul (Ci\—[i-({)} m (46)
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One observes that the the money demand of households in the E island is made to provide
resources to households moving to the U island (with probability 1 — «). One can show that if
a = 1, then the money demand of households in the E island would be 0. This money demand
has the same logic as the one derived in a Bewley environment. The gain of the assumptions
about the family strucure is that the distribution of money is trivial, with only two mass points
in each period. This simplifies considerably the aggregation problem.

Along the same lines, participating households in the A-island have a non-trivial portfolio

choice. One finds the three Euler equations:

u' (') = BE (14 rep) v (cf)y) (47)
, B 1+

W (c') = ﬁEtl n 7Tt+1u (¢ (48)

o (e) = BB [l (i) + (1= o) (n7Pal () + (L= n"P) ol (ef))] 1o (49)

L+ 7

The first two equations are the choice of claims on the capital stock and on bonds. The third
equation is the money choice of agents in the A island, which takes into account the fact that
money can be used by households moving to other islands. As households in the A island
cannot bring their stock or bonds to other islands, there is no self-insurance motive for these
two assets. As a consequence, the Euler equations for stock and bonds are the same as the ones

of a representative agent. This, again, will simplify the structure of the equilibrium.

4.3 Production side and market equilibria

The production side is similar to the one described in the simple model. For the sake of gen-
erality, it is now assumed that capital does not fully depreciate in production, the depreciation
rate being \. Profit maximization is maxy, ; A, K*L'™* —w,L — (r; + \) K, where L is the labor

supply in efficient unit. First order conditions for the firm are (8), as before, and
T+ A=A KL (50)

with A = e%, and the process for a, given by (23). The State and monetary policies are the
same as in the previous Section. Hence, the laws of motion of the money stock and taxes are,

as before:

mt"t 1 +1
tot __ CB t—-1 OB

+ drn = 51
1o+ t m; " and T 1 t my ( )
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The capital and bond market equilibria are

QP nAbt = b, (52)
OPnkd = K, (53)
instead of (13) and (14). The two previous equations state that only P—households hold interest-

bearing assets.

The goods market equilibrium is
QNVMENM (1 — ) QNP NPU 4 nQNPNPE L g PUQPCPU 4 nPEQE PE
+ Q0 + Ky = AKPLY + (1= N) Ky + QYMEVM 4 (1 — n) 6V (QNF 4 £Q7)
The labor market is, in efficient unit
L=n(0""+Q"k) (54)
Finally, the money market equilibrium is
mit = Q¥ + QFnAm! (55)

For a given monetary policy, the program of agents and market equilibria are now specified.

We now present the program of the central planner.

4.4 Constrained efficient monetary policy

This Section now derives the optimal monetary policy in the economy with unemployment
and participation frictions. The social welfare function has the following structure. The social
planner gives a Pareto weight w™ to N M —households, a weight w?¥ to N- households and a
weight w? to P households.

The instrument of the central planner is the quantity of money created in each period m&5.

The Ramsey program for the central planner is the following maximization

o0

WOP = S0 [ () + Y (0 () 40 () 4] (56)
my 7 bi=0..00 4
PO (0t () 0P (eFF) + 0 (o)) 7

subject to four Euler equations (46)-(49), the five budget constraints (34), (36), (37), (38), (39)
and (40), the first order conditions for the firm (8) and (50), the law of motion of the quantity of
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money (10), the budget of the State (11), and the five market equilibria (52)-(55), and subject
to the law of motion of the technology shock given by (23).

For a given initial capital stock K, these equations constrain the value of
{eNM NE NVt PP cPU mYE o mt b kL K, T we, mEP, Ty iz, 00 that the planner can
implement. To quantify the distortions of the market economy, we now provide the first best

allocation.

4.5 First Best

In the first best allocation, the central planner can provide the same consumption level to N M,
N and P households. As before, we note x; for the value of x; chosen by the central planner.
The central planner now chooses the consumption of NM, N and P households, ¢ ¢N and

¢, Tts objective is thus

WEE = max S 4 [N (@) 4 MOV (@) + WP ()] (59)

{eNM NP &P Kip1}te—o..00 —0
Subject to the budget constraint

Kiyy + QVMENM L QNEN L QP eP

= AKPL7 + (1= N) Ky + QVMSVM 4 (1 —n) 6N (QY + kQ7)
The following proposition presents a obvious result in the general model.
Proposition 7 If of < 1, optimal monetary policy cannot restore the first best.

The monetary policy can not restore the first best and will only be constrained effecient.

monetary policy alone can not cancel the effect of incomplete markets.

4.6 Calibration

We now provide a calibration to compare three different economies. The first economy is the
economy where the central planner set a constrained efficient monetary policy rule by solving
program (56). The second economy is the economy where the central planner is unconstrained
and can implement the first best allocation. The third economy is an economy where monetary
policy is inactive. In this economy, we impose that m&? is 0. For this comparison to be

meaningful, I choose Pareto weights such that the optimal inflation rate in the constrained
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efficient steady-state allocation is 0. As before, this strategy implies that the gain of an active
monetary policy is only the result of its ability to affect the business cycle and is not the outcome

of a reduction in steady-state distortions.

The period is a quarter. The share of NM households is set to QV™ = 10%, the share of N
households is 40% and the share of P households is set to 50%. These shares are motivated by
the previous discussion of the data.

Preference parameters are set to standard values. The discount factor is 5 = 0.99 and the
curvature of the utility function is ¢ = 1.5. The production function is such that the capital
share is ; = .36 and the depreciation rate is A = 0.025. The discount factor determines the
steady-state interest rate 1 + r = 1/, with equation (47). This and the depreciation rate
determine the steady-state capital stock and the steady-state wage rate w per efficient unit.

Concerning the labor market, a quarterly job separation rate and job finding rate is estimated
using Shimer (2005) methodology, as in Challe and Ragot (2014). The quarterly job separation
rate is 5%, such that o = 0.95, and the quarterly job finding rate is 79%, such that p = 0.21.
The replacement rate is calibrated to match a fall in the consumption of households falling
into unemployment equal to 10%. This value is an intermediate value between the ones found
by Cochrane (1991) and by Gruber (1997). This implies a replacement rate of 0.85, which is
an intermediate value between the ones used by Shiller (2005) and Hagerdorn and Manovski
(2009). As a consequence, I consider 6 /w = 0.85 in steady state.

Concerning inequality in income, I use the 2004 Survey of Consumer Finance to match
income inequality between the three groups'?. The ratio of the income of the top 50% over
the income of the 10-50% is 4.42. The ratio of income of the 10-50% over the income of the
bottom 10% is 3.66. These ratios will be used to calibrate the model. I take x = 4.42, and
ONM = 1/3.66.

Two parameters, o/ and p/, concern the participation structure in financial markets. To my
knowledge there is no direct estimation of the participation frequency of households in finan-
cial markets. I follow the strategy of Alvarez et al. (2009) which is to calibrate participation
frequency to match some monetary moments of the data. First, as an agnostic calibration, I

set a/ = p/. Second, I use again the SCF 2004 to measure the quantity of money (M1) held

12The 2004 SCF survey is used to avoid the high house prices of the 2007 survey and the low nominal interest
rate in the 2010 survey. Nevertheless, it has been checked that the shape of the distribution does not vary a lot

between the various surveys.
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by households as a fraction of their annual disposable income. This fraction is 8% (Ragot,
2014). It implies a value o/ = 0.86. This calibration strategy implies that half of the popula-
tion of P—households participates in financial markets in each period. The probability not to
participate next period, when participating is 14%.

The process for technology is set to standard values. The persistence of technology shock is

set to p* = 0.95 and the standard deviation is o, = 1%.

NM7wN

The last parameters to be determined are the Pareto weights w and w’. First, as a

NM N

normalization, I set w” = 1. Second, I impose as a benchmark w = w", and I choose w™M

such that the optimal inflation in the steady-state Ramsey problem is 0. Solving numerically

M

the model, one finds w™M = WY = 4.37%. Next Table summarizes parameter values.

Population (%) and Pareto weight Preferences and technology
QNM- QN or wl WwNM(%) g o A Pt o,
10 40 20 1 4.37 99 15 36 .025 .95 .01
Income structure Uninsurable risk

K N jw VM fw a p o pf

442 085 1/3.66 95 21 86 .86

Table 1: Parameter values. See text for description.

The next table summarizes the steady state outcome of the model. First, the model repro-
duces standard aggregate quantity and prices. The ratio of money over households disposable
income is 8% as in the data. The consumption and money levels are provided and the Gini
coefficient for consumption and money are computed. This simple model does a good job in
reproducing consumption and money inequalities. The Gini coefficient for consumption (Gini
C.) is 0.37, very close to its empirical counterpart which is 0.34. The Gini coefficient for money
(Gini M) is 0.73, which is again close to its empirical value, which is 0.8 (see Ragot 2014 for a

discussion)!3.

131t is checked that the four conditions (42)-(45) are fulfilled.
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Aggregate quantities, prices and inequalities
K n L r w M/Y Gini C. Gini M.
93.5 94 236 1% 237 8% 0.37 0.73

Consumption and money levels

CNM CNE CNU CA CPE CPU mNE mP

0.64 2.26 2.08 125 121 10.0 0.23 9.92

Table 2: Model outcome

To understand the trade-offs faced by monetary policy in this environment, Fig. 2 plots the

reaction of three economies to the same technology shock.

Technology Shock Capital stock

08

Money Created Transfer
04 T T T

03
02

Inflation Inequality P-households
3 T T T T T T T 08 T T T T

ol J 08
04

02

Fig 2: Outcomes of the three economies after the same technology shock (all in %). The green dotted line is the
market economy with inactive monetary policy (mCB = (), the blue solid line is the market economy

with a constrained efficient monetary policy. The red dotted line is the first best allocation.
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The first panel presents the technology shock (A;), as percentage deviation to the steady
state value. The second panel presents the capital stock in the three economies. The first
economy is the one with an inactive monetary policy (m“? = 0). It is represented by a green
dotted line. The second economy is the one where monetary policy is optimally designed. It is
plotted with a blue solid line. The third economy is the first best allocation. It is represented
by the red dashed line. When monetary policy is inactive, one can observe that the capital
stock increases much less than in the first-best allocation. The reason for this lack of capital
accumulation has been explained in the previous Section, notably in Proposition 2.

Optimal monetary policy contributes to increase the capital stock after a positive technology
shock. In the economy with active monetary policy, the capital stock is 9% higher at the
peak compared to the economy with inactive monetary policy. This capital stock remains 10%
smaller than the one in the first-best allocation. The third panel presents the path of the
quantity of money created by the monetary authority to achieve this allocation. Money created
is hump-shaped. The fourth panel reports the transfer to households, which is the profits of the
central bank. It follows the path of the money created. The fifth panel pots the inflation rate.
First, even in the market economy, the inflation increases on impact by less than 1% after a
technology shock. Indeed, participating households shift their portfolio toward financial assets,
the return of which increases'*. This decreases money demand and thus raises inflation. The
optimal monetary policy transfer more resources to participating households what provides an
additional incentives for portfolio rebalancing. The initial increase in inflation is thus higher for
the optimal monetary policy.

To understand the trade-offs faced by monetary authorities, the sixth panel plots the change
in the consumption inequality between households in the A island and households in the PU
island (i.e. ¢/'/cfY). One observes that the increase in consumption inequality is much higher
when monetary policy is active than when it is not. The change in consumption inequality
for the first-best allocation is not plotted because it is 0. To induce an increase in capital
accumulation, optimal monetary policy transfers some wealth to participating households. This
increases their savings but it increases consumption inequality (what decreases Social Welfare).
Optimal monetary policy is the result of the trade-offs between these two effects.

To summarize the quantitative results of the model, optimal monetary policy increases cap-

ital accumulation by 10% in the business cycles, at the cost of higher consumption inequality.

14The effect on portfolio choices of the difference in returns between money and financial assets is often called

the Tobin effect.
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This result is different from the ones found in heterogeneous agents literature, when capital
accumulation is not introduced (Kehoe, Levine and Woodford, 1990; Lippi, Ragni and Tra-
chter 2013 among others). In this last literature, the role of monetary policy is to decrease
consumption inequality and thus to provide insurance to households. The introduction of capi-
tal accumulation changes the results, as the main objective of monetary policy is to affect the

incentives to save.

5 Conclusion

Households facing limited participation in financial markets smooth consumption using money.
As the return on money is different from the marginal return to capital, accumulation is not
optimal. Active monetary policy can improve the incentives to save both in the business cycle
and at the zero lower bound. The trade-off faced by monetary policy is between restoring proper
incentives to save and increasing consumption inequality. Optimal monetary policy is shown to
increase capital accumulation by 10% after a technology shock.

The analysis has been performed with flexible prices, to be able to provide formal proof.
The next step is to introduce nominal frictions in the environment considered in this paper.
Such frictions generate additional distortions in the consumption-saving choices of households.
The understanding of the interactions between these distortions may be key to provide a deeper

understanding of optimal monetary policy in the business cycle.
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A Proof of Proposition 1

Part 1). In steady state (A4; = 1), the Euler equation of P-households (5) pins down the
real interest rate 1 4+ r* = % Using the first order condition for the firm (9) One finds K* =
L(Q) (6;;)” (=n) Using the same equations for the optimal program (Equations 21 and 20),
one finds the same value. As a consequence, K* = K* and Y = Y*. Using equations (1)-(11),
one finds the consumption of N-households, which depends on the steady state inflation rate.

" =(1—p)(Bp) (1 —(1+7T)ﬁ_%>,

The consumption of P-households is given by the goods market equilibrium (15).
1
Part 2). the central planner allocation implies &*/é* = w, ° The market allocation is, when
m=0:

0/24+1-0Q

cp*z(u(l—ﬁ) -

FL= ) ()75 and @ = (1= ) (u3)75

As total consumption is the same in the market economy and for the optimal allocation (because
output and capital are the same) , a necessary and sufficient condition to have ¢"* = & and
cP* = &P ig éP* /™ = P* /¢™*. Using the three previous equations, this condition can be written
as

1-9

B o Q24+1-0\"°
e (02 )
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B Intertemporal budget constraints

Using the capital market (14) and the first order condition (9), the budget constraint (3) can
be written as (with m? = 0)

i+ =0 Q) (147 K

where © () = £ 15 + L Tterating forward this constraint, the equality (14) and using the

Q
po1-2

transversality condition one finds expression (24).

Define as 1 + 7, = ,uAtf(t“ - (Q)lf“ as the marginal productivity of capital for the optimal

allocation. The budget constraint of the Central Planner (20) can be written as

147

Q _1
(_WPU—F:[—Q)&?—‘—K“'_]_: Kt

2

Iterating forward one finds the expression (25), with © (0) = 1/p and with =Z(Q) = 1 +

Q _1

%T (wp)

C Proof of Propositions 2

With the first order conditions (8), (9), and the capital market equilibrium (14). Linearization

of the model around the steady state gives

B, —& = Tkt“ + =By (59)
Kot + (0@ = )& = 0(9) (ki +a,) (60)
¢ =a; + ,uf(t

Substituting & in (59) using 60), one finds one equation in the variable K,. Using the

method of unknown coefficient, one finds that the capital stock has the form

Kip1 = B(0,0(Q) K, 4+ D (5,0(Q), p") ay
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where p® is the persistence of the technology shock, and where

B(o,@):%((1—u(1—0))0+u+0—1) (61)

—%\/%((1—u(l—a))9+u+a—1)2—49,u
0+20(1-0)—1)

D® (0,0, p) = %((1—M(1_0))‘9+M+0_1)_B(J’0)_p

The linearization of the Central Planer program yields

~ ~ 1= 1
B, — & =P K, + ~Fay (62)

g g

1 ~ = 1 =
(M_ﬁ — 1) /C\f + K= ,u_ﬁ (at + ,UKtH) (63)

First comparing (59)-(60) and (62)-(63), note that the optimal and the market allocation
are the same when € = 0 because 6 (0) = 1/(p3). One finds thus directly find the optimal low

of motion of the capital stock is
Kt+1 = Bkt + Daat with B,Da >0

" B

Moreover, when o = 1, whatever the value of § (and thus of ),

withB:B<a 1) and D¢ — D° <J,%,p).

B(1,0) =pand D(1,6,p) = 1.

As the consequence, the dynamics of the capital stock is the same in both economy. It is then
easy to show that the consumption of both P and N-households is the same in both economies,
what concludes the first part of the Proposition. For the second part, Assume that o =1+ ¢

with & small such that a first order expansion in € relevant. One finds
1
BEe,)=p+(p—1)0@—-1)=1-

) = =015 (1

o1 0
D(,0,p)=1+—((1—p)—— —
(e,0,p) +9_p(( u)g_# p)6

ie—m>5

With the notations of the Proposition

-~

oK oK [ 1
Do =D (679(9)70) and e =D <€7u_ﬂup)

Using the expression of D®(g,6, p) one finds for p = 1, D* <e, /%ﬁ’ 1) < D%(g,0(92),1) and for

p=0, D (5 1 o) > D (2,0(Q),0).

7%7
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D Proof of Proposition 3

Linearization of the model gives the two equations

N N a—1 »
Bel,, —¢& = TKtH

mCB—QR CB

Kior +(0(0) = 1) & = (@) aKy + —-mf® — -Zmf™

Using the method of unknown coefficients, one finds K, .1 = BK; + C™mEB 4+ D™, with

L 1t (1—%> (Q/5 = p7)
D= — A B
K+ 6(Q)a

and B given by (61). The analysis of the sign of D™ gives the results of the Proposition.

E Proof of Proposition 4

Define as g (At, Kt> the optimal decision rule of the central planner : Kt—H =3 (At, f(t), solving
the program (Equations (21) and (20).

Assume that the money supplied follows the rule

AKMD — g (ALK,
mgP = (((1—u>1_9+u> (K*)“Ll‘“—K*) g( ) (64)

— % (K*)“ Tl — [+

1-Q - .
) (O et u) AL 4G (A ) + Q1+ 1) mE
2

. —1
(- (1 -+ 1) mEh )

myq — (1 + it—1> m£B1

mp_y — (L +d¢1) mgBl

Although this expression is complex, it is only a function of the past state variables K;, m&5, m? | i; 4

and on the current technology shock A;. It is shown that the first best allocation is a solution of
the program of all agents. As a consequence, optimal monetary policy can implement the first
best. The basic idea of the proof is to design a monetary policy such that the budget constraint
of participating households in the limited-participation economy is the same as the one in the
optimal economy. The proof is done in three steps.

First, using the equations (1), (10), (12), (11), one finds that

Ql + it—lmCB . Q (1 + Z‘tfl) thLB; n(]' - M) AthLU (1 + Z‘t*]-) mtc—Bil. BC

I+m e my 1 — (1 +ig-1) mtO—Bl mi y — (1 +4di-1) th—B1 !
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Using the previous equation to substitute for the denominator in (64), the policy rule can be

written as
L+i-1 cp

1+ Tt =1

thB:H(Q7At,Kt)+Q

where,

-0 1 ARPL = § (A 1)
H(Q, A, Ky) = (1—M)1_—Q+N (K7L — K”
2

(K*)M [1-p — K=

1-—Q 5
- ((1_,“) [_@ +M> AKPLYH 4 g (A, Ky)
2

Second, using the budget constraint of participating households (3) and (11), one finds that the
budget constraint of participating households can be written as a simple system in ¢ and K;
(plugging the expression of H and using ¢#* = ")

2 ()77 + (1-Q)
1—-0Q

(5 et 1= ) & = AdEL (A ) +

2 (g (At7 Kt) - Kt—i—l)

Third, we can show that the optimal decision rule Ky, = g (A;, K;) is a solution to the problem

of participating households. The program of these households can be written as

U () = BE (A KESTLH) ol ()

Q _1 1 Q 1
K1+ (_ (wp) 7 + (1= Q)) o = AKILT + (wp) ™7 (9 (Ar, Kt) = K1)

2 21-Q

One recognizes the program of the Central planer (21) and (20), with an extra term at the
1

right hand side %% (wp) 7 (9 (Ay, Kt) — Kyy1), which is nul when Ky = §(A;, K;). As a
consequence, if K1 = §(A;, K3) is a solution of the Central Planner program, it is also a
solution of the program of P agents in the limited participation economy. Hence, ¢ = & and

K, = K, and c; = ¢} by the goods market equilibrium.

F Proof of proposition 5

We proceed by construction following a guess and verify strategy in two steps. We first derive
the optimal money creation assuming that the ZLB does not bind. Then, we derive money
creation when the ZLB binds for one period.

1) Unconstrained money creation. Assume that the first best allocation can be implemented

{Kh 5?7 6i)}tZO..oo-

46



This allocation satisfied the Euler equation of P—agents. Note that the two first order
conditions for P agents (for capital and for bonds) imply 1;:—;1 =1+7r = pAK'" L+ (by
assumption)

As a consequence, for this allocation to satisfy the budget constraint of P—agents (27), we

must have
m§P = Ay (65)
m? —Q <uAt[~(f_1L1_"> mB = A, for t > 1 (66)
where
~ N ~ Q
AtEKtJrl—i_(l_Q)cf_}/t—i_awt (67)

(with V; = A, K'L'# and w, = (1 — p) K"L™*, as before)

The new variable A; is precisely the missing saving of N —agents when the optimal allocation
is implemented. The sequence {A;};—9.» does not depend on the market allocation but it is
a simple function of the optimal one. The two constraints (65) and (66) state that monetary
policy implement the transfers which exactly correspond to this missing saving. One can observe
that these two constaints define uniquely recursively the monetary policy m¢? as function of
the optimal allocation only. The sequences {[N(t, , @ }i—0.00- solve the program of the P-agents.
The consumption of N-agents is {¢}'}—0. due to the goods market equilibrium. The other
equations define the remaining variables.

2) Binding ZLB.

Step 1. Construction of the money supply. Assume that monetary policy is able to implement
the missing transfer defined in (67), we have from the budget constraints (27), for ¢ > 2 and
from (30) and (31), for t =0 and t = 1.

m§P — (1 —Q)mh = A, (68)
1 mb
CB 0
- Q 1-Q = A
" 1+771m0 + )1+7r1 ! (69)
1+
fB—QH;t m&E = A, for t = 2..00 (70)

For the first best allocation to be a market allocation we must have
- 1
l4m=0+r)"= <MA1K{“1L1*“> (71)
and the money market clears in all periods.
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We now exhibit the condition for the existence (and uniqueness) of such a monetary policy.

The money market equilibriums are

Q Ly

(1—Q)mb+ 5" 12+ - +m§®P (72)
Q (1—Q)mgy + Fmf CB
o — 73
2m1 1+ m +my (73)
Q L
Em;’ = i _I_t*l +m&8 fort > 2 (74)

Tt

Moreover, we have the money demand for N-agents is

my = (1 — p) AgKYL™"
mp = (1 — p) AKFL™H 4 pA K L PmE8

where we have substituted the real wage by its expression as a function of the optimal capital

stock and we used the fact ﬁ—;l =1+mrn= uAth_1L1*“ for all t > 1.

As a consequence, the period 1 money market equilibrium implies
(1—Q)mb+ 2 (1— ) AR L™
1+m 1

Q - .
o (U= ) AREL T p A K L ) =

5 +m&P (75)

Given the value of m; given by equality (71), the three equations (68), (69) and (78) are 3

linear equations in the 3 variables m§?, m{® and mj. Solving, we find

~ 1—p
1 1—/LK1 2A1 K1 g _
D _ o=/ 22 —((1 =) AgKEL " + A
T 10 v L QuA1<L> (( i) Ao L+ ”)
where
- - Q ~
AtEKt+1+(1—Q)éf—AthLl‘”nL5(1—M)K§‘L‘“ (76)

For this value to be consistent with the equilibrium definition, we must have m{ > 0. This
condition is the one stated in Proposition 5

With the value mjf, and the sequence of equations (68)-(70), one can construct recursively,
the sequence {m$P},_g. .. With equations (72) and (74), one can deduce the inflation rate 7
and m; for t > 2

Step 2. Proof that the constructed money supply implements the first best allocation.

Under the assumption tht m} > 0, one can show that the sequence {m&?},_y ..constructed
in step 1, implement the first best allocation {f(t,éﬁ,éf }—0.00- By construction, the budget
constraint of all agents hold with equality. The goods, capital and money market equilibriums

hold. The Euler equations of N—agents hold in all periods.
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G Proof of Proposition 6

When money is created by lumpsum transfers, the model has the same structure with the
following modification. 7, = m&®: the money created is given to all households by lumpsum
transfers. Second, financial markets equilibrium is now ] = 0 (instead of equation 13) as no
bonds are bought by the central bank.

Assume that the economy is hit in period 0, by an unexpected shock which implies the
sequence {A; }1—0.0 for technolgy.

The case without a binding ZLB. Define A, as in (67). It is the missing saving of N P—households.
One can easily show that the first best allocation is implemented when m; = A;. One can ob-
serve how simple is this economy.

The case with a binding ZLB. When the ZLB is binding for one period, we can try to
construct the optimal money supply as in the proof of Proposition 5. The equations (68)-(70)
are now m§B —mb = Ag, m¢P + % = A; and m&P = A, for t = 2..00.

For the first best allocation to be a market allocation we must have (as before): 1+ m =

B —1
1+r) " = (uAleflLl—u) .
The period 1 money market is (m; is defined by equality 71)

QO (1—-Q)mf + %mg‘ .
oy m 7
2m1 1+7T1 + 1 ( )

Moreover, we have the money demand for NP-agents is

mf = (1 —p) AKEL ™ +m§P and m? = (1 — p) A K/ L™ + m&P

As a consequence, the period 1 money market equilibrium implies

0 o (1—Q)mb+ 2 ((1—p) AK{L™" +m§P
5((1—M)A1Kﬂ “+mch) - ( 1+m ) +m{? (78)

Trying to solve for mj, we find

0 o Q1 —p)AKLL™ QA
Y- ARFL A ) =2 >
2<( #) ARTLT A+ 1) 2 1+ 7 21+ m

In the previous equation, the terms in m} now cancel out, because all agents can undo the money

+ Ay

transfer. The period 1 money market does not depend on the value of m} when the Central
Bank targets a given transfer to P-agents. The previous equality does not hold in the general
case, because it relates deep parameters of the model. In this case, the ZLB does directly limit
the set of feasible equilibrium allocation. One can show that this condition is not fulfilled in

the numerical case presented in Section 3.
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H Proof of the Proposition 7

PE PU
The consumption of PE and PU households is ¢/'¥ = w; — 7 + ;nim and ¢’V =6 — 7, + Tlm.

As a consequence, cI'F — ¢’V = w; — § # 0. In the first best allocation we have ¢Z'¥ = ¢V = ¢P,

what concludes the proof.
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